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Preface 


I have tried to give an introduction to that field of chemistry which deals 
with the spectral and magnetic features of inorganic complexes. It has 
been my intention not to follow the theory in all its manifestations, but 
merely to describe the basic ideas and applications. "This has been done 
with an eye constantly aimed at the practical and experimental features of 
the chemistry of the complex ions. The book is thus primarily intended for 
the inorganic chemist, but it is true that, in order to follow the exposition, 
a course in basic quantum mechanics is needed. 

Simple examples are nearly always used to illustrate the arguments, but 
the quoted experimental evidence must of necessity be limited. Neverthe- 
less, in the last chapter an attempt has been made to cover most of the 
important work so far performed that lies within the scope of the book. 
However, the field is advancing so rapidly that a complete survey would be 
outdated before long. 

Since I am a chemist writing for chemists, my emphasis and notation will 
probably appear clumsy to the physicists primarily responsible for the 
theory. For this I make no excuse. Elegant derivations and condensed 
notation are in my opinion not desirable in an introduction to a field. 

Nothing is more dangerous than to force every observation into a fixed 
framework of ideas. I have tried tq present the case for the ligand field 
theory as it is now understood. It is my personal view that there are 
really only a few places where we need to revise part of the theory in order 
to understand the sundry phenomena. It must always be remembered, 
however, that the ligand field theory offers only a model of nature, with all 
the inherent limitations of models. 

I want particularly to thank, among many others, Dr. Andrew D. Liehr, 
Mellon Institute, Dr. Max Wolfsberg, Brookhaven National Laboratories, 
and Dr. Harry B. Gray, Columbia University, for numerous discussions 
and for help with the manuscript. I am also greatly indebted to Mrs. 
Lise Seifert for her assistance in preparing the manuscript. Finally, I 
want to thank the editors of Annual Review of Physical Chemistry for per- 
mission to draw from the 1956 paper written by the late Prof. W. Moffitt 
and myself. 


Carl J. Ballhausen 
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CHAPTER 1 


Introduction 


1-a. History of Complexes 


The name “complex” was first used in the chemical literature late in the 
nineteenth century. Thanks primarily to the pioneering works of C. W. 
Blomstrand and S. M. Jgrgensen,f a series of compounds for which no 
explanation could be given in terms of the classical valence picture was 
characterized. These two investigators and their pupils were especially 
interested in the compounds containing either trivalent chromium, tri- 
valent cobalt, or divalent platinum and the seemingly irrational products 
obtained when these elements were treated with ammonia, chlorine, etc. 

Most baffling was the existence of isomers; e.g., the compound CoCl;-4NH; 
could exist in two forms, a violet one and a green one. In retrospect it is, of 
course, easy to see why the above-mentioned workers failed to reach an 
understanding of these and similar phenomena; “stereochemistry” was at 
that time a completely new field. 

The complete failure of the classical valence picture to account for the 
chemistry of what we now call the transition groups was first realized by 
Werner (1893). Proceeding mostly on the basis of work performed by 
Jgrgensen, he proposed, for instance, that the yellow "luteo salt" Co- 
(NH3)4,Cl; was built in the shape of a regular octahedron, the Co(III) ion 
being placed in the center and the six ammonia molecules being located at 
the corners of the polyhedron. Werner introduced two different kinds of 
valence forces in order to account for the chemistry of these compounds: 
the “primary valence," which equals three in the luteo salt, and the ‘“‘second- 
ary valence," which equals six in this example. In other words, the com- 
pound should, in a modern language, be formulated as [Co(NH;)sg** Cl. 
The explanation of the previously mentioned puzzle is then clear; the green 
and violet compounds [Co(NH;),Cl,]Cl are the cis- and trans-dichloro- 
tetrammine cobalt(III) chloride. 

The study of the isomers of the platinum(II) complexes further led 
Werner to postulate a square planar configuration for these compounds, an 
assumption which modern X-ray work has proved to be correct. Time has 
thus shown that Werner’s view on the stereochemistry of the complex 

1 See, for example, Ref. 1 for an account of the early development of the theory. 

1 


2 INTRODUCTION TO LIGAND FIELD THEORY 


molecules was completely right, but it is only in recent years that an under- 
standing of why the complexes form and behave as they do has been reached. 

The conception of a coordination or complex molecule has in modern times 
been extended to be any compound containing a central ion surrounded by a 
cluster of ions or molecules. Such a compound may be more or less chemi- 
cally stable; SO,7, for instance, is a very stable complex, whereas Ni(NH;)e** 
is not. It is customary to call the ions or molecules surrounding the central 
ion "ligands." The central ion or atom may accommodate a certain num- 
ber of ligands, and this number is called the “‘coordination number." In 
the case of SO,", for example, it is four. 

In some cases a central atom or ion exhibits a different coordination 
number toward different ligands. A well-known example is Ni(II), because 
this ion can be either hexa- or tetracoordinated. We say that Ni(II) has 
the characteristic coordination numbers six and four. The question of the 
actual coordination number of a certain ion is usually investigated in the 
solid state by means of an X-ray analysis and in solution by means of an 
analysis of the consecutive complexity constants. This latter subject has 
in modern times been especially investigated by J. Bjerrum. Since it is not 
intended to follow the subsequent development of the history of the coordi- 
nation compounds here, however, we shall refer the reader to Bailar's book! 
for a broad outline of the subject. 

We shall in this book be concerned only with the electronic structures of 
the transition series, i.e., the elements having unfilled d or f electronic shells. 
These are the first transition series (Sc —^ Cu), where the 3d shell is being 
filled up; the second transition series (Y — Ag), where the 4d shell is being 
filled up; and the third transition series involving 5d electrons (La — Au). 
In addition, we have the rare earths (Ce — Lu) and the actinides (Th — — ), 
where the 4f and the 5f shells, respectively, are being filled. 

We shall be primarily interested in the chemistry and electronie struc- 
tures of the elements containing d electrons. Furthermore, since most work 
has been done with the elements of the first 3d transition series, nearly all of 
the examples given in the following chapters are taken from there. It must, 
however, be realized that this limitation is of & practical rather than of a 
theoretical nature, because the theory which we shall outline applies to 
complexes of all the transition elements. 


1-b. Theories of Bonding 


The all-important question for the coordination compounds of the transi- 
tion metals is this: How does one describe and characterize the bonding 
between the central ion and the ligands in terms of some electronic theory? 
In modern times three methods have been used to solve the problems of the 
nature of these bonds and to account for the other properties of the com- 
plexes. They are: 

1 Superscript numbers are those of references listed at the end of the chapter. 
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1. The molecular-orbital method 
2. The valence-bond theory 
3. The crystal or ligand field theory 


Until recently, most chemists working with the complexes of the transi- 
tion metal ions have been mainly interested in the application of the 
valence-bond theory as exemplified by Pauling? in his famous book “The 
Nature of the Chemical Bond." Special emphasis was there laid upon the 
magnetic properties of the complexes, and a seemingly successful theory was 
built upon those features. 

However, more than twenty years have passed since Van Vleek?-5 
demonstrated the superiority of the crystal field approach in the discussion 
of the magnetic properties of inorganic complexes. Now, it must at once 
be said that for the complexes under discussion both the valence-bond 
pieture and the crystal field picture can be considered as a specialization of 
the molecular-orbital method.97 Indeed, the most useful approach to these 
compounds is now called the ligand field theory, which is really nothing 
more than a hybridization of the ideas of Bethe* and Van Vleck?‘ with those 
of Mulliken.^5 Thus the best features of both the valence-bond picture 
&nd the crystal field theory are incorporated in the ligand field theory, and it 
is this theory with which we shall be mostly concerned. As we shall not in 
this book follow the historical line of development, it is perhaps of some 
value to scan briefly through the most important papers from which the 
present theory has emerged. 


i-c. History of the Crystal Field Approach 


The basic idea of the crystal field theory, namely, that the metal ion in 
the complexes is subjected to an electric field originating from the ligands, 
is due to Becquerel® (1929). The same year saw this proposal formulated 
into an exact theory by Bethe. Ina now classic paper, Bethe investigated, 
by means of symmetry concepts, how the symmetry and strength of a 
crystalline field affect the electronic levels of the gaseous metal ions. In 
doing so, he laid down the foundation for all further work in this field. 

Nearly simultaneous with the work of Bethe was the work of Kramers.? 
In 1930, the latter succeeded in proving the very important result that the 
electronic levels in molecules containing an odd number of electrons must 
remain at least twofold degenerate, provided that no magnetic field is 
present. This so-called “Kramers degeneracy” is again closely related to 
the existence of the “double groups" (Bethe). 

The first application of the new theory to chemistry was made by Van 
Vleck (1932). By realizing that the quenching of the “orbital momentum" 
would be a consequence of the crystalline field model, he succeeded in 
explaining why the paramagnetism of the complexes of the first transition 
series corresponds to a "spin-only" value. Furthermore, the crystalline 


field model was able to predict in which cases there would be small deviations 
from this empirical rule.! 

These predictions were completely justified by the calculations of Schlapp 
and Penney” and of Jordahl,!5 who showed that both the anisotropy and the 
variation of the magnetic susceptibility with temperature could be exactly 
predicted and calculated. Their very important papers directly confirmed 
the basic idea in the crystal field approach, namely, that the crystal field 
reduces the degeneracy of the electronic levels of the gaseous metal atom. 
A note by Gorter,!* in which it is shown that the crystal field of a regular 
tetrahedron will produce the same levels as those produced by a regular 
octahedron but with the level order inverted, concludes the pioneer papers. 

In the years preceding the war the efforts were mostly concentrated on 
explaining and calculating the detailed magnetic behavior of the complex 
ions. It soon turned out, however, that the theory was hampered because 
of insufficient experimental data. This period could be called “the period of 
Van Vleck,” because nearly all the important contributions were due to him 
and his school. As some examples we cite Van Vleck and Penney's!5 treat- 
ment of the Mn(II) ion, the proof that the crystal field theory and the 
theory of Pauling both were special cases of the molecular-orbital theory,? 
the definitions of the “strong” and “weak” crystal field,‘ the investigation of 
the K;Fe(CN). system,!* and the research into the magnetic behavior of the 
vanadium, titanium, and chromium alums.!? 

The means by which the absorption bands of inorganic complexes acquire 
intensity was another problem first treated by Van Vleck.18 He pointed out 
that it is necessary to couple the electronic wave functions with the odd 
vibrations of the molecule in order to get band intensities different from 
zero, if one assumes that the absorption bands are due to transitions between 
the various split 3d" or 4f^ configurations. To the same period belong 
Van Vleck's investigations into the Jahn-Teller theorem as applied to 
octahedral molecules. Jahn and Teller had shown in 1937 that no non- 
linear molecule could be stable in a degenerate state (apart, of course, from 
a Kramers degeneracy). If, therefore, a certain configuration is predicted 
to give rise to an electronic degeneracy, such a configuration must imme- 
diately distort, via nuclear displacements in the molecule, in such a way that 
the degeneracy is removed. Van Vleck calculated the Jahn-Teller distor- 
tions for molecules of the form XY. and showed how this configurational 
instability affected the magnetic moment of the molecules. 

The subsequent paper on the complete energy levels of chrome alum by 
Finkelstein and Van Vleck?? laid down the method of calculation employed 
in nearly all the inquiry that followed. A few other papers, as, for example, 
Polder’s?! calculation of the magnetic anisotropy of the Cu(II) salts, mark 
the close of the second period in the history of crystal field theory. 

The development after the war of the spectrophotometer and of the 
paramagnetic resonance technique brought new life into the theoretical and 


experimental development of the crystal field theory, and the consequence 
has been a  sadily increasing flood of papers dealing with these subjects. 
References to most of this work can be found in seven review papers, Refs. 
22-28. Since we have now reached a point at which the developments cease 
to be history, we shall leave the subject here. 

Before we close this chapter, it may perhaps be appropriate to make a 
few remarks concerning the nomenclature we shall use. By the name 
“erystal field theory" we shall understand the original theory of Bethe and 
Van Vleck, i.e., the theory which does not consider the role played by the 
ligands further than to credit them with producing a steady “crystalline 
field." On the other hand, the name “ligand field theory" indicates a 
hybridization of the pure crystal field theory with the molecular-orbital 
theory of Mulliken. The ligand field theory incorporates the best features 
of both the pure crystal field theory and the molecular-orbital theory, and 
as such is the superior tool for dealing with the complexes. Nearly all the 
results of the crystal field theory are also valid in the ligand field theory. 
However, since the former theory in some ways is the easier to under- 
stand, we shall start by treating that case. In the following chapter we 
shall accordingly proceed to recapitulate some important features of the 
theory of atomic spectra because that theory is the starting point of the 
crystal field theory. 
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CHAPTER 2 


Theory of Atomic Spectra 


2-a. Orbitals and States 


In this chapter we shall treat the problem of how to find the energy states 
of n equivalent electrons moving in a central field. We shall do so by 
assuming the single-electron approximation. This approximation scheme 
distributes the n electrons among the single-electron orbitals, paying due 
regard to the spin properties of the final states. Our treatment will follow 
closely the classic book of Condon and Shortley,! “Theory of Atomic 
Spectra.” se 

The basic orbitals we shall use are those of the hydrogen-like atom, as 
usual characterized as 1s, 2s, 2p, 3s, 3p, 3d and so forth.f Each of these 
orbitals has a characteristic degeneracy and energy. As is well known, 
8 orbitals are nondegenerate, p orbitals are threefold degenerate, and d 
orbitals are fivefold degenerate, meaning that there are, for instance, five 
different d orbitals, all with the same energy. A further degeneracy is pro- 
vided by the spin property of the electron. Every electron can have either 
an a or £ spin, and the Pauli exclusion principle tells us that no two electrons 
having the same set of quantum numbers may be found in a system. Conse- 
quently, only two electrons can be accommodated in each single orbital. 
The various s, p, d sets of orbitals can thus contain respectively 2, 6, and 10 
electrons. 

The orbitals s, p, d, etc. are solutions to the Schródinger equation 
xy = Ey, where 

- e Lu Ze? 
Meo E (2-1) 
Z being the “effective” charge of the center. If we have an atom containing 
j electrons, the approximate Hamiltonian function is 


2 KV _ SZ? È 2) 
~ mY b pA (2-2) 
3 j j>k 


with V; the Laplacian operator for electron number j and rj, the distance 


t Small letters are used throughout this book to indicate one-electron functions, and 
capital letters are used to indicate state functions. 
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between the jth and kth electrons. For the piesent we shall neglect the 
interaction between the orbitals and the spins (vide infra). In what follows 


e? ; : 
we shall regard the term ? "ELE perturbation upon the single-electron 
jk 


functions. In the atoms the various orbitals have different energies, and 
we can make use of the “aufbau principle" for constructing multielectronic 
structures. Consider the one-electron orbitals arranged in order of increas- 
ing energy. In order to build up the electronic structures, we feed the 
electrons one by one into these orbitals, beginning with the orbital having 
the lowest energy. Proceeding in this way, we must, of course, take care of 
the exclusion principle by placing only two electrons into each single orbital. 
The total energy of an atomic configuration containing n electrons is thus 
the sum of the energies of all the occupied orbitals corrected for the addi- 
tional energy due to the mutual repulsion between the electrons. This 
latter effect is due to the Coulomb repulsion term l/r;, present in the 
Hamiltonian. 

We can now proceed to build up the periodic system of the elements in the 
well-known way, hydrogen being represented in its ground state by (1s), 
helium by (1s), lithium by (1s)?(2s), and, say, argon by (1s)?(2s)*(2p)*- 
(35). (8p)*. This latter atomic configuration is designated as [A] throughout 
the rest of the book. 

We have now arrived at the transition elements, since the electronic 
structure of Ti?* is [AJ(3d)!, that of V** is [A](3d)?, that of Cr** is [A](3d)3, 
and soforth. Owing to the degeneracy of the 3d orbitals, it now becomes a 
question how to "drop" the electrons down into the five d orbitals in order 
to obtain the lowest energy. This question would be trivial if there were no 
repulsion between the electrons (all the d orbitals have a priori the same 
energy), but because of this repulsion certain arrangements of the electrons 
are going to be more favorable energetically than others. In what follows 
we can completely neglect the closed argon 18-electron shell, since there is 
no freedom left there, and concentrate upon the (3d)^ part. This approxi- 
mation then neglects core-outer shell exchange. 

A brief recapitulation of the nomenclature for atomic states is perhaps 
not out of order at this place. For most atoms we assume the existence of 
the so-called Russel-Saunders or LS coupling. This implies that we can 
characterize an atomic configuration by means of the two quantum numbers 
L and S, specifying respectively the total orbital momentum and the total 
spin momentum. Thus in an LS coupling scheme L and S are good 
quantum numbers. For a single electron, L is, of course, equal to 1, the 
orbital momentum of a single electron, but for more than one electron, L is 
given by the vector addition L = l +l: + --++1,. The same holds 
true for S. By analogy with the nomenclature for one particle, the projec- 
tions of L and S upon the z axis are called Mz and Ms. Since both Land S 
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are measures of orbital momentum, they must be positive, but M; and Ms 
can take all integer values from +L to — L and from +S to —S, again as 
is the case in the single-particle theory. 

Because of the restrictions imposed by the Pauli principle, however, not 
all combinations of L and S can be obtained in a many-particle system and 
we shall now show by means of an example how to determine the possible 
states of a given system. As our example we choose the (3d)? configuration, 
but the method is applicable to all possible systems.! 

In the (3d)? system both electrons have the same main quantum number 
n = 3 and both have l = 2. 

It is thus necessary that the two electrons should differ in either m; or m,. 
Let us write down the various possibilities, and let us write m, = 1$ as a 
+ superscript and m, = — i$ asa — superscript. We shall further arrange 
them in a scheme of classification according to the value of M; = =m; and 
Ms = Zm, The notation (2*,1-) means that electron 1 has m, = 44 and 
m; = 2 and that electron 2 has m, = —Y$ and m, = 1. Our scheme is then 
as shown in the following table. 


Ms 
1 0 -1 
Mz 

4 | (2*,27) 

3 (2*,1*) (2*1) (27,1*) (27,17) 

2 (2*,0*) (25,007) (275,00) (14,17) (27,07) 

1 (2*,—1*) (1*,0*) (2*,—17)) Q7,—1*) (2-,-17) (17,07) 
(1*,0-) (15,07) 

0 |2*5-2*) (14,-1*) | (2*+,-27) Q,-27) a5-1)|Q25,5-2) 5-T) 
a, a 1*) (07,0*) 


Since it is obvious that the table is going to repeat itself for negative values 
of Mz, we shall not bother to write that part out. All in all, we must get 
10-9/1-2 = 45 different “micro states" distributed in the various Mz, and 
M s boxes of the scheme, since we have 10 places in which to put two equiva- 
lent electrons. 

Starting at the top of the scheme, we notice the micro state (2*,2-) having 
Mr-4,Ms-0. Since Mz = 4, this must come from a G (L = 4) state, 
and since Ms = 0, it must have S = 0. It is customary to write the 
multiplicity 2S + 1 as an upper subscript placed to the left of the orbital- 
momentum quantum number; here we get & singlet G state written !G. 
Since Mz can take all values from +4 to —4, this means that the !G state 
uses a micro state in all the Mz boxes with M s = 0, a total of nine micro 
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states. There is now no micro state having Mz, = 4 left over, and we turn 
next to M, = 3and pick out (2*,1*). As before, this indicates an F (L = 3) 
state, but since Ms = 1, this tells us that S = 1. In other words, (2*,1*) 
belongs to a *F state. 

Now in a ?F state M s can take the values 1, 0, — 1 regardless of the values 
of Mz, so it makes use of 3 X 7 = 21 micro states. Thus we must pick out 
one micro state in each of the columns in the table for each row where 
|Mi;| €3. Since the micro state left over with the highest M z is one having 
Mz = 2 and Ms = 0, we get a !D state, and by continuing this procedure, 
we find that the possible states in a d? system are !G, 3F, !D, *P, and !S. 
This example illustrates the rule that, for equivalent electrons, L + S must 
be even for any given state by the Pauli exclusion principle. 

We have so far neglected the interaction between the magnetic dipoles 
connected with the spin of the electron and the magnetic dipoles produced by 
the electrons by moving in their orbits. This interaction is usually called 
the spin-orbit coupling, and it has the effect of splitting the LS terms up 
into various levels characterized by their total angular momentum J. The 
collection of levels in an LS term is called a multiplet, and the splittings of 
the multiplets for the (3d)^ configurations owing to the spin-orbit coupling 
are of the order of magnitude of a hundred wave numbers. For J we have 
J=1L+S, and we notice that the individual levels are (2J + 1)-fold 
degenerate. 

For the present, however, we shall concentrate on evaluating the energies 
of the LS terms and postpone the treatment of the spin-orbit coupling until 
later in this chapter. But even before we can calculate energies, we must 
know the wave functions, and a brief treatment of this subject is conse- 
quently given next. 


2-b. Atomic Wave Functions 


The Pauli principle stating that no two electrons can occupy identical 
orbitals (including spin) is translated into the following statement: All 
wave functions must be antisymmetrical in every pair of electrons; i.e., an 
interchange of two electrons must change the sign of the wave function. 

Since all electrons are identical, no physical quantity must depend on how 
we choose to number our electrons. Given, therefore, two orbitals y, and ys, 
where y; and y; include both the space and spin coordinates, the wave func- 
tion Y; = yA4(1) ¥2(2) is consequently just as good as Vii = y4(2) ¥2(1), and, 
of course, it has the same energy. Any linear combination, for instance, 
Y = p(l) ¥2(2) + yA(2) ¥2(1), will therefore do. However, the Pauli prin- 
ciple tells us that we must choose the minus sign, because only in that case 
does the total wave function change sign by interchanging electrons 1 and 2. 
Therefore, 


Y = ¥i(1)¥2(2) — ¥i(2)¥2(1) 
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or, written as & determinant, 


ya(1) ¥:(2) 
ys(1) va(2) 


Such ''Slater determinants" are the simplest, and in the one-electron 
approximation the only, many-electron wave functions which obey the anti- 
symmetry properties nature demands. It is wave functions of this type that 
we shall use in our work. In general, the wave function Y is normalized to 1, 
that is, f'W*Y dr = 1. If the individual orbitals are normalized and orthog- 
onal on each other, we get for the normalization factor N = 1/+/n!, where 
nis the number of electrons in the system. For short we shall often write a 
determinantal antisymmetrized, normalized wave function as |(yi) (Vs) -> 
(¥.)| in this book. This term corresponds to the diagonal element in the 
expansion of the determinantal wave function where electron 1 is placed in 
ya, electron 2 is placed in yz, and so forth. In the complete expanded wave 
function, however, we have, of course, all possible permutations of electrons. 
We notice immediately that, if two electrons had the same set of quantum 
numbers, two of the columns in the determinant would be identical, and 
consequently the wave function would be zero. Thus the old way of 
formulating the Pauli principle is contained in the statement that the wave 
function shall be antisymmetrical with regard to exchange of two electrons, 
which justifies our statement at the beginning of this section. Usually, we 
separate the orbital- and spin-dependent parts of the wave function, and, as 
before, indicate the spin properties of the single electrons in the various 
orbitals by putting a plus or minus sign (standing form, = l$andm, = — i14) 


above the orbitals as, for example, |(¥:)(¥2) © © © (V4)]. If the wave func- 
tion is written in this way, we must remember that, owing to the properties 
of determinants, an interchange of the orbitals may change the phase of 
the wave function. An even permutation will leave the sign of the wave 
function the same, and an odd permutation will change the sign. This 
follows from the fact that by changing two rows or columns in a determinant 
the sign is reversed. 


v= 


2-c. The Raising and Lowering Operators 


The following question now arises: Are the micro states in the scheme on 
page 9 eigenfunctionst of L and 8? The answer is that this is true only 
where there is only one state in a certain labeled box. Thus the state (2*,27) 
is an eigenstate belonging to !G (with Mz = 4) and (2*,1*) is an eigenstate 
belonging to ?F (with Mz = 3). However, for cases with more than one 
miero state in the scheme we must develop a technique for picking out 

t Where there is possibility of confusion, we shall distinguish between an operator 


and its eigenvalues by means of a circumflex placed above the operator; for example, 
$ = operator and x = cigenvalue. 
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suitable linear combinations of these micro sta.vs in order to form eigen- 
functions for L and §. To do so, we shall now briefly study some useful 
properties of angular momentum. 

The operators of the total electronic angular momentum L with respect to 
the three axes are called Ê+, L,, and Ê., and these operators are defined as the 
sum of the operators for the single electrons 


L. = lis + b. Te + = 
L, = ly + ly + as i hey 
L=lutht+-:---4+l 


nz 


As usual, l; = — ih e — 72), and the expressions for l, and 1, are 


analogous. Similarly, we have for the commutation rules 
Ll, — Li; = thl, 


Ll, — Ll, = ih. (2-3) 
Ll, — Ll, = inl, 


These expressions also hold true for systems of particles, in which case L, 
is substituted for L. 
Further, we have for the square of the orbital angular momentum 


Be Le + Le Ls 


and we have similar expressions for the spin operators S,, S,, S, and 5?. 
Then for a state characterized by L, Mz, S, Ms, which we may denote by 
(L,M1,S,M s), the following relations hold true!?: 


22(L,M1,8,Ms) = L(L + DM(MLSMs) 


L,(L,M1,8,M s) = M ,A(L,M L,S,M s) (2-4) 
and S?(L,M1,8,M s) = S(S + DI (L,M L,S,M s) 
S,(L,M ,,8,M s) = Msh(L,M L,S,M s) (2-5) 


Since the expressions for L? and L, are analogous to the expressions for $ 
and S,, we shall limit ourselves in investigating only one set, (L,Mx). Our 
problem is to calculate (L, + if,) operating upon a set (L,M;). By using 
the commutation rules, we have 


(L, + iLj)L, = L,L, — ial, + (AL, + LIE) 
= L(L,-dL) F All + ily) (2-6) 


We then, by using the above, obtain 
(L: F KA: + iL)(LM1) = (La + iL, LAL,M1) = AML, + ib)(LM1) 
By rearranging, we have 
LL, x iL,)(L,M1) = (Mı + Db. + tL,)(L,Mz) 
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In other worus, 
(L: + iL,)(L,M1) = haz (L, Mz + 1) (2-7) 
The constant az,4, can be calculated in the following way, for example, 
for the operator (L, + iL). We assume that both (L,M ;) and (L, Mz +1) 
are normalized, and we make use of the fact that L, and L, [but not (L, + 
iL,)] are Hermitian operators.? For an Hermitian operator É we have for 
the matrix element} (a|k|b) the identity (a|k|b) = (b|k|a)*, where an asterisk 
indicates the complex conjugate quantity. Then 
SL. + iL,)*(L,M1)*(L. + iL,)(L,M1) dr = Maru? 
SLs + iL,)*(L,M1)*L.(L,M1) dr + if (L: + iLy)*(L,M1)*L,(L,M1) dr 
= A*|ar us] 
S(L,M1)L2(L, + i£,)*(L,M1)* dr + (M DET, + il )*(L,M1)* dr 


=> A*|ar, ul? 


By taking the complex conjugate and collecting the terms again, we find 


S(L,M1)*(L, — ibi) (Lu + iL,)(L,M1) dr = Wlan ul? b 
J(L,M "Le — Le + LL, — Lyla) (L,M 1) dr = &|az ul 
L(L 4-1) — Mi? — Mi = lara? (2-8) 


In this way we find the two results 
Li(L,M:) = (Lz + il,)(L,M 21) 
=hAVE+ Mit IL Mz) (L,Mi +1) (2-9) 
L_(L,M1) = (E, — iL)(L M») 
-hwv(L-HMri-c1GL-cMi(LMi-1 (2-10) 


Similar expressions hold for ($: X i8,). For an a spin having S = 14 and 
Ms = 14 we notice that (S; + 4$,) (15,14) = 0 and 


(8. — 18, 04,14) = AQ, — 34) 
By writing 8, = S, + i$, and S. = S, — i8,, we have in general 


NT = 0 8,8 = ha 
S-a = hg S.820 


Finally, we are interested in the matrix elements of L?. Expanding, we 
obtain, omitting A? in this and immediately following equations, 


i = ODEDE TDA, 


B= Jle +2 2 Lb, + » (Ll. + bby (2-12) 


t (alk|b) stands for fy*hy, dr. 


(2-11) 


Thus: 
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and by operating upon a determinantal wave function, we get 
Lum) cc m) cc (lam) | 

- [È uc +1) + 2 È mum, | (him) -© © m -© ml 


+ » Vi +m, + DG — mi) WG — mi, + DG + mi) 
| (Limu,) ica és (li, Tha, + 1) re: (L, ma, — 1)| (2-13) 


It must be remembered that the orbitals in the wave functions must always 
be brought back to the standard order and that an odd permutation will 
change the sign of the wave function. 

We may now return to our example on page 9: 


Lx2*2-) = (2-34 2:3 +22- 2)(2+,27) = 4 5: (2*2) 
$1:(2*,2-) = (34 34 + 34 34 + 2- V$(— 34))(2+,2-) + (27,2+) 
= (34 — 4⁄4 — 1)(2+,2-) = 0 (2-14) 


Therefore, for !G (as we have observed previously) 


V(L,M 1,S,M 8) = Y (4,4,0,0) e (2*,27) 


Then L_W(4,4,0,0) = 4/1: 8 ¥(4,3,0,0) (2-15) 
and also L_(2+,2-) = V4 (1*,2-) + V4 (24,17) (2-16) 
In other words, Y(4,3,0,0) = 4/14 [(2*,1-) — (27,1*)] (2-17) 


By operating again with L upon (2-17), 
VZT ¥(4,2,0,0) = V3 [V6 (0*,27) + V4 (1517) 
— V6 (0-,2+) — V4 (1,1?)] 
Y (4,2,0,0) = Vía (2*,07) tw 9a (+, 17) UR 
— V4 (2-,0+) (2-18) 
A check is continuously provided by the requirement that the wave function 
shall appear normalized. For *F 
V(L,M ,,8,M s) = Y (3,3,1,1) = (2*,1*) 
L_¥(3,3,1,1) = 4/6 ¥(3,2,1,1) 
= V/A (1*,1*) + V2 -3 (2+,0+) (2-19) 
Since (1*,1*) is zero because of the Pauli principle, we get (as of course 
could be anticipated since there is only one micro state for Mz = 2 and 
Ms = 1) 
Y(3,2,1,1) — (2*,0*) (2-20) 
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Let us now-und $.Y(3,2,1,1). Here 


S_¥(3,2,1,1) = V2 ¥(3,2,1,0) 
= (27,0*) + (2*,07) 


1 
¥(3,2,1,0) = = [(2+ -,0+ - 
(3,2,1,0) = (2*0) + 2-04) (2-21) 
Because the wave function for 1D,¥(2,2,0,0) is made up of (2*,0-), 


(2-,0+), (1*,1-), we must take that combination of these micro states which 
is orthogonal to Y(3,2,1,0) and ¥(4,2,0,0). Consequently, 


1D,¥(2,2,0,0) = a(2*,07) + b(2-,0+) + c(1*,17) (2-22) 
and we get aV3—bV34+cervV8 = 
a+b=0 (2-23) 


with the normalizing condition a? + b? + c? = 1. Solving, we get 
'D,(2,2,0,0) = 4/24 (2+,0-) — 4/24 (2-,0+) — V34 (1*,1-) (2-24) 
Let us now find the wave function for *P(1,1,1,1). Operating with L_ 
upon ?7(3,2,1,1), we get A 
IF, v(3,1,1,1) = 4/3£ (2+, —1*) + 4/26 (1+,0+) (2-25) 
Since ?P(1,1,1,1) must be orthogonal to *F(3,1,1,1), we get 


aPC, LT) x V% (2+, —1+) — Ed (1+,0*) (2-26) 


In this way we could continue and construct all the wave functions 
which are diagonal in the (L,M1z,S,Ms) scheme. The method will always 
work, but it is not unique if more than one state of a given designation is 
present.^5 As we shall see, it is not in general necessary to construct the 
wave functions in order to find the term energies except for special cases. 


2-d. Matrix Elements 


Let us now investigate how to calculate some matrix elements for various 
kinds of operators, and let us start out with a one-electron operator, e.g. the 
transition probability operator Ê of an n-electron system. The expectation 
value of R is proportional to the dipole moment of the system, and we have 


R=} m= hth c (2-27) 


fa being the displacement of electron number n from the origin. We are 
interested in the matrix element 


(A[R|B) = fv*(A)Rv(B) dr (2-28) 


where A is an antisymmetrized one-electron product wave function 


WA) = Du) CD Pall) + (02 (2-29) 


16 INTRODUCTION TO LIGAND FIE THEORY 


with a similar expression for B. Here 1/4//n! is the normalization factor if 
the single orbitals a - - - a, are normalized individually. P is the number 
of permutations. This is really only another way of writing down the 
determinantal wave function 


a(l) a1) >+- a(l) 


1 a;(2) a2(2) eo an(2) 
Y(A) = — - 
qusc eae (2-30) 
a(n) E E E E ae an(n) 
We have before used the shortened notation Y = |(aı)(a:) - © * (an)| for 


such & determinantal wave function. 
The matrix (A|R|B) is then expanded: 


(AIR|B) = E YYiYenes[PeQgosseg)a (2-31) 
+ PP 


It is now immaterial whether we look at P as permuting the electrons or the 
orbitals. Looking at the term for r;, we get 


f Pat (1)P’bi(1) dr, > > © f[Paf(t)r:P’b:(t) dr; © - + fPaz(n)P'b.(n)dr, (2-32) 

an : m Hep, placek © aiaa 
Thus each of the integral factors will vanish, with the exception of the ith, 
unless Pa, = P'b,. "Therefore, at least (n — 1) sets of orbitals in A and 
in B must be identical. It follows that the selection rule is (A|R|B) = 0 
and, in general, (A|F|B) = 0, where F is any one-electron operator, defined 
F = Y f, if A and B differ by more than one orbital. 


In order to calculate (A|F|B), we must establish a certain standard order- 
ing of the orbitals in A and B. If this conventional order is not found, the 
determinantal wave functions must be so rearranged that the same orbital 
always occurs in the same place. Such a standard order may, of course, 
always be obtained by interchanging the columns of the determinantal wave 
function. During this process, the sign of the wave function will change 
according to the number of permutations. 

Suppose then that A is equal to B except for one individual set, which is 
the a, of A when A is arranged in conventional order. "We can then form a 
set B': 

B’ = aidz + * c ak-1bkak41 * coc Gn 


This may not be the conventional order for B, but it may be brought to the 
conventional order by permutations. Thus ¥(B’) = +¥(B). The plus 
sign applies if B’ differs from B by an even number of interchanges; the 
minus sign applies if the permutation is an odd one. Then 


(A|F|B) = +(A|F|B’) (2-33) 
We may now calculate (A|F|B’) quite simply. In order that the product 


Aek. 
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of integrals should not vanish, P’ must be the samej permutation as P s0 Da E E 


to keep corresponding fancdons together. Since P/ then equals P, the sign 
(—1)?+? of each term must be positive. Further, Pimust be such a permuta- 
tion as to bring the function a, to the ith position. | For a given 7 we can do 
this in (n — 1)! ways, and since this should be done for each 4, the final 
result is multiplied by n. 

The final result for the summation over P, P’, and i is thus 


(AIPIB) = + MEF! faros an 
+ f atari an (2-34) 


D 


where the plus or minus sign is determined by whether an even or odd 
permutation is necessary to bring a, and b: into the same order. 

For diagonal elements the argument runs along quite similarlines. Since 
the two sets are identical, we need not worry about the plus or minus S RED, 
and further, since P = P’, we have 


(A|FIA) = E YY f rat orGPa) dr: (2-35) 
i P 


For each of the n values of 7 there are (n — 1)! ways of permutating the 
indices different from 7, and with the summation carried out we finally get 


(AIFA) = Y f at(0f(0aQ0) dr; (2-36) 
i-i 
Thus the expectation value of F is simply the sum of the expectation values 
of f over the various orbitals. 
It is further seen that if the one-electron operator is independent of the 


Spin popromates; we must have D m, for A equal to D m, for B if the matrix 


element i is not going to vanish T of spin GEL onini y Furthermore, 
we must, of course, have states with the same value of S if (A|F|B) is going 
to be different from zero. 


2-e. Two-electron Operators 


The most important two-electron operator is the Coulomb repulsion term 

glij) = > (e2/rij). We note that written in this form care has been 
i>j=l 

taken to count each interaction only once. As previously mentioned, this 
term is responsible for the separations of the different groups of multiplets 
in the spectrum of the atom. With two determinantal wave functions A 
and B written in the shortened notation A = |(a:)(a2) © - > (a.)| and 
B = |(b1)(b2) - «+ (b.)| we notice immediately that the matrix element 


vnde 


18 INTRODUCTION TO LIGAND FIEI "'HEORY 


(Alg(z,7)|B) will be equal to zero if the two wave functions differ in more 
than two sets of orbitals. We must then consider the three possible cases: 
(1) A and B differ in two orbitals, (2) A and B differ in one orbital, and, 
finally, (3) the diagonal term. 

Case 1. Given the two wave functions A = |(a))(as)(as) © © © (an)| and 
B = |(b))(b3)(as)) © - + (a,)|, where for simplicity we have moved the two 
different orbitals to the first two columns in the determinantal-wave func- 
tion. This condition imposes, of course, no limitations in the following, 
since it is only a matter of the phase. In the matrix element (A|g(7,7)| B) 
we can then at once integrate out all of the a; to a, orbitals. This follows 
from the fact that it is necessary to take g(7,7) as g(1,2), since otherwise the 
whole matrix element would vanish because of orthogonality between a, 
and b, or as and be. For this reason a; and a; must be mated with b; and 
be, and by performing the same type of summation over the permutation 
operators P and P' as before, it is easily seen that we get 


(Alg(4,53)]B) = ffat(1)a2 (2)g(1,2)b1(1)0;(2) dri dre 
— ffaž(1)až(2)g(1,2)bı(2)b:(1) dri dr? (2-37) 


In the generalized case we get 


(4196,5)1B) = X[ffaf(1)az 2)g(1,2)6,(1)b.2) dri drz 
= J faf (1)a£ (2)9(1,2)b.(2)b:(1) dr, dre] (2-38) 


where the plus or minus sign in front of the expression as before is deter- 
mined by the parity of the permutation necessary to bring the wave func- 
tions into the standard order. 

Case 2. If the two wave functions A and B differ in only one orbital, we 
can match the corresponding orbitals in A and B by a suitable permutation 


he esas es Gh EEE T f 
Baala e e a $609) 


and by exactly similar arguments as previously we get 
(Alg(1,2)1B) = + X [f f. atCDat2e(,2)b0)49) dri dr; 
t 
— f f at (2g(,2)b(2)0(1) dri dre] (2-40) 


where t runs over the n — 1 sets of orbitals common to A and B. 
Case 3. Finally, we have for the diagonal elements 


ADIA = X. [ff atat 90,2), (04.2) dr dr; 
k>t=1 
— ff ef Q)a%(2)9(1,2)a,(1)ax(2) dri dra] (2-41) 


In this last case the integrals with a plus sign are called “Coulomb integrals" 
and the integrals with negative signs "exchange integrals." 
If g(1,j) is independent of the spin coordinates, the integration over these 
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coordinates can be carried out at once, and we simply get a factor of +1 in 
the Coulomb integral and a delta function à(m,*, m, in the exchange 
integral. This means that only for electrons with parallel spins do we get 
an exchange integral. 


2-f. Evaluation of the Matrix Elements (ab|1/ris|cd). 


We are now in a position to calculate the matrix elements resulting from 


the Coulomb repulsion term g(i,j) = Y (e?/ry). 
i>j=l 
As our wave functions we take hydrogen-like wave functions characterized 
by the set (n,l,mim,). As shown above, the most general integral which 


can occur is 
CIE 


where the single-electron wave functions are the usual solutions to the 
hydrogen-like atom 


a = I a*(1)b*(2) Í — -e() d(2) dri dri (2-42) 


Tiz 


all) = Ral) YOng) (2-43) 


where Y;" is a normalized spherical harmonic.f We notice immediately 
that the spin components of a and c and of b and d must be the same if the 
integral is not to be zero. £X ae S cale cad 

Further, we must expand 1/71; in spherical ba m 


2 k 
= D a - T 1 T. Ita “yn (91,21) Ye” *(O2,¢2) (2-44) 
k=0 m= 


where r< is the lesser and r, is the greater of rı and r;. 


gi"? 


Y;"(0,*) = Py"(cos 0) 


where Pi"(cos O) is a normalized. Legendre function. We then collect the 
part of the integral dependent upon e: 


$ 7 |] g^ imei 1 emer 1 gini dy, 
0 V2r V/ 20 V 2r 
ar] 1 ; l i 
etme: —— EM? — eim: do, 
o V2r 2r 2r 
2* 2v 
zo E gi(m-momoei dei f gXma-m-m) e des 


3 
8r 0 


tA very important point is the choice of phase for the spherical harmonics Y," 
We shall always use the Condon-Shortley “natural choice of phrase"; a factor of —1 
for positive odd values of m: or, for short, just written m. Thus Yi" = (-1)"Yr™. 
This is & point to be carefully checked every time a formula from a different book is 
used; many hours of work have been spent in order to find mistakes in signs due to 
such errors. 


20 INTRODUCTION TO LIGAND FIEI THEORY 


. Only if (m — m, + m.) = 0 and (mz — m — ms) = 0 do we get a value 


different from zero; therefore, 


Ma —- M:e = Ma — Mm, Em 
or Ma + m, = Me + Ma 


(2-45) 


With this condition the integrals over o; and ¢: reduce to 1/2x. Defining 


the quantity c* as 
ct (Im, lmi) 


=4 5e f P”™™ (cos O) Pi"! (cos 9) Pr” (cos O) sin O dO 


and 
R(abed) = e i j Í "zia Ra (a) Ra(0)Rı(c)Ra(d)ri dri ra? dro 
we get as final result 
(ab|l/ri;ed) = 5(m,*, m,*)8(m,*, m,?) : (me + mè, me + m?) 
X Y. eme, me) (mé, Pm?) - RH (abd) 
k=0 


For the diagonal elements in particular we define 


J (a,b) = (ab|1/ri2|ab) 
and K(a,b) = (ab|1/ris|ba) 


TABLE 2-1 


cek(Umi, l'mj) for l,l’ = 2,2 


+2 i2 a MS pa 

+2 +1 nd: 2 
+1 +1 +5 ae 
£l 0 +5 500 
0 0 pt E 
+2 T2 0 AL 
+2 F1 0 QVE 
+1 T1 Ev HE 


(2-46) 


(2-47) 


(2-48) 


(2-49) 
(2-50) 
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where the J integral is called the Coulomb integral and the K integral is 
called the exchange integral. Further definitions include 


a (^m, Pm) = (lme, lem?) - (bmp, lm?) (2-51) 
b (lem, Im?) = [c*(l*m?, Pm) (2-52) 

and for equivalent electrons 
Fe = R*(nslen'l*, n«l«n*i*) (2-53) 


There now remains only the evaluation of the c* coefficients. These 
integrals of three Legendre functions have been calculated and are given in 
Condon and Shortley.! Since we are mostly interested in d electrons, we 
give below tables for the a*, b*, and œ coefficients for these electrons. Follow- 
ing Condon and Shortley,! we shall in the text use F, — F*/D,, where D, is 
the denominator of the corresponding a's and 6’s. Thus F: = F?/49 and 
F, = F*/441. 


TABLE 2-2 
ak(lmi, I'm) = (lm, imi) - 
{mul Im] k=2 k=4 
2 2 $49 b441 
2 1 — 249 — $441 
2 0 —449 S441 
1 1 LU 16441 
1 0 249 — 23441 
0 0 449 39441 


Because of the phase choice, c*('m;, lm) = (— 1)"77"c (Im, l'mj)). Since 
b = [c¥]?, we get b*(lm; lmi) = b*(l'mi, lm). Further, F, = F*/D;, D, 
being the denominator given in Table 2-2. 


2-g. Term Energies 


We can now calculate the first-order perturbation energy for the various 
terms in a (d)" configuration. To do so, we can either utilize wave functions 
constructed in the manner prescribed in Sec. 2-c or we can make use of a 
method devised by Slater. This latter method utilizes the fact that the 
sum of the roots in a secular equation is equal to the sum of the diagonal 
elements occurring in the determinant.f Since there are no matrix elements 


1 Hu-E Hia tdm Ain bok oth 


gives by expanding 


E" — E" "(Hu + Ha + ++ + + Aan) + EX: - -) = 0 
with FAi+#:4+.---+£8, = Hut Hant- + Ana 
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connecting states of different Mz and Ms, and since the energies of the 
terms are independent of Mz and M s in an LS coupling scheme, this rule 
allows us to set up & set of linear equations for each box in a set as given in 
Sec. 2-a, and to solve for the energies. The method is best illustrated by an 
example. We shall take the example of d? given in Sec. 2-a. Then we have 
for the energies of the states 


ECG) = E(2+,2-) 
2545 so oo oe BGR) = EQ*19) 
EG I ECF) + ECG) = E(2+,1-) + E(27,1*) 
oA ET e E BEF) + ECG) + EGD) = E(2+,0-) + EQ2-,0*) 
+ EQ*17) 
ECF) + E@P) = EQ*,—17*) 
" | + E(1+,0+) 

ECS) + ECP) t ECD) + ECF) + ECG) = EQ*,—27) 

+ 5(25,22* + E(I5,—1-) + E(L,-1*) + E(0+,0-) (2-54) 


and so forth. Equations of this type can be readily solved for the term 
energies, viz.: 


EUG) = E(2*2-) 
ECF) = E(2+,1*) 
ECD) = E(2+,0-) + E(27,0*) + E(1*,17) — E(2+,2-) — E(2*,1*) 
ECP) = E(2*,—1*) + E(1+,0+) — E(2*,1*) 
EQS) = EQ+,—2-) + E(27,—2*) + E(1+,—1-7) + E(1^,—1*) 
+ E(0t,0-) — E(2+,1-) — E(2-,1+) — E(1+,0-) — E(1-,0*) (2-55) 


and in these equations the term energies are given as the sum of the various 
single diagonal elements. 
For the diagonal elements we have from Sec. 2-f: 


(All/na4) = Y U(ab — K(ab)] 


[»2 121 


with the summation extending over all pairs of individual sets. One dis- 
regards the closed shells which only give a common additive factor. Then 


ECG) = J(2,2) = Fo + AF: + FI, 

ECF) = J(2,1) — K(2,1) = Fo — 8F2 — 9F, 
= Fy — 3F: + 36F, 
= Fo + TF; —- 84F, 

ECS) = J(2,—2) + J(2,—2) + J(0,—1) + J(,—1) + J(0,0) — J(2,1) 
= F, + 14F: + 126F, 
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Only if there is more than one of a certain term type do we need to solve 
a secular equation in order to find the energy of the levels, because the 
method then will only give the sum of the energies of the like terms. It is 
here necessary to go back to the wave functions constructed to be eigenstates 
of LS &nd to set up the secular equation. 

It is, of course, always possible to get the energies of the terms in this 
way, but usually this involves more labor, even if no secular equation needs 
to be solved. As an example, we shall take d*, *P, the wave function of 
which we have found in Sec. 2-c. 


P(,LLI) = VZ (2*,719) — VE (14,0) 
EGP) = 23(2,-1) - 2K(@—-1) + 340,0) - 2 KQ,0) 


27 
zye 
Ée-nladen)- fle- D 
5 (Fe 


1 | or») 


+ 


- Š (Fa + 30F) — YS oie cae 
Bae iincti ah (2-56) 


This result is, of course, identical with the one previously found. 

Usually F; and F, are taken as semiempirical parameters; i.e., we do not 
attempt to calculate them, but instead fit the results with the term values 
known from experiment. Such term values are collected, for instance, in 
C. Moore, Ref. 3. In the case of (3d)? V(III) we find] the values tabulated 
below. Unfortunately, !S has still not been found experimentally. Regard- 


em7! 


- ECF) 0 13,121 
318 1 13,238 

730 2 13,435 

ECD) 10,960 CG) 4 18,389 


ing F: and F, as adjustable parameters and taking the two energy dif- 
ferences 3P — 3F and !D — ?F from experiment, we get, as an example, 


ECP — *F) = 15F4 — 75F, = 13,000 cm~! 
ECD —?F) = 5F; + 45F, = 10,600 cm“ (2-57) 


1 Note that the metal ion V(III)— that is, the ion in oxidation state 3 in our nomen- 
clature—is designated by V(IV) in Ref. 3 and similar spectroscopic tables. This nomen- 
clature is due to the fact that the nonionized state of an element E is labeled E(I) by 
the spectroscopists. 


24 


INTRODUCTION TO LIGAND FIF THEORY 
TABLE 2-3 
di: EQS) = Fy + 14F 2 + 126F, 
(Ref.1) ECG) = Fe + 47: + F 
ECP) = Fy + 7F: = 84F, 
ECD) = F,— 3F:+ 36F, 
ECF) = Fy — 8F,-— 9F; 
di: ECP) 2 3F,— 6F:— 12F, 
(Ref. 1) E(iD) =3Fo + 5F:+  3F. + V/193Fs* — 1650F,F, + 8325F à 
ECF) =- 3Fo + OF; = 87F, 
EG) = 2F, — 11F: + 13F, 
ECH) = 3Fo — 6F; -— 12F, 
ECP) = 3F, — 147F, 
ECF) = 3F, —15F: — 72F, 
d*: E(lS) = 6F, + 10F; + 6F, + 14 ~/3088F2? — 26,400F2F + 133,200F 2 
(Ref. 4) E(iD) = 6Fo + 9F:— 76.5F4 + 34 ^/1290F; — 10,440F;F, + 30,825F 3 
ECF) = 6F, — 48 Fy 
EGG) = 6Fo — 5Fi—  6.5F, + 34 /708F.* — 7500F:F, + 30,8257 2 
ECI) = 6F, —15F,— 9 F, 
EGP) = 6F, — 5F:— 76.5F, + 34 V/912F:? — 9960F:F, + 38,025F 3 
ECD) = 6F,— 5F.— 129 Fr 
EGF) = 6F. — 5F:— 76.5F, + 34 V/612F: — 4860F:F, + 20,025F 2 
E(*G) = 6F,-— 12F: — 94 F, 
ECH) = 6F,— VF» — 69 F, 
EGD) = 6F, — 21F, — 189 Fy 
dë: E(?8) = 10F 5 = 3F; s 195F, 
(Ref. 5) ECP) = 10F, + 20F, — 240F, 
E(iD) = 10F, — 3F.— 90F, + W/513F; — 4500F;F, + 20,700F 2 
ECD) = 10F, — 4F, — 120F, 
EF) = 10F, — 9F, — 165F, 
ECF) = 10F, — 25F, — 15F, 
EGG) = 10F, — 3F2 — 155F, 
ECG) = 10F, — 137: — 145F, 
ECH) = 10F, — 22F; = 30F, 
ECI) = 10F, — 24F, — 90F, 
EUP) = 10F, — 28F: — 105F, 
E(*D) = 10F, — 18F; — 225F, 
ECF) = 10F, — 13F; — 180F, 
EUG) = 10F, — 25F2 — 190F, 
E(*S) = 10F, — 35F2 — 315F, 


From this F, ~ 1900 em-!, F; ~ 210 cm™!, and F;/F, = 9.0. 
For the d shell a calculation of F, and F, assuming hydrogenic wave 
functions can be performed by evaluating the integrals 


e * 9r k 
fie 5S J, pan Ut (d)I*r? dr? Urs (rs? dre (2-58) 
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With 


Ry = R: = = rana T?e- (£l3a0r 
81 4/30 Xa, 
the result is 


F = 2037 cm-! and Fy = 1472 cm-! (2-59) 


Owing to the well-known equivalence of electrons and “holes” the elec- 
tronic configurations d^ and d!°-" will produce identical multiplet terms, 
and furthermore the energy difference between the various terms is the same 
for the d^ and d!°-* configurations. In Table 2-3 we have collected the 
values of the term energies for the d?, d?, d*, and d* electronic configurations 
as expressed in the Condon-Shortley-Slater approximation scheme. 


2-h. General Remarks on the Method 


The definition of the F, integrals, as well as the actual evaluation, shows 
clearly that all of these quantities are positive. The actual calculation of 
the various (3d)" terms then confirms the validity of Hund's rule, viz., of 
the terms given by equivalent electrons those with greatest multiplicity lie 
deepest, and the lowest is that with the greatest L. The theory will usually 
also predict the ordering &nd energy of the excited terms with fair accuracy. 
The reasons for occasional discrepancies are not difficult to find; examples 
are breakdown of the one-electron description and admixture via the pres- 
ence of the 1/riz term in the Hamiltonian of higher terms such as (3d)"-!(4s) 
into the configuration. We may, however, have sufficient faith in our 
approximation scheme as it stands to use it as the starting point in our 
further considerations with regard to spin-orbit coupling. 

Of course, there exist other methods of finding the term energies than the 
ones just outlined. In particular, the work of Racah*-* and Löwdin?’ has 
shown us both more powerful and more elegant ways of doing so. However, 
we may remark that, because we are here primarily interested in d electrons 
as contrasted to f electrons, no real advantage can be obtained by using the 
methods of Racah. On the other hand, if we were interested in the terms 
arising from (4f)" configurations, the method of Condon, Shortley, and Slater 
would be impossibly cumbersome and Racah's formalism would be the only 
practical one. It is always wise to remember that simple problems ought 
to be solved by simple means, and the heavy artillery spared until it is 
needed. A uniform treatment of angular momentum can be found in Refs. 
8and 10. In the latter reference a bibliography is given. 


2-i. Spin-Orbit Coupling in a Hydrogen-like System 


The spin of an electron gives rise to & magnetic dipole. On the other 
hand, a magnetic dipole is also produced by the movement of the electron 
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in its orbit. Thus an interaction between these two magnetic dipoles is 
possible, and this effect is called the spin-orbit interaction. This feature is 
closely connected with relativistic effects; considerations of Dirac show that 
the magnetic perturbation energy of the spin in & central field can be 
expressed as 

À 1l98U(r) 
2m*éàr ðr 


HM = £(r).s with £(r) = (2-60) 
where U(r) is the potential in which the electron moves. 
In this approximation the Hamiltonian for a hydrogen-like system is 


h? 


R= — — 
m 


2 
y — ze + &(r)-s (2-61) 
We have in the preceding sections classified the solutions to the Hamiltonian 
with no inclusion of spin-orbit coupling in an (ljmi,s,m,) scheme, and we shall 
here treat the spin-orbit operator as a perturbation, using these sets as the 
unperturbed wave functions. Then 


EO = (nym,m,)| e?|(n',mim)) (2-62) 
Separating the angular part from the radial part of the integral 
EO = (n,)|£r)[(n',U) - (,mym;)|L&; + 36l,$- + gls Umm) (2-63) 


where as usual l} = 1, + il, etc. 

Looking back to the formulas given on page 13 for the matrix elements of 
Ê, and L,, we see that, since both l, and l; + il, are diagonal in l, we must 
have l = l. But, further, for l, and $, 


, 
mi = m; and m =m 


For l, and s m=m,+1 and m=mF1 


Therefore, m; + m, = m; + m, in order for the matrix element not to 
vanish. We have then that n,l and m; = m + m, are good quantum 
numbers, but that m, and m, are not. This suggests that the total angular 
momentum j = 1 + s is a good quantum number. Since the Hamiltonian 
operator commutes with l, $?, j?, and j, we can choose these quantum 
numbers to characterize our states here labeled as (nl, j,m;). 

From the definition of j we have the identity j? = (l + s)? 


j-P-c-Ls-c2010:[8 or — [l:$—1$(g—L—5$) — (2-64) 

Knowing that j?, l, and $? are diagonal and using the above identity, we get 
E(n,l,j,mj) = E(nJ) + £w(n,ljmjll: $(,,j,m) 

E(nljm) = Et + 2G + 1) — (0-1) — s+ 0]. (265) 


with bred A (R(,Dp()r? dr (2-66) 
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For a single electron we have s = 14 with j = l + 14. In this case 


E(n,jmj) = E(nJ) + tul m »2l a ee (2-67) 
Since n: is positive, the state with the lower j lies lowest. The doublet 
separation is (l + 14)t:. The levels into which each configuration is split 
by the inclusion of the spin-orbit term are designated according to the l value 
of the configuration from which they spring. The value of j is added as a 
subscript, with the spin multiplicity being given in its usual place. In the 
case just treated the two levels would then be designated liy and *lj 
The same nomenclature is, of course, used with capital letters for many- 
electron systems. 
Assuming a Coulomb potential U(r) = —Ze?/r, and by use of a hydro- 
genic radial wave function, we can calculate 


eh Zs 
~ mea? n3l(L + 14)(1 + 1) 


with Z “the effective charge" in the wave function and a, the Bohr radius. 
For 3d electrons 


Ent (2-68) 


£a = 1.44 X 107? Z* em^! (2-69) 
2-j. Spin-Orbit Coupling in a Many-electron Case 


If more than one electron is present, we get 


KO = Y trol. s; (2-70) 


thus neglecting the interaction of the spins with other orbits than their own. 
This is a valid approximation so long as the central field is stronger than the 
interelectronic interactions. Using our (L,M r,S,M s) scheme, we get for a 
term diagonal in L and S treating # as a perturbation: 


EO = (L,M1,8,Ms)|3|(L,M1,8,M's) (2-71) 


The calculation of this matrix element is complicated by the fact that 3c? 
is expressed as a sum of single-electron vector operators, whereas the (L,S) 
scheme is characterized by the total value of L and S. However, it can be 
proved,! and is indeed intuitively clear, that we must have 


EO = \(L,M1,8,Ms)|L : $\(L,M1,8,M 5) (2-72) 


where the constant A is a radial integral depending only upon L and S. 
We see that within a given LS term the matrix elements of 


geo = Y t(r)h-s; 


are proportional to the matrix elements of L- S. In the same way as 
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before we find that the matrix elements of Ê S 


(L,M1,8,M s)|L S\(L,M1,8,M's) (2-73) 
are different from zero only if 
Mi+Ms=M,+Ms=My, (2-74) 


This is, of course, true for the term diagonal in Mz and M s, but we notice 
that L+S is able to couple terms together, provided they have the same 
value of J. Thus the spin-orbit coupling can, for example, mix together 
States which differ in their S values by AS — 1. A word of caution is, 
however, not out of place here as regards the value of the proportionality 
factor ^, and for elements off diagonal in L and S it is recommended to go 
back and use the single orbital operator > £(r)L-s;. Usually, however, 


we ignore the admixtures of other L and S terms by the spin-orbit coupling 
and consider only the diagonal term. 
Just as for the one-electron case we have 


J=L+s 
JP=L?4+S?42L-S or L-S=K(J?-L?—S%) (2-75) 


and with the above approximation of neglecting off-diagonal terms the 
energy of a state (L,S,J,M) is given by 
E-E(LS)tXUJU -1)-L(LT1)-5S(S-cTD] (2-76) 
Then the energy difference between the level J and J — 1 is 
AE = E(L,8,J,M) — E(L, SJ — 1, M) = M 


This is the Landé interval rule. 

As an example we shall in Table 2-4 take the ?F state for V(III)d?. It is 
seen that the theory holds rather well, the numbers in the last column of the 
table being nearly equal. 


TABLE 2-4. *F STATE IN V(III)d? 


Level | Energy, cm^! | Interval AE ` = AE/J 
I, 0 
F, 318 318 106 
F, 730 412 103 


Values are taken from the compilation of C. Moore.? 


We have for the total width AE(A) of a given multiplet: 


L+S LtS L-S 
AEA) =à Y z= r-a) (2-77) 
L-S+1 0 0 
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Since y z = n(n + 1) (2-78) 
0 
we get AEA) =A- S- (2L 4+ 1) (2-79) 


2-k. Absolute Term Intervals 


In this section we shall investigate the connection between 3, the splitting 
factor for a many-electron system, and nı, the one-electron parameter. We 
have for the diagonal element: 


(L,M1,8,M s)|}, £(r)l; . 8 |(L,M1,8,M s) = AM. Ms (2-80) 


On the other hand, since the state (L,M1,S,Ms) is a determinantal wave 
function built up of single orbitals, we get 


(L,M1,8,M s)| by (rol; - &:\(L,M1,S,Ms) = y Emm; (2-81) 
By equating these two expressions, we have 
1 Ae 
A= MiMs » EaQmém, (2-82) 


If there is more than one determinantal wave function with a certain Mz 
and M s, we use the same method of the invariance of the diagonal sum that 
we used in evaluating term energies to get 

MiMs » A(L,S) — > » Emm; (2-83) 


Terms Determi- i 
nanta 


In this way we can evaluate A(L,S) in a stepwise fashion with the same 
limitation as previously: that if more than one term with a given (L,S) is 
present, we can only get the sum of the A's. 

Going back to the d? case, we thus have as an example 


SF (Mz = 3) = (2*,1*) 


. NGF) = gy (fa 2°36 + b 1:3) 
AGF) = Wes (2-84) 


and for *P we get as 
3F (Mz = 1) + °P (Mz = 1) = (2+,—14) + (14,0+) 
AGF) + ACP) = ful 34 — 1-34 
+ 1-34 ROM) 
ACP) = Y6tu (2-85) 

The ratio of the total widths of $F and ?P is therefore 

l2t-1:7 7 

L————2-233- 

Mua ao 
Experiments yield 2.2. 
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For the ground state only we have, according to Hund's rule for a shell less 
than half full, Zm; = Mi = Land Im, = Ms = S. Then 


L:S:A— ti: Wom = &£uc14- L 
VES (2-86) 


and for a shell more than half full 


l 
LS- = bulbs $m Em] = tu Ml 


xe 3 (2-87) 


We notice that the sign of à changes as we go to a more than half-filled 
shell. This means again that for shells that are more than half-filled, the 
state with the highest value of J has the lowest energy in contrast to the case 
for a less than half-filled shell. 

So far we have completely neglected spin-spin interactions. Usually 
they will not be important and may be neglected. However, in special cases 
they may have an appreciable effect on the multiplet intervals. See Ref. 11 
for a treatment of this effect. 


2-l. Zeeman Splitting 


Since the energy in the spin-orbit approximation does not depend upon M; 
(or simply written M), we have still a 2/ + 1 degeneracy to reckon with. 
However, the presence of a magnetic field completely removes this last 
degeneracy. Since the experimental identification of a level means a 
determination of J, we see that by simply counting the sublevels into which 
a given level splits upon inclusion of a magnetic field, we get the J value 
for the level in question. 

The energy operator associated with the Zeeman effect is 


KD = us(L + 25)H (2-88) 


where L and S are measured in units of k. Here us is the Bohr magneton 
us = eh/2mc, H is the magnetic field present, and the factor 2 before S is 
due to the magnetic anomaly of the spin. We shall treat only the case 
where 3€? is small compared to the spin-orbit perturbation 3C. This 
allows us to start with the sets (L,S,J,M) as our unperturbed wave functions. 

Since all directions are equivalent, we take the z-axis as the direction of H 
and get for the perturbation 


HO = upHz(Lz + 282) (2-89) 
Now Jz = Lz + Sz 
50 KD = usHz(Jz + Sz) (2-90) 
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Taking a diagunal element, we get 
EO = (L,S,J,M) luaHz(Jz t $2)| (L,S,J,M) = usHzMg 
" JJ -)-L(L-4c4-1)-44-S(S-c10: 
h =Í -i 
wit g + 3J( X 1) (2-91) 
the Landé factor. This follows from the fact that 
(L,S,J,M)|Jz\(L,8,J,M) = M 
is So 
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Fig. 2-1. Energy-level diagram for (3d)!, not drawn to scale. Altogether there are 


10-9/1-2 = 45 various levels. 
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and (see Condon and Shortley, Ref. 1) 


(LSI MISAL SIM) = yc (684 DIS - TIUS) 


M 1 
7394) 37V FD = L(L +1) 


+SS + 1)] (2-92) 


We notice that a level with a certain quantum number J is split up into 
2J + 1 sublevels upon the application of a magnetic field. The spacing 
between these sublevels is constant and equals gusH, and, further the lowest 
sublevel is seen to be the one with M = —J. 


Figure 2-1 illustrates the various degrees of approximations for our (3d)? 
example. 


2-m. Selection Rules 


A transition between two states a and b can occur as an electric dipole 
radiation only if the integral Jy ry dr is different from zero. We are here 
especially interested in the states coming from d” configurations, and it 
follows immediately that transitions between the various d” levels are 
forbidden as electric dipole transitions. This is due to the fact that a 
d orbital is an “even” function, i.e., it does not change sign upon inversion 
in its center whereas r = iz + jy + kz does change sign upon an inversion. 
'The whole integral therefore changes its sign upon reflection in the nucleus, 
but since the value of the integral must be independent of the choice of the 
coordinate system, it follows that it must vanish. These remarks prove a 
special case of Laporte's rule: Only transitions between an even state and an 
odd state are allowed as electric dipole transitions. Since this rule depends 
solely upon the symmetry properties of the wavefunctions, and does not 
depend upon the actual analytical form of the wave functions, it is of à very 
general nature. A closer analysis of this and related features is given in the 
next chapter. 

From what has been said previously, it follows further that, as long as we 
take our wave functions to be one-electron determinantal wave functions, 
the matrix element (Yalr|Ws) will differ from zero only if (1) Y4 and Ys 
differ at most in one of the orbitals and if (2) the spin quantum numbers S 
and M s are the same for Y, and Y. 

Another kind of transition, namely, the so-called magnetic dipole transi- 
tions, are of importance in the case of the Zeeman splittings. The transition 
probabilities between levels characterized by the quantum number M; 
depend upon the existence of nonvanishing matrix elements of the form 


(Walr X plYa) = (Yall Va) (2-93) 


Since r X pis an even operator, we notice that magnetic dipole transitions 
can take place within a given d” configuration, and inspection of the matrix 
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elements immediately gives the selection rule AM; = 0 or +1. However, 
in general the probability of a magnetic dipole transition is much less than 
the probability of an electric dipole transition.'? 


REFERENCES 


1. E. U. Condon and G. H. Shortley: "The Theory of Atomic Spectra,” 2d ed., Cam- 
bridge University Press, London and New York, 1953. 

2. H. Eyring, J. Walter, and G. E. Kimball: "Quantum Chemistry," John Wiley 
& Sons, Inc., New York, 1944. 

3. C. E. Moore: Atomic Energy Levels, Nat. Bur. Standards Circ. 467, vol. 1, 1949; 
vol. 2, 1952; vol. 3, 1958. 

4. O. Laporte and J. R. Platt: Phys. Rev., 61:305 (1942). 

5. O. Laporte: Phys. Rev., 61:302 (1942). 

6. G. Racah: Phys. Rev., 62:438 (1942); 63:367 (1943). 

7. L. C. Biedenharn, J. M. Blatt, and M. E. Rose: Revs. Modern Phys., 24:249 (1952). 

8. M. E. Rose: “Angular Momentum,” John Wiley & Sons, Inc., New York, 1957. 

9. P. O. Lówdin: “Atomic Wave Functions Generated by Projection Operators," 
Preprint, Uppsala, 1959; T'ech. Note 12, Uppsala, 1958. 

10. A. R. Edmonds: “Angular Momentum in Quantum Mechanics," Princeton Uni- 
versity Press, Princeton, N.J., 1957. 

11. R. E. Trees: Phys. Rev., 82: 683 (1951). 


CHAPTER 3 


Symmetry 


3-a. Concept of Symmetry Operators 


The aim of this chapter is to outline a very powerful method for selecting 
wave functions suitable for the elucidation of the electronic properties of 
molecules. The importance of the method is due to the fact that the 
application of it is based solely upon the knowledge of the geometry of the 
investigated molecule. The subject is usually approached through the for- 
mal theory of groups, but we shall at least partly try to treat the problem by 
the more intuitive approach of symmetry operators. Our treatment of 
the subject will be by no means exhaustive; indeed we shall mostly proceed 
by using simple examples to illustrate the strength of the method, with the 
appropriate generalizations being indicated. More rigorous treatments of 
the problem can be found in Refs. 1 to 7 and 13. 

Let us take a molecule possessing a certain geometrical shape. In order 
to describe this molecule, & coordinate system is needed; it is, of course, 
obvious that such a coordinate system can be chosen in a great many ways. 
Thus while the description of the molecule must depend upon the chosen 
coordinate system, it must follow that no physical importance can be attached 
to any particular coordinate system. In other words, when calculating 
observable quantities of a molecule, it must turn out to be immaterial how 
the original coordinate system was chosen. 

Consider benzene as an example. In order to describe the molecule, we 
place a coordinate system with the z axis perpendicular to the plane of the 
molecule and number the carbon atoms from one to six. Into this molecular 
skeleton an electron is dropped. The Hamiltonian 3X€ for the system, assum- 
ing & positive charge Ze on each carbon atom, is 

x--Ev-z(lele +2) (8-1) 
2m Tr T? Ts 
rı to re being the distances from the appropriate carbon atoms to the electron. 

We define a symmetry operator as any coordinate transformation which 
leaves the Hamiltonian invariant. Such a coordinate transformation is 
equivalent to a symmetry operation which brings the molecule back “into 
itself." In the case of the benzene molecule one symmetry operation would 
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be, for instance, to rotate the molecule 60° around the z axis. This opera- 
tion would only change the numbering of the carbon atoms, and since the 
energy of the system surely cannot depend upon a purely artificial number- 
ing, it must remain invariant upon this operation. Inspection of the 
Hamiltonian (3-1) shows that this is indeed the case. 

Now suppose that we have solved the Schródinger equation for a given 
molecule and obtained & set of corresponding eigenvalues E, and eigen- 
functions Wn, where 


E, = fy*90p, dr (3-2) 


Let us apply a symmetry operation upon the molecule. Since by definition 
such an operation will leave 3€ invariant, the transformed eigenfunctions 
belonging to an original eigenvalue E, must still correspond to the same En. 
Denoting a symmetry operation by $ and calling Sy, = gn, 


Sfut36p, dr = feter dr = E, 


If we now first look upon a nondegenerate eigenfunction y, it follows immedi- 
ately that Sy can at most differ from y by a phase factor. When the 
corresponding eigenvalue is evaluated, this phase factor cancels out, since 
Sytys = VIN. 


More interesting is the case of & truly degenerate set of orthonormal 


eigenfunctions y; > - * Ya» all corresponding to an eigenvalue E,. In this 
case any normalized linear combination of yı : - - Ya will also have the 
eigenvalue of E,: 

En = fVf3eVi dr (8-3) 
with Yi = aii + Gaye + ccc + nbn 
and a? +a? + ee +a? =1 


There are, of course, n possible linear orthogonal combinations. By apply- 
ing a symmetry operation to one of the wave functions, it is again possible 
that it will go into itself with or without a shift of phase, but it is more 
likely that it will go into a linear combination of the y,’s. In general, with 


a given complete set of degenerate wavefunctions yi : * > Ya, performing a 
symmetry operation on the molecule will yield 
ya Givi + dive + °° F amnya 
8 V2 | _ [ Gai + Gare cocco o aonya (3-4) 
Vn Ani + AnoW2 + pee o + OnnWn 
Since the sets Yı * * > y, are orthogonal to each other, the transformed 


sets are orthogonal to each other too. This follows from the fact that all we 
have done is to rotate the coordinate system and express the rotated functions 
in terms of the old functions. New y/s cannot get into the linear combina- 
tions in (3-4), because the set yı > - - Yn was a complete set of degenerate 
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functions. The above statement is of course only a clarification of what is 
meant by the concept “‘truly degenerate.” 

Consequently, if for a given molecule all possible symmetry operations 
leave an initial starting function unaltered, except for immaterial phase 
changes, we have found a function transforming like a nondegenerate solu- 
tion to the Schrédinger equation. If on the other hand, new linearly 
independent functions are created by the application of the symmetry 
operators, the initial function transforms like a member of a degenerate set of 
solutions to the Schrédinger equation. By further operating upon the 
newly created functions with the symmetry operators, we can obtain a 
complete set of functions transforming like the degenerate wavefunctions. 
The completeness will manifest itself in that no possible symmetry opera- 
tion will create additional linearly independent functions. 


3-b. Nomenclature of Symmetry Operators 


The symmetry of a certain molecule can be expressed by collecting all the 
various symmetry operations which leave the molecule unaltered. For a 
single molecule these operations are of two kinds: rotations and reflections. 

If a molecule is left unaltered by the rotation around an axis through an 
angle 27/n, such an axis is called a C, symmetry axis. A fourfold axis is 
denoted Cy, a twofold axis C2, etc. In general, a symmetry operator C, is 
defined as the operator which rotates the molecule an angle 2r/n around 
a given axis. It is therefore immediately obvious that, for example, two 
successive operations by C, written Ó,- C, = Ĉe are equal to Ó, Further- 
more, if the molecule is rotated n times around a C, symmetry axis, it 
returns to the starting position. The complete set of operations is then 
equal to the identity operation E. Thus 


Q^ = Ê (3-5) 


A molecule may be left unaltered by reflection in a plane of symmetry. 
If this plane is perpendicular to the main symmetry axis, i.e., the axis with 
the highest index, such a symmetry operation is denoted e,. If the plane 
contains the symmetry axis, the symmetry operation is called og or oy. 
Some molecules may have & center of symmetry. A reflection in such a 
center is denoted 7. Here f is called the inversion operator with 7? = Ê. 

A performance first of a given rotation C, followed by c; is called improper 
rotation and is denoted by the symbol S,. Obviously, 


8, = TR (3-6) 
Further, Ox. = (3-7) 


> A 


Usually, the result of the performance of two successive symmetry opera- 
tions is not independent of the order in which they are applied. In some 
cases, however, the order is immaterial and we say that the symmetry 
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operators commute. It is immediately obvious, for example, that two 
rotations about the same axis commute, but that two rotations about 
different axis need not commute. 


3-c. Representations 


For a given molecule the complete set of h symmetry operators comprise 
the point group for the molecule, where À is the order of the group. Since 
the wave functions for the molecule must be of such a nature as to leave the 
energy of the system unaltered during the symmetry operations, we can see 
that in some loose way the wave functions must conform to the point group 
in question. 

Our problem is just how to utilize the known symmetry properties of the 
molecule in order to build these “boundary conditions" into the wave func- 
tions of the molecule. This is important because of the fact that usually we 
cannot solve the Schrédinger equation for the complicated molecules in 
question. We can, however, guess at the 
wave functions and af least make the wave 
functions behave according to the given 
molecular geometry. 

The concept and treatment of symme- 
try is so very important for the illustra- 
tion of the molecular wave functions be- 
cause a wave function behaving according 
to the symmetry properties of the molecule 
in many ways is a "better" and more con- 
venient wave function than one which does 
not have these features built in. 

As an example let us take the point group D,. A molecule belonging to 
this symmetry group is shown in Fig. 3-1. Considering the various different 
symmetry operations which make the molecule go into itself, we notice that 
the z axis contains a twofold axis and a fourfold axis. The z axis contains in 
reality two fourfold axes, since we can turn the molecule both clockwise and 
counterclockwise by an angle of 90° and get different configurations. The 
first symmetry operation is called C,(1), and the second C,(2). It is further 
seen from the figure that there are four other twofold axes. The corre- 
sponding symmetry operators are called respectively C;(1), C,(2), C (1), and 
Ó7(2. Furthermore, we have as always the identity operator Ê. In this 
case the order of the group h consequently equals eight. All of these eight 
symmetry operations alter the numbering of the four corners of the square 
in Fig. 3-1 in a unique way. However, applying two of them in succession 
is always equivalent to the use of a single symmetry operator. This feature 
is due to the general property of groups that the product of two elements is 
contained in the group. 

By applying the various symmetry operators of the point group, we see, 


C, and C; 


Fig. 3-1. Symmetry axes for a mole- 
cule belonging to the group D,. 
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for example, that 


€) - 672) = O1) (3-8) 


As before, such equations should be understood in the following sense: first 
apply C; (2) to the molecule and then (1). The result is equivalent to the 
application of C,(1) to the molecule, Fig. 3-2. 

The concept of a class is now introduced in the following way. A sym- 
metry operator S’ is said to belong to the same class as another symmetry 
operator 8” if the relation 7-18’? = 8” is satisfied. Here Î is a sym- 
metry operator of the group and 7-! is the inverse symmetry operator 
defined by 7-7-1 = Ê 


2 3 " 3 2 , 1 2 2 3 
poc eee 
1 4 4 1 4 3 1 4 


Fia. 3-2. Application of symmetry operators to a D, point group molecule. 


Let us take an example using the point group D4. As T we take the 
rotation around the fourfold axis C,(1), as S^ we take Ó;(1), and as 8” we 
take C,(2). Then 


T3S'fini = sio = fin? = in 
S23 = 20 


In other words, C;(1) and C,(2) belong to the same class. In the above 
example we find the five classes [E], [C4(1),C4(2)), [C2], [(C2(1),C2(2)], and 
(C2 (1), C? (2). Itis seen that a class is indeed only a set of operators which 
are of the same physical kind. 

Our aim is now to construct a set of “numbers” in such a way that they 
reflect the symmetry properties of the molecule. In order to do so, we write 
down the complete multiplieation table for the group elements as, for 
example, C;(1)07 (2) = Ó,(1). Each symmetry element is then identified 
with & certain matrix, and the complete set of matrices, using matrix multi- 
plication, must be chosen in such a way that they multiply according to the 
multiplication table of the group. Such a set of matrices is called a repre- 
sentation of the group; it can always be chosen in a great many ways. In the 
above example we see that by representing C,(1) by {1}, C;(1) by {1}, and 
C? Q) by {1}, we get {1} - {1} = {1}. 

One way of representing all symmetry operations would clearly be to put 
all of the matrices equal to 1. This representation of the group is called T. 
But there exist other sets of matrices chosen in such a way that the group 
multiplication table is fulfilled. Some representations for D, can be seen 
in Table 3-1. The representation Ts is an example of a two-dimensional 
representation. 

Notice that the representations are orthogonal to each other, for example, 
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TABLE 3-1. REPRESENTATIONS FOR THE Point Group D, 


E Cs) CQ) Cei C1) — C Ca) — c?Q 


Ti " {1} {1} {1} {1} {1} {1} {1} 
n uj n {1} {1} {-1) {-1} t-  {-1} 
T: uj d-H [= {1} {1} {1} t-33 {=i 
h i.t us UNES Bs 0 od Sort 1 E any 
ea fo i tsi "Jin ot { 0 Ej y l-i o] lo E 0 i 


rile =14+14+1+1-1-—1-1-—-1=0. For the many-dimen- 
sional representations this holds true for each equivalent set of numbers in 
the matrices, e.g., for the I's(ai2) component 


Tu: Tela) 
=1-0-1-1-—1(-1) 4+ 1:0-—-1-1—1(-1D 4+1:04+1-0=0 


An n-dimensional representation is said to be reducible if there exists a 
linear transformation that will decompose all of the matrices of the represen- 
tation into a block form as, for instance, shown in Eq. (3.9). 


die Sore hha (3-9) 


If, on the other hand, the representation cannot be reduced to a block 
form by a linear transformation, it is said to be irreducible. Calling the 
irreducible representations Ti, T's, . . . ,I'4, we say that the reducible repre- 
sentation is composed of the irreducible representations T; + Ty; + > 
It can be shown that there are always the same number of irreducible 
representations in & group as there are classes. 

In the above example (point group D,) there are thus five irreducible 
representations. These are just the five representations given in Table 3-1. 

The following relation is of great value in finding the dimensions l of the 
irreducible representations. With c classes we get c irreducible representa- 
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tions each of dimension ln... Then 
Ww+ti?+---+l2=h (3-10) 


where k is the order of the group. 
In the above example c = 5 and h = 8. Thus 


L? +l? + l? + 1? + 1? = 8 
This relation i fulfilled only for h = l = 1; = lí = 1 and l; = 
By “the” ‘character x ‘of an element of a representation we aed the 
trace of the matrix. Noticing in our example that the trace is the same for 
matrices in the same class, we have, for example, for T's: 
E 2C, C; 26; 207 


x: E 0 —2 0 0 


Matrices i in the same class are called equivalent, and we can prove that they 
Will always have the same character. This is also intuitively clear, since 
different elements belonging to the same class differ only in the choice of 
coordinate systems used and are physically the same process. 
For two equivalent representations A and B we have by definition 


TAT = B (3-11) 


That is, there is a matrix T which relates A to B by means of a similarity 
transformation. For the special case of a real unitary matrix T we have 
T^: = f, where T-! is the inverse and T is the transposed matrix. Writing 
Tr for the trace we have: 


Tr (TAT) = Tr (TAT) 
and since a unitary transformation preserves the trace, 
Tr (A) = Tr (B) (3-12) 


We have thus proved what we noticed to be true in our example, that 
elements of representations belonging to the same class have identical 
characters. Since the character of a representation is unchanged by a 
similarity transformation, we can characterize a certain representation by 
means of its character system. 

The character of a reducible representation is equal to the sum of the 
characters of the irreducible representations which together compose the 
reducible representation. How many times n a certain irreducible repre- 
sentation occurs in a given reducible representation can be determined 
uniquely, given the character of the reducible representation xs and the 
character table of the group x2“. We have 


no =E Y xn + xe (3-13) 
R 
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where h is the order of the group and the sum is over all of the A operations in 
the group. Another way of obtaining n is, of course, by adding the char- 
acters of the irreducible representations together in a trial-and-error 
way until the sum is equal to the found character set of the reducible 
representation. 

As an example of a character table we give Table 3-2, the character table 
for D.t We notice that the characters form a set of five orthogonal 
vectors spanning the D, group. Such character tables for all possible 
symmetry classes can be found in many textbooks.!4 


TABLE 3-2. CHARACTER TABLE FoR D, 


E 20, C, 20; 2C; 


3-d. Important Point Groups Occurring in Inorganic Complexes 


1. O,. The most common molecular structure for inorganic complexes 
is the regular octahedron possessing an inversion center, Fig. 3-3. This 


Fia. 3-3. Regular octahedron. Point group Oh. 


t One-dimensional representations are designated with the letters A and B. Those 
having a character +1 under the principal rotation are the A representations; those 
with a character —1 are the B representations. Two-dimensional representations are 
labeled with the letter E, three-dimensional representations with the letter T, and four- 
dimensional representations with the letter G. Within the various one-, two-, three-, or 
four-dimensional groups we distinguish between the representations by means of a 
number put down as a subscript. In addition, we shall use the subscripts gand u. They 
stand for the behavior of the representation when the inversion operator f is applied. 
If the representation does not change sign, we designate it by a subscript g; if it does 
change sign, the subscript is u. 
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. molecule has the following symmetry operations: 


E, the identity operation. 

8 C; axes. (One of them is shown in the figure. There are eight three- 
fold axes because there are four body diagonals, and we can rotate 
the molecule around one of these either plus or minus 120°.) 

3 C; axes (the “coordinate axis” in the figure). 

6 C, axes (the "coordinate axis" with & rotation plus or minus 90?). 

6 C; axes (the six axes bisecting the coordinate axis). 


To these symmetry operations must be added the application of the inver- 
sion operation f. Thus the classes are augmented by & +4 = i, 80, f, 
30, - 4, 60,- 1, and 60,- 1. The point group of the regular octahedron is 
characterized by the letter O,. 


Fia. 3-4. Regular tetrahedron. Point group Ta. 


2. Ts. The regular tetrahedron belongs to the point group Ta, Fig. 3-4. 
The molecule has the following symmetry operations: 


E, the identity operation 

8 C3, as in Or 

3 Co, as in On 

6 S4 = 6C 404 the C, axis as in On 
6 oa = 6C the C; axis as in O, 


The symmetry operations for a Ta molecule are thus very closely related to 
those of an O, molecule, the most important difference being that a Ta 
molecule does not possess a symmetry center and thus has no inversion 
operation. 

3. Da. This point group is characterized as follows: 


E, the identity operatior 
2 C, axes 
1 C; axis 
2 C, axes 
2 C? axes 
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Furthermore, we have the inversion operator $ operating upon all the 
previous symmetry operations 


heist 20,1228, i= 
204-246, and 204/424, 


Examples of molecules possessing D4, symmetry are Ni(CN)} and trans- 
[Co(NH4;),Cl;]7, Fig. 3-5a and b. 


2 z 


* (a) y * (b) y 
Fig. 3-5. Molecules with Dy, symmetry. 

4. Di. The last point group we shall mention specifically is De An 
example of a molecule in this point group is Co(en),*+, where en stands for 
the chelate H,N—CH.—CH,—NH,, Fig. 
3-6. The symmetry operations here are 


E 2C; and 30: 


Again the molecule does not possess a sym- 
metry center. 

We shall not give any other examples of 
actual “molecules,” because the structures 
treated here are the most important ones 
found in the stereochemistry of inorganic yg, 3-6. D, symmetry M(en)s. 
complexes. For a full description of all the 
possible point groups actually occurring, an excellent reference book is 
Wilson, Decius, and Cross, Ref. 1. 


3-e. Representations and Wave Functions 


` In order to construct suitable wave functions for a given molecule, con- 
sider a set of orthogonal functions Yı * * > Yn. Let us in turn perform all 
of the k different symmetry operations of the molecule. These symmetry 
operations change the coordinate system, and our basic functions ji * * * Wa 
are then subjected to a linear transformation. As an example 


Wi aii diz tt ln yu 
8|." Be OO ene EL (3-14) 


= 


Yn Gal Ae oer Bare Anan Vn 
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In other words, the functions yı > * * V, provide a basis for a set of matrices. 
These matrices describing symmetry operations are a representation of the group. 
Such representations are often reducible, so that different combinations of 
the basic functions will mix and belong to different irreducible representations. 

Usually we are not so much interested in the set of representations as we 
are in the number and kind of irreducible representations contained in the 
basic set of functions, These features can be investigated by utilizing the 
characters of the representation of the group, because formula (3-13) tells 
us how to find the number and kind of the irreducible representations given 
the characters of the reducible representation. For the irreducible repre- 
sentations the character below E is equal 
to the degeneracy of the electronic state. 
This number is, of course, also the dimen- 
sion of the irreducible representation. 

It may happen in rare cases that there 
is "accidental degeneracy" in the system, 
but for most molecules the dimension of 
the irreducible representation is equal to 
the actual degree of degeneracy. 

In some cases we are interested in 
the combinations of the basic functions 
which provide a basis for the various irreducible representations. Usually 
this is an easy thing to get directly from the transformation properties of 
the basic functions. In special cases, however, it pays to use the following 
procedure: Consider a transformation scheme 


Fic. 3-7. Metal electron in a Da 
molecule. 


E C,0) C.2) Ci) O42)  C:(3) 


yi 
¥2 


Then the combinations of basic functions transforming like T; will be the 
sum of the functions in a row multiplied with the characters of T4. 

In order to clarify our ideas, let us consider a specific example, that of a 
d electron centered in the middle of a square configuration as in Fig. 3-7. 
The d orbitals are 2:1+1= 2:2 + 1 = fivefold degenerate and the 
orbitals are 


ime 
Vans = R3,2(r)P2™ (cos O) TE (3-15) 
We take these five orthogonal functions as our basic set yı * * * ys and 


investigate how the functions transform under operations of the point group 
D.. The most general rotation is that around an arbitrary axis through 
the angle 4. The simplest way of investigating how the five d orbitals 
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behave is by always quantizing yı * * * y with respect to the axis about 
which we rotate. If this is the case, our rotation will carry e over in e + & 
and take 


W3,2,m = R3,2(r)P2™ (cos 9) X 
over into R3,2(r)P2™ (cos 0) gsi 
er in Q" 
"s V2 
The rotation is thus given by the matrix 
e”? 0 0 
0 i(l-1)$ 
aha eU (3-16) 
0 e i? 
that is, the character of a rotation x(#) is given by 
x(9) = gilt mee Tc Bee (3-17) 
nee i®\n Ll sin (| + 14)? (3. 
e p gue tea, ae (3-18) 
For =r x(Cx) = (—1) 
T 1 1=0,1,4,5,... 
Pa. x(C)= 2 l = 2367, 


The characters of the representations spanned by the five d orbitals in 
the point group D, are then 


/ 

r 
E 320. 0, 20, 207 
>ő5 -l 1 ü 1 


Using the formula (3-13), we have 


: \ 
n(x) = 1465 -1-14+2(-1)-141-1-142-1-14+2-1-)=1 
naz) = 46(5°1-142(-1)-14+1-1-1+42(1)(—) + 20)(-1) = 0 
n(b) = 14 -1-1+4 2(-1)(—1) + 1-1-1 +20) + 2(1)(—1)) = 1 
n(bo) = ¥g(5- 1-14 2(-1)(-1) + 1:1:1 4 2()(-0) 2000) = 1 
n(e) = 1$(5-2-1--2(-1)-0-- (—2)-1-141-2-041-2-0) =1 


In other words, the representation spanned by the five d orbitals is a 
reducible representation made up by the irreducible representation ai, bi, 
b, and e. The fivefold degeneracy of the d orbitals is removed in the D, 
point group, and we get three nondegenerate levels and one twofold degener- 
ate level. 

If the system under consideration has a symmetry center, the symmetry 
operation "inversion in the center" can be added to all the rotational 
operators previously described. This will simply double the order of the 
group; in our previous example, D, becomes Dy, and we will get Table 3-3 
for the character table. 
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TABLE 3-3. COMPLETE CHARACTER TABLE FOR Point Group D, 


E 206, € 26i 2C, i QC, — iC. — 2C, ACY 


1 1 1 1 1 
1 1 1 -1 -1 
1 -1 1 1 -i 
1 -1 1 -1 1 
2 0 -2 0 0 
Gi. | 1 1 1 1 1 —1 -1 -1 -1 — 
OG | 1 1 1 —1 -1 -1 -1 —1 1 
b | 1 -1 1 1 -1 —1 1 —1 —i 
bs | 1 —1 1 =ł 1 —1 1 -1 1 -1 
eu | 2 0 —2 0 0 -2 0 2 0 0 


The representations for which the characters remain unaltered during the 
inversion are called even (g) representations, and those which change sign 
during this operation are called odd (u) representations. The letters g and 
u are added as a subscript to the name of the representation. In many 
cases one need not bother with the “complete” character table, because it 
is possible to tell beforehand whether we will get odd or even representa- 
tions. For example, since all d orbitals are "even" under reflection in their 
symmetry center, we can get only “even” representations by using the 
d orbitals as our basic functions. Thus the five d orbitals taken as basic 
functions span the four irreducible representations aij, bij, b», and e, in 
the D, point group. This is, of course, also found by utilizing the full 
character table (Table 3-3) together with the formula (3-13). 


8-f. The Direct Product 


Consider a certain symmetry operation Sina group. Let us now operate 
with S upon two sets of functions both of which form bases for irreducible 
representations in the group 


yı yı 

s[- ]-A[- (3-19) 
ys Vs 
Fl Pı 

S En B i (3-20) 
Pi Pi 


The trace of the matrix A is by definition equal to the character of the 
representation under the symmetry operation S, and the same hoids true 
for the trace of B. 
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With the two sets of functions (j;) and (ej) we can form the products 
(4)(ej) and obtain a new system of functions which can be used as basic 
functions for a new representation. Such a representation is called the 
direct-product representation. It is easy to prove that the characters of the 
direct-product representation are equal to the products of the characters 
for the component representations. We have 


Tr (A) - Tr (B) = Tr (A X B) (3-21) 


This is simply a consequence of the rules for forming the direct product of 
two matrices, since A X B contains on its diagonal all products of all a;s 
with all b;?s. The character of a direct-product representation is therefore 
the product of the characters: 


x(A) : x(B) = x(A X B) (3-22) 


The dimension of x(A X B) will clearly be equal to the product of the 
dimensions of A and B. Therefore, there is no a priori reason that (A X B) 
should be an irreducible representation even if A and B are irreducible. 

Let us take an example using the group D4. Suppose that we want to 
find the direct-product representation using the two irreducible representa- 
tions E and B; as the component representations. Then the character of 
the direct product is the products of the characters of E X Bz: 


{2 0 -2 0 0} = xE) 


In this way we see that the direct-product representation of B; and E will 
be an irreducible representation with E symmetry properties. Let us now 
calculate 

EXE={4 0 4 0 0} 


Clearly, this is a reducible representation; by use of the formula (3-13) 
or simply by adding the characters together, we find 

EXE=4,:+4,.+8:+ B, (3-23) 

The complete multiplication table for D, is given in Table 3-4. Notice 


that the representation A, occurs only in the diagonal of the table. This 
holds true for all tables of direct products. 


TABLE 3-4. MULTIPLICATION TABLE FOR D, 


EIE E E E Ay+4A:+Bi+B: 


Consider now the case when the two sets of functions (V;) and (ej) are 
identical. The reducible representation of the products (V;j)(ej) can then 
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.be decomposed into two representations of smaller dimension. One set is 
of the type (J)(ej + (/(e); the other is of the form (Y) (p) — W) le) 
(i = J). The first set is a symmetric product because it does not change sign 
by permutating the electronic coordinates, whereas the second combination 
does change sign and is therefore called the antisymmetric product. The 
characters of the symmetric product are denoted by the symbol [x?]($), 
and the characters of the antisymmetric product are called (x?] (S). 

It is then easy to show? that 


[x1(8) = 34(x)F + x(8)) 
and {x?} (8) = 4 (GI — x(S*)) 


Let us take an example. Consider the t; representation in O, symmetry. 
The set of characters is found to be 


Ê e Ô: Ĉi Cs 
3 0 —1 —1 1 
Hence (x($?-29 0 11 1 


We have further the equations 


Ê: = Ê C32 = Cy Óg = Ê C2 = Ĉ: and er = £ 
Hence x(S2)=3 03 —1 3 


By applying the formulas for the symmetric and antisymmetric product, we 
then get 


x8) =6 0 20 2 
and (313) 23 0 —1 1 -1 


The symmetric representations are then found to be Ai, E, and T: and 
the antisymmetric representation is found to be T;. If we also consider 
the spin functions, we have that the electronic configuration (tz)? can 
produce the states *T;, and !Ai,, Ep, and To. This latter result follows 
from the fact that the total wave function will be antisymmetric. 

The ealeulation of the direct products is of special importance when 
evaluating molecular integrals. We want in such cases to evaluate integrals 
of the form fy*Qys dr, where the wave functions y4 and ys have been 
chosen in such a way as to form bases for the irreducible representations of 
the point group of the molecule. The integral is then different from zero 
only if it is invariant under all symmetry operations of the group. But 
this means that the direct product l'A: l'a: I'a must contain at least one 
completely invariant term. 
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Ta ToTg will in general be reducible: 
Tars = » aiT: (3-24) 


where the T; are irreducible representations of the group. Our matrix 
element will then be different from zero if the totally symmetric representa- 
tion A1, is found in the expansion (3-24). For an arbitrary operator Q we 
must have rọ = Tals in order for the matrix element to be different from 
zero. 

If Q is equal to the Hamiltonian of the molecule, we know it to be invariant 
under all symmetry operations of the molecule. It then follows from the 
tables of characters that f 196ys dr is different from zero only if T4 = T's. 
This ensures that no matter how high a perturbation treatment is carried, 
the symmetry designations will always remain “good” quantum numbers, 
so long as we stay in the same group. A perturbation calculation carried 
“one step further" is thus unable to split up any true degeneracies found by 
means of simple symmetry considerations. Because of the foregoing con- 
siderations it must therefore be recommended to start a calculation with 
wave functions transforming correctly according to the group of the molecule. 


3-g. Double Groups 


The atomic wave functions are in general made up by both an orbital 
and a spin part. Whereas the orbital part is always characterized by 
having integer values of l}, this is not so for the spin part. Ina state system 
characterized by the quantum number J we have 


J=L+S (3-25) 


The two possible spin states are the a(4,4) and the 6(14,—14) states, and 
the spin of an electron, no matter how we choose our axis of quantization, 
can always be described by a linear combination of the two functions a and 
B. Since s = Y for an electron, J is a half-integer in systems with an odd 
number of electrons. The question that then arises is how to treat the trans- 
formation properties for systems with a half-integer angular momentum. 
Consider formula (3-18) for the character of a rotation through an angle ®: 


_ Sin (j + 14) i 
30 = — ae pe (3-26) 
Then for j integer x(9) = x($ + 2r) 
but for j half-integer x(9) = —x( + 2r) 


A rotation of 2r brings any physical system back to itself, so the trans- 
formation matrix and characters for the rotations and + 2x ought to be 
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equal. However, we have just seen that for j half-integer the signs of the 
representations are double-valued in the rotation group; they are not true 
representations. Every character changes sign when we perform a rotation 
of 2x, but we notice that a rotation by 4r is equivalent to the identity 
operator É 

For 6 = 0 and 2x we have, by using |’ Hospital's rule, 


x(0) = E+ 74) cos G 00 _ Ze ) SP = + Vogga (3-27) 
(2x) = (j + 14) cos G + 14)2r j integer xQx) = 2j + 1 
* lá cos v jhalf-integer x(2r) = — (2j + 1) 
(3-28) 


The only character with a unique value is the character for a rotation by 
T for j half-integer: 
x(r) = x(8r) = 0 


In order to obtain the double-valued representations, we introduce with 
Bethe‘ the fiction that a molecule is to go into itself not upon a rotation 2r 
around an axis, but only upon a rotation of 4x. This, of course, makes no 
difference in a physical sense and is to be considered only a mathematical 
device. 

A new group element R, the rotation by 2x, is now defined and the 
elements of the single-valued group are expanded by means of multiplication 
by R. The double group thus contains more classes than the single group, 
but not twice as many. This stems from the fact that the rotations by 7 are 
unique. All of the classes that contain rotations by x accordingly corre- 
spond to one class each of the double group, whereas all others correspond 
to two classes each. 

In our previous example, D4, we have the following symmetry operations 


E R 20, 2C.R Cı C,R 2C, 2C;R 207 2CYR 


However, since the twofold rotations are angle valued, we Gu only have 
the following symmetry operations:  ' Lee Fuin n "on 


po 


m & (cou) (2) (a (23) (can) 


seven classes with h the order of the group equal to 16. Then 
16 = 124+ 124 124 124 2? 4 224 2 (3-29) 


It follows that in the double group we have seven irreducible representa- 
tions: the first five identical with those met previously in the single group, 
the last two double-valued representations appearing as a consequence of 
the augmented order of the group. 

Some authors use a nomenclature for the various representations of the 
double group identical to the one used for representations? of the single 
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group and distinguish the double groups by primes put as subscripts to the 
symbols of the ordinary groups. We shall, however, usually reserve the 
Mulliken nomenclature for the ordinary groups and use the gamma notation 
of Bethe* for the double groups. Hence, we shall, for instance, write 
T&,(7,,) indicating the T's component coming from Ta. In the direct- 
product tables 3-7 and 3-8 we have, however, used the extended Mulliken 
notation in order to facilitate their use for the single groups. 

Table 3-5 is the character table for the D, double group Dj. Such 
character tables can be found in the usual way by construction and use of 
the group multiplication table.* 


TABLE 3-5. CHARACTER TABLE FoR D, 


E R C, CR C; 2C, 207 Bethe's 
Cer Cà  C,R 2C,R 2CjR | nomenclature 
å; T: 
Ay T; 
B; re, 
B; T, 
E, Ts 
E, -2 V2 - 3 0 0 T. 
E, -2 — 23 4/2 0 0 T; 
In the octahedral case we have the following classes: 
E R 8€, 8€,R 6€, 6C, 6C,R 120; 
8 classes with 48 elements. Then 
48 = 124 12+ 22 + 38 + 32 4+ 2,2 + rr + r? (3-30) 
24 = 2? + 22? + T3? 
24 = 2? + 2? + 4? (3-31) 


In other words, we must add three representations to the single group of 
order 2, 2, and 4 in order to obtain all the irreducible representations of the 
double group, Table 3-6. 


TABLE 3-6. CHARACTER TABLE FOR THE DOUBLE Group 0’ 


E R 40 46R 30 3G 3C.R — 6C, Bethe’s 
4CyR 4C} 3C:R 3CéR 3C 6C,R | nomenclature 


Aj 1 1 1 1 1 1 1 T: 
A,| 1 1 1 1 1 -1 -1  -1 T: 
E,| 2 2 -1 -1 2 0 0 0 T; 
T,| 3 3 0 0 =l 1 1 -1 T, 
Ti| 3 3 0 -1 -1 —1 1 T; 
E,| 2 -2 1 -1 0 /à - V2 0 Ts 
E,| 2 -2 1 -1 0 —- à 2 0 Ts 
G | 4 -4 -1 1 0 0 0 0 Ts 


The direct products of the double group are obtained in exactly the same 
way as in the case of the single groups. Tables 3-7 and 3-8 are the multi- 
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plication tables for the tetragonal and octahedral double group. The 
direct products for the five ''single-valued" representations in both the 
tetragonal and octahedral groups are, of course, identical with the ones 
given for the double groups. Furthermore, what has previously been said 
concerning the use of the direct products in the evaluating of matrix elements 
holds true in the double groups also. 


TABLE 3-7. DIRECT PRODUCTS oF THE IRREDUCIBLE REPRESENTATIONS IN D, 
+ 
A: 


Ay 


Ti T, ALEE' + 
T; tT, 


Ti +T; 


T; 
T, | Ti; ET, | A, E! + 
E: 


|| € [|E-G 


E, | E, | E G' E, +æ 


T; +T; 
G' Ey + E, A'+A,+ 
|o 2G" E' + 2T, 
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As usual, let us illustrate the foregoing with an example. We take the 
10 basic functions obtained by multiplying the five d orbitals (3-15) with 
either an a-spin function or a f-spin function. Our aim is to find the 
irreducible representations contained in the 10 basic functions in a D4 point 
group. In order to use formula (3-18), we notice that for the d orbitals 


-— | 


inte fo 
Pathe ces ———n 
L4 
* ————T 
E EA sete 6 
` £T = = = — r; 
J=3/2 


Fia. 3-8. A d electron with *5j-j coupling" in tetragonal symmetry. 


l = 2 and s = 14. Consequently, j is equal to either 54 or 34. The 
characters are then given by (3-18): 


E R C, CR C2 Cy Cy 


j-234|4  -4 0 0 0 O0 O0 
j-54|]6 -6 -~-V¥2 Z 0 0 O0 


These reducible character sets reflect the presence of the irreducible repre- 
sentations Ts and I'. By means of formula (3-13), we obtain 


LTU(je34)-T«-FI; and r(je54)-T,.--2T; (3-32) 


For the point group O’ we get, on the other hand, for j = 24 and 54 the 
following character set: 


s 


, 


E R €; CR C: Cy CR C; 

j23$9|4 —4 —1 1 0 0 0 0 

j-254|6 —6 0 0 0 — 3 V2 0 

The reducible representations are reduced to a sum of irreducible 
representations: 


T(j2349)-T. and  T(j= 54) =I +r (3-33) 


There is another way of finding the irreducible representations contained 
in the 10 basic functions of a d electron with spin equal to 14. For, say, a 
cubic group we take the direct product of the irreducible representations 
spanned by the five d orbitals, with the irreducible representation spanned 
by the a- and f-spin functions. Thus for the point group Or: 


E 8€, 3C: 6C, 6C, 
122 


x= 5 —1 1 -1 1 
rl=2)=e+t (3-34) 
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Further, 
E R C5 C,R C: C, CR C; 


x= 2 -2 1 -1 0 VE -.3 0 | 
r(-3)-n (3-35) 


The direct product T (J = 2) T (l = 14) then gives (see Table 3-8) the 
result 
T= 2)T (= 14) = (T; + TJT« — Ts - Tz +T: (3-36) 


exactly as found previously. 

A point to note is that the double-valued representations all are of even 
dimension. All levels having half-integer values of j are therefore at least 
twofold degenerate. This result has been shown by Kramers? to be true in 
general for all balf-integer values of j in any symmetry, provided that no 
magnetic field is present. Such a degeneracy is accordingly called a 
Kramers degeneracy. 

For a full treatment of the double groups, Refs. 3, 5, 6, and 8 to 11 ought 
to be consulted. 


3-h. The Eulerian Angles 


Performing a symmetry operation usually means to rotate a coordinate 
system. This can, of course, be done in a great many ways; here we shall 
carry out the transformation from one cartesian 
coordinate system to another by means of three 
rotations performed in a certain specified order. 
The angles so defined are called the “Eulerian 
angles.” 

There are in the literature many definitions of 
Eulerian angles. We shall utilize the one used by 
Goldstein ;!? look however in his book for a descrip- 

x tion of the various systems used by other authors. 
gd P: The first rotation is a rotation by an angle ¢ 
rotation of coordinate sys- counterclockwise (right-handed screw) about the z 
tem. axis of the initial coordinate system, Fig.3-9. The 

second rotation is a counterclockwise rotation 
by an angle 9 about the new z axis. Finally, we rotate the system counter- 
clockwise by an angle y about the new z axis. Note that the second and third 
rotations are defined only when the earlier rotation(s) have been performed. 

In describing the rotation, we can either keep a point fixed in space or 
rotate the function. We shall here always keep a point fixed in space. 
This is particularly to be kept in mind when rotating two functions 
simultaneously. 

Rotating the coordinate system about a z axis is described by the trans- 
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a cosó sing 0\/z 
b]={— sing cosó Off y (3-37) 
c 0 0 1/ \z 


A further rotation about the new a axis is described by 


d 1 0 0 a 
e] 210 cos@ sin @ }i b (3-38) 
H 0 — sinO cos@/ \c 


Finally, a rotation around the new f axis is described by 


z' cosy siny OY /d 
vV|-2|-siny cosy Ol[e (3-39) 
z’ 0 0 1 f, 


The complete rotation is then described by the matrix product 


az’ cosy siny ON /1 0 0 cos ó sing OX /z 
y12l|-siny cosy 0][0 cos@ sinO0]| —sing cose O][y] (3-40) 
z 0 0 1/N0 -—sin@ cose 0 0 1/ Az 


Example: For a rotation by 27/3 around the axis passing through the 
center of the coordinate system and the point (1,1,1) we have ¢ = x/2, 


© = 7/2,~ =0. Then 
( 0 1 O\ /z 
j = ( 0 j ( (3-41) 
z 1 0 O/ \z 


It is more difficult to find the transformation matrix in terms of ¢, O, and 
y for a and B spin. We shall not develop the necessary formalism to do so; 
instead, we merely state the appropriate transformation matrix without 
proof. A derivation can be found, for example, in Refs. 3 and 12. 

Let us represent a and 8 spin with the matrices 


-() 0) e 


A rotation by ¢ around the z axis is then given by the matrix 


formation matrix 


- 


eie 0 
( 0 ei J (3-43) 
and a rotation by © around the z axis is given by 
cos 440 isin 140 
C sin 10 cos i40 ) (3-44) 


The rotation by y around the new z axis is similar to (3-43). As before, 
the matrix of the complete transformation is equal to the product of the 
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three transformations. The transformation matrix is then 


eivt*12 cos s 1e 060—912 sin 3 


(3-45) 
1e 109—912 sin e itas 2E cos 8 
2 2 
Example: Rotation by 2r/3 around a threefold axis as before gives 
eir cos 7 de ir^ sin? 1 
Cia = x e (3-46) 
[osz/Á gin — —ir/4 pus 
tetit sing e cos Y 0 
1 ei*l4 eir i4 1 girl ; 
> 2 (a EZ (7) tia HM R 
In the same way 
—irj4 
08 = T (ia + B) (3-48) 


We now leave the introductory theory and generalizations in order to 
concentrate upon our initial objective, the electronie structures of com- 
plexes. We shall, however, see that the theory of atomic spectra and the 
theory of groups are indispensable tools if we want to attack our main 
problem in a both elegant and powerful way. 


REFERENCES 


1. E. B. Wilson, J. C. Decius, and P. C. Cross: “Molecular Vibrations,” McGraw-Hill 
Book Company, Inc., New York, 1955. 
2. E. Wigner: "Gruppentheorie," Vieweg-Verlag, Brunswick, Germany, 1931; English 
iranslation, Academic Press, Inc., New York, 1959. 
3. L. D. Landau and E. M. Lifshitz: “Quantum Mechanics," Pergamon Press, Inc., 
New York, 1958. 
4. H. Eyring, J. Walter, and G. E. Kimball: Quantum Chemistry," John Wiley & 
Sons, Inc., New York, 1944. 
5. G. F. Koster: “Solid State Physics,” vol. 5, p. 173, Academic Press, Inc., New York, 
1957. 
6. H. A. Bethe: Ann. Physik, [5], 9:133 (1929); English translation, Consultants Bureau, 
New York, 1958. 
7. J. 8. Lomont: "Applications of Finite Groups," Academic Press, Inc., New York, 
1959. 
8. H. A. Kramers: Proc. Acad. Sct. Amsterdam, 83:953 (1930). 
9. W. Opechovski: Physica, 1:552 (1940). 
10. E. Fick: Z. Physik, 14:307 (1957). 
11. R. J. Elliott: Phys. Rev., 96:280 (1954). 
12. H. Goldstein: ''Classica! Mechanics," Addison-Wesley Publishing Company, 
Reading, Mass., 1950. 
13. C. M. Herzfeld and P. H. E. Meijer: “Solid State Physics,” vol. 12, p. 1, Academie 
Press, Inc., New York, 1961. 


CHAPTER 4 


The Crystal Field Theory: 
I. Fields of Octahedral Symmetry 


4e. Formalism 


The crystal field theory treats an inorganic complex as if such a compound 
could be regarded as an “ionic” molecule. It is then evident that the 
central metal atom in the complex is subjected to an electric field originating 
from the surrounding atoms or molecules, analogously to what would take 
place if the atom were located in a little cavity inside a crystalline lattice. 
Such a “crystalline field” would, of course, destroy the spherical symmetry 
of the free atom, and the consequences of this situation are dealt with by the 
crystal field theory. The model considers an isolated molecule, and it 
handles the electrons of the central metal ion as if they were subjected to an 
electric field originating from the surrounding molecules, éalled ligands. 

The electrons on the ligands are not allowed to overlap and mix with the 
electrons of the metal ion; as a result, the role played by the ligands is 
‘rather limited. Of course they can be polarized by the metal ion of the 
complex, but the motions of their electrons are assumed to remain unaffected 
-by such factors as whether the electrons of the metal ion are in an excited 
‘state or not. Thus the ligands are only supposed to provide a constant 
:electric potential possessing the symmetry of the arrangement of the ligand 
-puclei, jn which the electrons of the metal ion can move.! 

& It was realized later that this point of view does not constitute as serious 
‘a limitation of the theory as might be supposed. Indeed, Van Vleck? 
‘showed that the theory of molecular orbitals gives a justification to the 
above point of view. It must only be remembered that the word ‘‘ionic”’ 
‘as used in the crystal field theory is not to be taken in any way to represent 
;the truth. 

"^ The quantal treatment for such a model is therefore easily formulated.** 
The Hamiltonian for the electrons of the metal ion consists of two terms 


3e — 390» +V (4-1) 


‘Here X^» is the Hamiltonian for the free ion and Y is the potential provided 
by its ligands. It is supposed that the eigenfunctions and eigenvalues of 
E 57 
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Xr are known.* Accordingly, the potential 'U is regarded as a perturbation 
which determines the electronic motions and term values of the metal ion in 
the complex. We notice that the whole problem could be regarded as a sort 
of intramolecular Stark effect. 

Written out in greater detail, we have for the Hamiltonian: 


K = Z s es +52 5+ Lees +0 (4-2) 


With the exception of the term in U, the Hamiltonian (4-2) is exactly the 
Hamiltonian for the free ion. The solution to this problem was treated in 
Chap. 2. However, when we are going to perturb the eigenvalues for the 
free ions with ©, it is, of course, very important to known how 'U compares 
in order of magnitude with the two other perturbing quantities in (4-2), the 
electronic repulsion term Z(e?/r;) and the spin-orbit term Z£&(r)-s. It 
is seen that three cases can be realized: 


1.0 < &(r)l-s complexes of the rare earths 
2. £r): s < U < e/n,; complexes of the first transition group 
3. V > e*/r “covalent”? complexes 


It is customary to call the second case “the weak crystalline field case” 
and the third case “the strong crystalline field case." Of course, there is no 
real distinction between the three cases; analytically they go over into each 
other. The reason we distinguish between them is simply in order to 
specify our starting point. In actual cases the complexes of the rare earths 
are found in case 1, while the complexes of the first transition group are 
found somewhere in between cases 2 and 3 and can be described starting 
from either point of view. On the other hand, virtually all of the complexes 
of the second and third transition series are best approximated as ''covalent" 
complexes. 

Since the unperturbed functions, being eigenfunctions to the Hamiltonian 

h? Ze? 


rel (4-3) 


are solutions to a problem with full spherical symmetry, it is convenient to 
expand “© in a series of normalized spherical harmonics: 


E l » l Yi"(0; o) Rari) (4-4) 


the first summation being over the electrons of the cation. It now becomes 
important to know the symmetry of ligands around the cation, because U 
must transform as the totally symmetrie representation in the symmetry 
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group of the molecule. This is due to the fact that the Hamilton function 
for the molecule must remain totally symmetric under all symmetry 
operations. 

By far the most important term in the expansion of 'U is the spherically 
symmetric term having l = 0: 


m Sr Ri(r) (4-5) 


‘Uz is responsible for the greater part of the lattice energy or heat of solu- 
tion of a given cation. On the other hand, it has little effect on the electronic 
properties of the molecule since, to a first approximation, it will only give 
rise to a uniform shift of all levels with the same number of electrons. 

This first approximation supposes that the radius of the free cation is the 
same in its ground and lower excited states; i.e., it supposes that the radial 
parts of the d orbitals are the same for both the ?F and ?P states of V**. In 
that case the influence of Uz will be felt only in the second approximation as 
the result of second-order interactions with highly excited configurations in 
which, say, a 3d electron is promoted to a 4d orbital. Now, within our 
framework of approximation we can neglect these effects as being small. 
That they are not completely negligible can be observed in very accurate 
work by the measurement of the absorption spectra of the complexes. It is 
found® that the term distances for the metal ion are less (extrapolated from 
the crystalline field theory) than what is observed for the free ion. This 
could be a result of the presence of Ug in the complete Hamiltonian, 17.48.49 
but it could also be due to the mixing of configurations of the type 3d"-!4s 
into 3d” via the 1/r1; term or to the migration of charge from the ligands to 
the central ion.!15.53.47 

Of the remaining terms in the expansion of U many may be neglected. 
For example, if the effects to be described arise from degeneracies in incom- 
plete d or f shells, all harmonics of odd order are ineffective, since any matrix 
representation of an odd-order potential in & basis of orbitals with the same 
parity vanishes identically. Further, when only d electrons are involved, 
all potentials after the fourth-order terms exert no influence, because the 
direct product of two d-orbital sets spans no representations of the rotation 
group of order higher than 4. And finally, as already mentioned, the 
potential © must have the same symmetry as the cationic site: if this is 
octahedral, U must remain invariant under all operations of O,. 

It is worth noticing that to good approximation Ug is the only component 
of U that is operative on S states in general, and therefore on closed shells and 
half-filled shells of maximum multiplicity in particular. Rather crudely, 
one may regard Up as providing a spherical hole of constant potential outside 
which it offers an infinite potential barrier to cationic electrons. This view 
has the merit that it emphasizes the dependence of Ug on the effective ionic 
radius. 
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4-b. Octahedral Fields 


Many of the principal features of the transition-metal ions emerge from 
the following simple model. The ions whose lower electronic states all arise 
from the configurations [A] (3d)* are situated in fields of perfect octahedral 
symmetry. The question then arises as to the form of U. Putting 


U = Ur + Vo (4-6) 


we have already seen that Ug spans the a;, representation in the group Oy. 
To find the proper expansion for Up, we consider, for reasons stated earlier, 
the even harmonics of order 2 and 4. 
For the set Y2"(0,¢) |n| € 2 we have, using the formulas (3-18), that the 
characters in O, symmetry are 
E 8C; 3C, 6C, 6C; 


The irreducible components of Y ;" are seen to be e, and tz. 
For the set Y ,7(0,2) Im| € 4 we get for the characters: 


E 8C; 3C, 6C, 6C, 
x= 9 0 1 1 1 


By use of the character table for O, and the formula (3-13), we obtain 


Na, = 4a9°1°14+0°8-141°3-141°6-14+1-6-)=1 
Na, = Ha(9-1-14+0°8-14+1°3-1—-1-6-1~—1-6-1 =0 
ne, = a(9°1-2-0°8-141°3-241-6°041-6-0) = 1 
nas = M4(9:1:3--0:8:0— 1-.3:140 1:6:1— 1:6:1) — 1 
n, = 1$4(9:1:3--0-8:0— 1:3:1— 1:6:143-1:6:1) — 1 


The irreducible components are thus a5, €g, tig, and tz. In other words, 
one linear combination of the Y4"(0,¢) will transform as an ai, representa- 
tion in O,. In order to find this linear combination of spherical harmonics, 
we will look upon their transformation properties. A choice must now be 
made: about what axis are we going to quantize the system? Let us first 
take the C, axis, this being at the same time our z axis, Fig. 3-3. Then C, 


implies 
x y 
[e 4 () a ol (4-7) 
z z 


By operating upon the spherical harmonics of order 4 (Appendix I) with 
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Ó, we have, using the phases prescribed by Condon and Shortley,§ 


Y,‘ Y. 
Yè iY. 
Ye -Y¢ 
Y, —tY,} 
C, Yi = Y; (4-8) 
Yo Ys} 
«? — Yo? 
Ys? -iY >? 
Y: Y 


Since Uo must transform as a;,, we have Ó4U = Uo, and the transformation 
properties (4-8) then make it obvious that we can only have 


Up = aY,‘ + bY4 + cY (4-9) 
or, paying no attention to normalization, 
Vo = Yi + dY, + eY (4-10) 


We observe further that Ó,Y, = Y. and that Ó,Y,-* = Y, Since 
CLY? = Y9, it is seen that d = e in order for the trace under C; to be 1. 


Vo = Y? T d(Y.4 + Yr’) (4-11) 


Finally, the three harmonics will mix under C;. Since the trace again 
shall be 1, we must have 


Vo = Oo, = (3524 — 30z?r* + 3r*) + d Vas [(y + iz)! + (y — i21] 
= lé(85z* — 30z*r? + 3r*) + d V 332g [(x + iy)! + (z — ty)*] (4-12) 


leaving out the common factor 4/9/4x. Collecting terms in z*, we get 


364+ 2dV35{o, = 1 or d= Vía (4-13) 

Then Vo = Y? + Va (Ve + Yo“) (4-14) 
In cartesian coordinates we have 

Vo = a + yt + zi — 26r (4-15) 


Notice that Laplace's equation V*U; = 0 holds true for Vo. 
. Instead of taking the fourfold axis to be the z axis, we might just as well 
take the threefold axis to be our axis of quantization, Fig. 3-3. We want Uo 
to be diagonal under the operation Ó,. Looking at the form of the spherical 
harmonies, we have 

eme 


Yr = Pr 4-16 
i bU, (4-16) 
$m(e 22/3) 
with C.Y = PrE (4-17) 


Vr 
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that is, only for m = 0 or +3 do we get 


CY" = Yr (4-18) 
Consequently, with the threefold axis acting as the axis of quantization 
= Y? + aY? +bY> (4-19) 

Since one of the operations Ó; makes z — —z, z — —z, and y — y, 
aUo = Y? — aY r> — bY (4-20) 
or Uo = Y4 t a(Y 4) — Yr?) (4-21) 


Rotating around the C; axis we get, by using formula (3-40), 


3 1 2 4/2 
z 3 Tu z 
y = 0 —-]1 0 y (4-22) 
z 22 0 — : z 
3 3 
Further, since Ĉ:Uo = Uv, the final result is 
Era (YP Ve) (20) 


Although (4-14) and (4-23) look different because of the different choice 
of axis of quantization, they are, of course, identical. 

Neglecting spin-orbit forces for the present, we see that the crystal field U 
can be split up in two parts, Ug and Uo. Up is very large and corresponds to 
the replacement of the six ligands by a spherically symmetric field. The 
potential Uo, on the other hand, is more specific stereochemically and reflects 
the existence of the six negatively charged ligands located at the vertices of 
the octahedron. It will remove the orbital degeneracy of the d electrons, 
since these will prefer to avoid regions where the electronic density of the 
ligands is greatest. The extent to which the orbital alignments are deter- 
mined by Uo will therefore depend upon the number of electrons present 
&nd their correlating interactions with one another. 


4-c. Single d Electron in a Cubic Field 


The effect of the octahedral field is most clearly shown by considering? the 
Ti** ion, possessing a single 3d electron outside the argon shell, [A]. If 
higher configurations are ignored, Up has no effect on the closed shell, but 
simply splits the fivefold orbital degeneracy of the ion. We have seen in 
Chap. 3, page 53, that the reducible representation spanned by the five 
d orbitals contains the irreducible representations e, and tz, of the octahedral 
group O+, the former being doubly degenerate and the latter threefold 
degenerate. 

Let us find the five linear combinations of the d orbitals transforming as 
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e; and tz in the group O,. We first take the fourfold axis as the axis of 
quantization, and we further indicate by a subscript to the d orbitals the 
value of m. Then dm, = R(r)Y;". Using the phase convention of Condon 
and Shortley® and dropping the common factors of R(r) and 4/5/4x, we have 


di; = Yet? = VZ (x + ty)? 

zy ims 
oy E y vc EA T iy)z (4-24) 
di = dm = 3$ (x — ty)z 


TABLE 4-1. TRANSFORMATION PROPERTIES OF d ORBITALS IN O, 


ry 
Cil y 2 
2r 


— Vs do — V Me di 
— Vie ds — Véíedi 
- V Ms da 


A DAN, 
*2d scqadrdaucrds 


2 2 2 
~ V3 do + V35 di V3 d-z 
-jh tidatid -$da 
— Vs do — Vig di 


— Ms d.a t Vea 
+ VK da 


—-1 


In Table 4-1 we notice first of all that the reducible representation x is 
composed of the irreducible representations e, and í5,, as of course it must be. 
. Sinee the system has been quantized along the fourfold axis, it would be 
natural to demand that the wave functions be diagonal with respect to this 
axis. This is seen to be the case, and di, do, and d_, are further seen to be 
“pure” orbitals, whereas d; and d.» can mix under a ud rotation. 


Then a BAD pT 


v 
: 
v 


ya = ad: + bd. ape S T! : (4-25) 


By the application of C, we get a = b = i, and with the normalization 
factor of 1/+/2 included: 


ý+ = = (di X d.i) (4-26) 
Then 
E C; C: Cy C3 
y v4 — V X4 do — 1 v. ye =ý, | -Ye 
\ y- | x- — M4 di — Vida y- —Y- ý- 
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We notice that y, mixes with do and that y_ mixes with d; and d., under 
C;. Since the trace under C, of both e, and tz is rational, we must group di 
and d.; together. Our final result is then 


1 
l = — (ds — d.3) te = d.i toot = di 
2 
V2 i (4-27) 
e; = do e? = V2 (dz + d-2) 


For many purposes it is nice to operate with real positive wave functions. 
Such orbitals can easily be obtained, although they are no longer eigen- 
functions of the.C, operator. We notice that the e, orbitals are real and 
transform like 


1 M3 2 2 
" iss = Và (d: + d_2) = EN (z Lu ) 
d; = dy = (32? — r?) 


(4-28) 


By taking linear combinations of d_; and di, we get the real wave functions 


1 
d. = TĀ (dz — d.3 = V3 (zy) 
i, $ da = — ES (di — d1) = 4/3 (az) (4-29) 


V2 
1 $ 
dyz a i2 (di + d.i) = V3 (yz) 


The two ways of writing the orbitals are, of course, equivalent and supple- 
mentary to each other. l 

Notice that the densities of the e, electrons are directed toward. the 
vertices of the octahedron, i.e., toward the ligands, whereas those of the te, 
electrons avoid these regions, Fig. 4-1. Since the ligands are either anions 
or molecules the negative ends of whose dipoles are directed toward the 
cation, it is evident that the t, orbitals are more stable than the e; orbitals. 
` Explicitly, their energies may be written 


E(e;) = eo + fo*(e,*)Vod(e,*) dr = ev + x (4-30) 
E(ts) = eo + [*((,)009 (t) dr = eo + y 


By convention,‘ the overall splitting of a single d electron under Vs is set 
equal to 10Dg, where Dg > 0. Then 
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QA QA QA 
GNO, WD, Wd, 


B3 


Fic. 4-1. e, and tz electronic densities. 


z and y may be determined by noting that U, makes no contribution to S 
states—such as that found by filling all d orbitals withfelectrons. Then 


Die s= KS 
O=4r+6y 1&7 7 Tee (4-32) 
or z = 6Dq and y= —4Dq (4-33) 
6Dq = Jo*(e,*)Vod(e,*) dr 
or —4Dq = f$*(6$,)0o6(6,) dr (4-34) 


The situation is pictured in Fig. 4-2. The original fivefold degenerate 
d orbitals are split up by the inclusion of the octahedral field Up. The 
quantity Dg is usually treated as a semiempirical parameter; i.e., it is taken 
from experiments. 

Thé ligands are sometimes replaced by supposedly equivalent point 
charges, dipoles, and so forth, in which case the integrations can be per- 
formed.’-* Dg turns out in this simple crystalline field model to be a func- 
‘tion of Z, the “effective charge" of the metal ion, the bond distance from 
the metal ion to the ligands, and the value of the formal charges, dipoles, 


? eg, E-6Dq 
| A 
E 


z 10Dq 
^ SN 
* tog, E=-4Dq 


GE Fia. 4-2. Splitting of the d orbitals in an octahedral field. 


nes Seer 
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etċ., found upon the ligands. By taking suitable values of these new parame- 
ters, a reasonable value of Dg can be obtained, but it is clear that such a 
procedure only tries to avoid the issue: a calculation of Dg based on the 
complete Hamiltonian of the molecule. This is, however, not an easy thing 
to do,!?:!! but it has been successfully achieved by Shulman and Sugano.*? 
The specific performance of the integration of Dg is, for practical use of the 
crystal field theory, of little importance, since Dq is always to be determined 
semiempirically. 

Instead of quantizing along the fourfold axis, one might of course just as 
well use the threefold axis as the axis of quantization. Here we get that the 
wave functions are diagonal along the threefold axis C3: 


(4-35) 


Notice that d; and d_, transform in the same way under Ĉ and therefore 
can mix together. The same holds true for di and d_». do, on the other 
hand, transforms in a unique way. We then pick out dy and operate upon it 


with Cz. Hence by the use of formula (3-40) z— i zl 2 VS zy —y, 


EOESE 4 with do = dis 


4, 5-1 423 n EN à. (4-36) 


where for simplicity we use the real wave functions (4-29). Now 


4s dc, — NE d, = vie + d.) — n: (- ^) (di — d.) 
) 


where the d orbitals are collected according to how they are able to mix 
together. Demanding that the two combinations are to be normalized to 
unity, e.g., 


fa*(V/ 14 d — VIK d.)* a(w/14 ds — VK d.i) dz = 1 (4-39) 


t 


TABLE 4-2. TRANSFORMATION PROPERTIES OF f2, AND e; ORBITALS 


C: 


1. ,2 2 
73!» tjt + g fa 


1 2 
a — 35e + 3 tog? 


2 2 


35 +g tao’ com qo 


—1 


[^ 


ec 


Ci 


nr (3 z VB i) tue E G + Bi) tat 


3 3 3 


1 V3 1 1 3 .\ 40 
“Ge EE 


1 1 3 .N o : 
gs — (3+ EA +(-5+ XS i) tut 
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we get that both a and b equal 4/2. By multiplying the 4/2 inside the 
parentheses in (4-38), we obtain 


d, 5 — 6 d, + 24(V/74 d — VI d.) + 24(V/24 d.a + VZ d) (4-40) 


We know that the d orbitals span one threefold tz, level and one twofold e, 
level in an octahedral feld. Consequently, we try 


do 
tog = | V/24 di — VIZ d.a (4-41) 
V5 d: + VZ di 


and since the e, level must be orthogonal upon the tz; orbitals, 


$ 
« [VES ia «m 


The transformation properties of (4 -41) and (4-42) are collected in Table 4-2. 
If instead we take combinations of the real d orbitals with the threefold 
axis as the axis of quantization, we get 


v 24 d(z! — y?) — V 35 d(az) = tat 
M ^ d(zy) + VK d(yz) = tog (4-43) 
d(z? = ty 
V5 d(x? — y?) + V% d(zz) = e* 
ee -{ idan SRI) Hes ue 


The transformation scheme of (4-43) and (4-44) is found in Table 4-3. 


TABLE 4-3. TRANSFORMATION PROPERTIES OF f: AND €; ORBITALS 
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The electronic spectrum of, say, the Ti(H;O)s** ion would be described" 
as arising from the transition tz — ep, with an excitation energy of 10Dq. 
If the symmetry is close to octahedral, we should expect a single weak band, 
since no change in parity occurs. Such a band is indeed found for the ion 
with a maximum at 4900 A corresponding to Dg = 2040 cm-. 

In atomic spectroscopy it is found that the terms arising from n (<5) 
d electrons outside an argon shell are the same as those arising from 10 — n 
electrons outside the same shell or, equivalently, of n holes in the completed 
d" shell. Since the interaction between two holes yields the same repulsive 
Coulombic term as between two electrons, the terms are in the same order 
for both d” and d!®” configurations. However, since the magnetic moment 
due to the circulation of a positron is the opposite of that due to an electron, 
the multiplet structure is inverted.’ 

A similar reciprocity exists in crystal field theory, say, between Ti** and 
Cut, whose configuration is d°. It is clear that the ?D state of Cu** also 
splits into *E, and *7., terms. But the order of the levels is now inverted 
because the electrostatic field due to the ligands has an effect on electrons 
opposite to that it has on holes.'? 

The spectrum of the Cu** aquo complex should then consist of a single 
weak band, in exact analogy with the Ti** aquo complex. Such & very 
broad band is also found? with a maximum around 8000 A. In order to 
explain the finer details of this band system, we must invoke considerable 
contribution from fields of lower symmetry ;?:1*!5 the hydrated ion is a dis- 
torted octahedron. These effects will be treated in Chap. 5. 


&d. Weak Fields 


In dealing with systems with more than one electron or one hole the 
classification on page 58 is convenient. The case we shall pursue first is the 
weak-field limit? where £(r)) +s < U < e?/ris, that is, the crystal field U is 
small with respect to the separation of different groups of multiplets in the 
atomic spectra of the gaseous metal ion. 

In the weak-field case the quantum numbers L and S of the central ion 

"retain their validity, and we have only to determine how a given (L,S) 
heme is split by the octahedral field, without considering the possibility: 
that the different levels may interact under it. The nonvanishing matrix 
elements of the d electrons quantized along the fourfold axis with Us are 
seen from (4-27) and (4-33) to be 


(d4:[Vo]d4:) = Dg 
(di2|'Vo|dz2) 5Dq 
(dsi|Voldz1) = —4Dq 
(do |Uoldo) = 6Dq 


lt 


(4-45) 


If instead the axis of quantization is the threefold axis, we get by using 
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(4-41), (4-42) and Table 2-1, 


get cad 

ifUeldaii) = q 

(d. loud) = —4Dq (640) 
(ds|'Uo]dgi) = (duil'Uo]du2) = + 194 4/2 Dg 


The qualitative features of the crystalline field splittings due to a cubic 
field are most simply obtained by group theory. Thus by applying (3-18) 
to the states composed by the (d^) electrons: 


S ET 
P Ti 
D—>E +7: (4-47) 
FoA2+T, +T 
GoA, +E +Ti+T: 
H s=} E + 274 + T: 
and so forth. 

As usual, the states labeled S, P, D, F, G, and H have the values of L equal 
to 0, 1, 2, 3, 4, and 5. If we want to find the linear combinations of orbitals 
transforming correctly, we proceed by using group theory. For instance, 
for an F state we can construct the full transformation scheme for the set of 
spherical harmonics Y;? — Y ;-? and then find the linear combinations which 
transform as As, Tı, and T; by using the scheme indicated on page 44. 
There is, however, a shortcut which can be used. 

The cubic field '0 Eq. (4-14), contains only terms having Mz = Oor +4. 
Using this property of Us, we then see that, in the set L — 3 and 
M; = (3,32,1,0,—1,—2,—3), Mz = 0 can only have a matrix element with 
itself, because there are no states present with M: = +4. Mz =0 is 
therefore an eigenstate. Calling the state L = 3, Mr = M Yy, we have the 
general expression for the wanted matrix elements 


(rado Vae) ¥ 0 (4-48) 
or in analogy with (2-45) 
M'— M =Oor +4 (4-49) 


Hence, Y, can be coupled to Y..; via the crystalline field. An eigenstate to 
Uo can then be made by a proper linear combination of Y; and v. ;. 

For L = 3 it is seen that the eigenstates divide up into groups, Ys being 
in a group all by itself and (Vi, V5), (V: V), and (¥2,%_,) being the other 
groups. 

Operating with C; upon Wo, we get 


ge Ne ten]; ler + yee 
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A set of three linearly independent states can be taken as 


VÀ i + $6 s 
VZ Yi 56 s (4-50) 


Vo 


It is further easy to see, by use of the transformation properties and the 
character table for the group O;, that the set (4-50) transforms like 7,. Two 


other states must then be 
V 56 Vi — V 2$ Vs 
vM Yı — wv3$Yi 


Operating with C; upon one of these functions yields 


e (i ==) c ifi c ano) 


NH Yı — i vs) + A v (Ws 4 Y a) 
As before, we find that the set 


V 54 Y, — VZ V, 


(4-51) 


e dis 


| Ya VŽ% (4-52) 
Vi (Ys + V) 
transforms like T;. The only set left is then 
b ds ced (4-53) 
2 


and inspection of the transformation properties soon reveals that the func- 
tion (4-53) indeed transforms like A>. A table of proper eigenfunctions can 
be found in Appendix II. 

Now let us calculate the energies of the states *Ao,, *T'?,, and *T3, in the 
(8d)? system coming from ?F in the weak-field limit. From Eqs. (2-19), 
(2-20), and (2-25) we have 


¥(3,3,1,1) = Y, = |2+,1+| (4-54) 
¥(3,2,1,1) = V, = |2*0*| (4-55) 


¥(3,1,1,1) = Yı = V3 |2*, 1*| + 26 |1*,0*] (4-56) 
By operating with Eq. (2-20) upon the last function, we obtain 
¥(3,0,1,1) = Ys = VIE |2*,—2*| + V% |1*, — 1*| (4-57) 
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and by further application of Eq. (2-10), we get 

¥(3,—2,1,1) = Y: = [0*,—2*| (4-58) 
The energy of the state *A., is then 


E( Ax) = [à (Y: — Y 9 5 (Yo — W_2) dr 


= 5 J i2*,0*|0,2*,0*| dr — j i: (2+,0+|v,|0+, —2+| dr 
- - / jo*, —2*[o42*,0*| dr + i f jo*,—2*[o40*,—2*|dr (4-59) 


By expanding the determinants and using (4-45), we get 


E(3As) = (d2|Vold2) + (do|Voldo) + (d2|Vold_2) (4-60) 
= Dg + 6Dq + 5Dq = 12Dq 


For the Ta, using the third wave function in the set (4-52), the energy is 


ECT) = f|2*,0*|042*,0*| dr + f[2*,0*|'0]0*, —2*]| dr 
= Dq-r6Dq — 5Dq = 2Dq (4-61) 


and finally for the ?T,, using the Y function: 


ECT) = Y$f[2*, —2*]042*, 2*| dr + 6f]1*, —1*|Vol 1*5, — 1*] dr 
1$(2Dq) + $$(—8Dq) = —6Dq (4-62) 


For the terms coming from the (3d)? !D term we have from Eq. (2-24): 
ee v (2,2,0,0) =V% |2+,07] -vV [27,0*] cU [51s] (4-63) 
Operating upon (4-63) with (2-10) gives us 


y, = Y (2,1,0,0) = V [2*,— 17] vo VM |2-,—1+| CUN Ma [1:507] 
+ vV {4 |17,0+| (4-64) 
V, = (2,0,0,0) = 4/24 |2*, 27| — V24 27, -2*| — V% 10*,07] 


+ VMalItS-1|-vMalr,-r| (4-65) 


Since V, transforms like one of the components of T2, and Y, like one of the 
components of !E,, we get 


ECE, m JEEV Yo dr = 244 Dq (4-66) 
ECT) = [Y VY; dr = —194Dq (4-67) 


For the *7,, term coming from the *P(3d)? in the weak-field limit we have, 
from (2-26), 


w= *P(1,1,1,) = VZ |2*, — 1*] M v/36 [1*,0*] (4-68) 
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Since Y, is an eigenfunction for Us (see Appendix II), we have 


ECT, *P) = [WP dr (4-69) 
= 26(Dq — 4Dq) + 36(—4Dq + 609g) = 0 


a result which ought not to surprise us if we remember that a P state does 
not split in a cubic crystalline field.! 

A list of spherical harmonics up to the order 5, together with the linear 
combinations transforming correctly in O, symmetry, can be found in 
Appendixes I and II. Tables of wave functions for the various d" con- 
figurations are listed by Fieschi and Lówdin.!* 

A check upon the correctness of the energy values which have been found 
is provided by the requirement that the “center of gravity" for the split 
atomic levels shall be preserved.! We have already used this principle in 
order to obtain Eq. (4-33), and the expansion of the principle to more 
involved systems is straightforward. The ''center-of-gravity" rule may be 
proved by noting that Us makes no contribution to S states such as that 
found by filling all of the single electronic levels with electrons. Take for 
instance an f electron in a cubic field. Here we get three levels, the a; level 
being single-orbital degenerate, the ¢; and tz levels each being threefold 
degenerate. By filling the levels up with 14 electrons, we get 


2E(a;) + 6E(5) + 6E(h) = 0 (4-70) 
or E(a;) + 3E(t2) + 3E) = 0 (4-71) 


That is, the center-of-gravity rule states: Multiply the energy of the split 
levels by their degeneracy factor and the result adds up to zero. This 
holds true too for splittings of the atomic states made up by (3d)* electrons, 


since the crystalline field energies of the split D, F, G, . . . states are pro- 
portional to the split states of the d, f, g, . . . electrons. 
In the above example ?F(d?) we get 
ý LE(*As) + 3E(*T2,) + 3E(*T1,) = 0 (4-72) 
12Dq + 3 (2Dq) + 3(—6Dq) = 0 (4-73) 
and for !D(d?) 
2bE(E,) + 3ECTy) = 0 (4-74) 
2(244Dq) + 3(—194Dq) = 0 (4-75) 


The above considerations are valid for all crystal field calculations, so long 
as we do not include configuration interaction with higher terms. It is 
consequently always good in the weak-field case. If configuration interac- 
tion is included, account must be taken of the fact that the interacting levels 
will repel each other. 

In Table 4-4 we have listed the symmetries of states into which the ground 
level of the free ion splits." These states are listed in increasing order of 
excitation. Thus the ground state of the Cr** ion in the field is the orbital 


74 INTRODUCTION TO LIGAND FIELD THEORY 


nondegenerate tA state. The numbers that are given in parentheses 
following such term symbols assess the energies due to Us in terms of the 
parameter Dg for a single glectron; the Cr*+ ion, for example, is stabilized 
by some 12Dq in the limit of weak fields. 

It is interesting to find how many electrons, on the average, occupy the 
tz orbitals and how many the e, orbitals in the various states of the crystal- 
line ions.'® In general, these numbers will not be integers because, in weak 


TABLE 4-4. STATES AND ENERGIES IN WEAK OcTAHEDRAL FrELDs!! 


Ground state of Octahedral states and 
Free ion energies in Dq units 

d *D T3 — 4), 2E +6) 
d? °F ST — 6), °T oo +2), "A2 +12) 
& *F tA — 12), *T'«( —2), ‘Pio +6) 
d*5D 5E;(—6), ‘Ta +4) 
d* *S $A (0) 
d* *D ST s( —4), *E (T6) 
d! *F ‘Tid — 6), ‘To +2), ‘Aref +12) 
d* °F *A so — 12), Ta 2), *T 10 +6) 
d*'D * E — 6), Ta +4) 


fields, the tendency for maximum field stabilization, namely, the preferential 
filling of the tz, still is subordinate to the forces of correlation between the 
electronic motions. The expectation values for these occupation numbers 
are most easily determined from Table 4-4. With the total number of 
electrons equal to N and the occupation number of tz; electrons equal to n, 
we have with X Dq equal to the total energy of the term 


—4n + (N -nb =X (4-76) 
ON i 
or n= (4-77) 


Thus for the ground state of (3d)? Ti, with E(Ti,) = —6Dq it is found 
that, on the average, nine-fifths of the two electrons must be found in the 
stable tz shell and only one-fifth in the unstable e, shell. For three, 
four, . . . , eight electrons, the pairs of occupation numbers for the ground 
state are (3,0), (3,1), (3,2), (4,2), (246,114), and (6,2), respectively. In the 
excited states, of course, electron density is transferred from the tz, to the e, 
levels. Indeed, such numbers are entirely equivalent to prescriptions of 
energies. !8 


4-e. Strong Fields 


We now turn our attention toward the third case, the "strong" crystalline 
field case. Here the crystal field splitting parameter Dg is large enough so 
that the torques exerted on the orbital motions of the electrons are deter- 
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mined by the lattice site symmetry, rather than by the correlative inter- 
actions between the electrons. The forces tending to repel the electrons of 
the central ion from the ligands cause a complete ‘‘Paschen-Back effect” 
which destroys the (L,S) coupling of the ion. In place of the quantum 
numbers L and S we now have the occupation numbers of the tz, and e, 
orbitals. The lowest group of states arises by filling first the tz, shell and 
only then, when six electrons have been accommodated, the less stable e, 
levels. Such an assignment of electronic configuration will in cases of 
degeneracy subsume a number of different states whose splitting is due to 
the Coulomb repulsions of the electrons. These same repulsions are, of 
course, responsible for the separations of the different groups of multiplets 
in the spectrum of the free ion. 

The evaluation of appropriate energies in the limit of strong fields is quite 
straightforward. The energy of a term is just obtained by counting the 
number of electrons in the tz and e, orbitals with E(tz) = —4Dq and 
E(e,) = 6Dg. To this must be added the intraatomic energies in terms of 
Slater’s F; and F, parameters. This is done by the same methods used in 
atomic spectroscopy, because the set of orbitals tz, e; is just another way of 
listing the usual atomic d orbitals. In other words, in order to evaluate the 
“strong-field” energies we must know the Coulomb (J) and exchange (K) 
integrals using a ta,, e, basis. For instance, 


JG) = [Got UD E enm aane (4-78) 


By substituting for (xz) and (yz), we obtain 


s i J (dı — d1)*(1) (di + d_1)*(2) = (di — d_1)(1) (di + d-1)(2) dr 


By expanding and by using Eqs. (2-45), (2-49), and (2-50), we get 


J(zz,yz) = (1,1) + (4,71) — K(1,71)] (4-79) 
= Fo — 2F; — AF, 


Similarly for K (zz,yz): 
1 
K(zzyz) = J (cz) * (1) (y2)*(2) = (yz) (1) (22) 2) dr (4-80) 
By substituting and expanding, 


K(az,yz) = l$K(1,—1) = 3F: + 20F, (4-81) 


In this way Tables 4-5 and 4-6 have been constructed.!?.5? 
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TABLE 4-5. COULOMB INTEGRALS (J) AND EXCHANGE INTEGRALS (K) oF THE 


SET (s(zz,yz,zy) AND e,(z? — y?, 2?) (REF. 19) 


J(z^z*) = J(z* — y*, z? — y?) = J(zy,zy) = J(zz,zz) = J(yz,yz) 
- Fy + AF, + 36F, 
J(z* — y*, zz) = J(z? — y*, yz) = J(zy,yz) = J(xy,zz) 
= J(xz,yz) = Fo — 2F; — AF, 
J(z*3zz) = J(z2,yz) = Fy + 2F4 — 24F, 
J(z3,2y) = J(z3,2z3 — y?) = Fo — 4F: + 6F, 
J(z? — y’, zy) = Fo + 4F4 — 34F, 
K(zy,yz) = K(zy,zz) = K(az,yz) = K(x? — y! zz) = K(x? — y, yz) 
= 3F; + 20F, 
K(23, z? — y?) = K(z23,zy) = 4F: + 15F, 
K(z3,2z) = K(z*yz) = F: + 30F, 
K(x? — y!, zy) = 35F, 


TABLE 4-6. VALUES OF THE MATRIX ELEMENTS (ab|1/rizicd) DIFFERENT 
FROM ZERO 


(ab|1/ris|cd) 


—2 4/8 Fi + 10 4/8 F, 


(zz) 

(yz) 2 4/3 F: — 10 V3 F. 
(zz) V3 F: — 54/SF, 
(yz) — M3 Fs 5A/3F, 
(21) vV3F,— 54/3F, 
(z?) V3 Fi — B4A/3F, 
(2?) 2+/3 F: — 10/3 F, 
(z? — y?) 3F, — 15F, 

(z? — y?) —3F;. T 15F, 


As an example of a strong-field calculation we shall treat the electronic 


(tz)? configuration. For S = 1 we have the following determinantal wave 


functions all consistent with the Pauli principle: 


+ + + + + + 
yı = |(zz)(yz)| y2 = |(xz)(zy)| Vs = |(yz)(zy)| (4-82) 


For S = 0 we get the wave functions 


e; = L [l(22)(y2)| — Lze) (v2)| 4-83) 
1 = Flea = ewal (4- 
o: = -L (IG) (ey)! — Kee) (as) (4-84) 
2 à y y 

Ore: GS t 4-85 
i27. [l(yz)(zy)| — |(yz)(zy) |] (4-85) 
e. = [G2 G2) (4-86) 
Os = |(vz)(y2)| (4-87) 


Əs = |(zy)(zy)| (4-88) 
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For the triplet state (S = 1) the transformation properties are 


The character of the transformation tells us that the set Vi, ys, and y4 
transforms like ?T',,. 

For the singlet states (4-83) to (4-88) (S — 0) the transformation proper- 
lies are 


By use of (2-13) we see that the above reducible representation can be 
reduced to the sum of the irreducible representations Ai, + E, + Tz In 
other words, the set ©, to © comprises a basis for three sets of wave func- 
tions transforming like 1A,,, !E;, and Tag. 

If the direct product tz X tz is taken, we get 


x {9 0 1 1 1) 
Clearly this is a reducible representation; by use of (2-13) we see that 
tog x log = Ais + E, T Ti, + T 29 


in agreement with what is found above. This latter procedure does not 
tell us that it is the 71, state which is the triplet state, but this can be seen 
by taking the antisymmetric direct product as outlined in Chap. 3. 

A table giving the complete distribution of d* levels in strong cubic 
crystalline field is for convenience given in Appendix III. 

By inspecting the transformation table for O, to Os, we notice (as indeed is 
obvious) that 0; to O; does not mix with 0, to Os. Further, 


`- 


E G C: C C; 
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Hence, O1, O2, O; form the basis for the 'T;, state. In order to find the 
linear combinations of O4, Os, and Os transforming like E, and Ai, we 
diagonalize under, say, C, and, since 0, already is diagonal, 


ake) -C (8) as 


Then 
0-A 1 
| 1 0 — | zs (4-90) 
or 
A= +1 
Hence 
xt grs 1 0 o\ fe (er + 0) 
à J2 4 5 /2 4 5. 
1 = 1 4-91 
, v (0, — 03) 0 -—1 0 và (0, — 9s) ( ) 
Os 0 0 1 Os 


Because the characters of E, and A1, under C, are respectively zero and 
one, we can take (1/+/2)(@4 — Os) as one component of E, Ej. On the 
other hand, for the !A,, level 


C; (s A (6, + Os) + bor) = (1) E A (06, + Os) + va, | (4-92) 


giving us a relation to evaluate a and b. 


1 
C, (s Z (0, + 85) + tor) 
1 1 
=a và (0; + 9) + 06, =a v (0, + Os) + bOs (4-93) 
or a= 2b (4-94) 
Further, because a? + b? = 1, we get 


YA) = A14 0. + V6 9s + VK Os (4-95) 


The last component of !E, must then be orthogonal upon ¥('A,,) and 
(1/4/2) (0, — Os), that is: 


VES) = A14 0, + WK Os — V% Os (4-96) 


Having determined the wave functions, we find the energies by the use of 
the formalism in Sec. 2-g and Tables 4-5 and 4-6. 
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ET.) = EQ) = J(zzyz) — K(xz,yz) 


= Fs t 5F; = 24F, (4-97) 
ECT) = E(01) = J(zz,yz) + K(zz,yz) 
= F + F: + 16F, (4-98) 
1 1 1 
ECE) =E (45 (0, — e)) - z J (22,22) + 3 J (yz,yz) — K(xz,yz) 
= Fo + F: + 16F, (4-99) 


ECA) = E(VI5 0, + V35 Os + VZ 09) 
= L$J(ze,zz) + 340 (yz,yz) + 4d (zy, zy) + 35K (x2,y2) 
lod mkonge Cates ahannan + 34K (zz,zy) + 34K (yz,zy) 
= Fy + 10F: + 76F, TW „= (4-100) 
2 Arg Dijo yeah. 1 dex { A. Felel 
To all these energies we must add 2E(t,) = —8Dg, and the final result is 
then 
E(t, 'A 19) = Fy + 10F, + T6F, = 8Dq + Zep (4-101) 
E(G,ESIT4) = Fo + 16F, — 8Dq + 2e (4-102) 
E(tz, Ti) = Fo — 5F, — 24F, — 8Dq + 26 (4-103) 


We notice that in the strong-field approximation 'Z, and !T:;, are accidentally 
degenerate. 

In Table 4-7 we list the lowest configurations and the crystal field states 
into which they are split by the correlative interactions. The energies are 
listed for the ground states of the free ions and for the ground states of the 
ions in a strong crystalline field of O, symmetry. In general, the crystalline 
states in the strong-field case are not stationary states of the free ion, but 
rather linear combinations of these, called valence states. The energy 
differences between the valence states and the ground states of the free ions 
are called “promotional energies." 

Values for the parameters F, and F, are obtained from the spectra of the 
free ions.!??? Values of Dq which depend upon both the nature of the 
ligands and the ions with which they complex are, as usual, determined 
semiempirically. 

It will be noticed that, in every case, there is only one state of maximum 
multiplicity which, by Hund's principle, is therefore also the ground state. 
The multiplicities and symmetries predicted for the ground states are the 
same, in both the weak- and strong-field limits, for all cases except d‘, d*, 
d*, and d7. This is due to the fact that the occupation numbers in the 
former limit differ appreciably from those in the latter only for these num- 
bers of electrons. Since in these cases the transition from the weak to the 
strong crystalline field corresponds to a transfer of electrons from the e, 
shell to the £;, shell, the total spin quantum number S will be lower in the 
crystal state as compared to the gaseous state. The octahedral stabiliza- 
tion energy is greater, however, because we gain 10Dq by every electron 
transferring from the e, shell to the tz, shell. 
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From Table 4-7 quantitative criteria may be given to distinguish the 
weak- from the strong-field cases.!?7?! For example, in the former limit the 
field stabilization for d* ions is only 4Dq; in the latter, however, it is as much 
as 24Dq. This stabilization has, however, been achieved at the expense of 
some 5(F;--51F,) in promotional energy. When the last quantity is 
much greater than 20Dq, the complex is paramagnetic; conversely, when it 


TABLE 4-7. STATES AND ENERGIES IN STRONG OCTAHEDRAL FiELDS!.1? 


Atomic Crystal Symmetry of Octahedral 
configuration | configuration | ground state | stabilization 


(tzo) 2T 24 4Dq 
(tog)? T io 8Dq 
(tag)? *As, 12Dq 
(toy) um 16Dq 
(t2,)5 Tog 20Dq 
(t29)® 1A.» 24Dq 
(t20) (eo) *E, 18Dq 
(£25)*(e,)* 3A 29 12Dq 
(25)5(e,)* 2E, 6Dq 
Atomic Energy of Energy of Promotional Symmetry of 
configura- crystal ground atom ground energies other totes 
tion state state 
d! 0 0 0 
d? —5F: - 24F, —8F; => 9F, 3F, zu 15F, 14 lg) 1E, 1T 29 
a —15F, —72F, | —15F. — 72F, 0 *E,, Tio, Tog 
d! —15F, = 44F, —21F; == 189F, 6F 3 + 145F, 1A 19g; 1E, 1T 2, 
d* —20F, — 40F, —35F, — 315F, 15F; + 275F, 
dé —30F, — 60F, —35F, — 315F, 5F4 + 255F, 
d! —36F; — 219F, | —43F, — 324F, 7Fs + 105F, 
d? —50F; -— 387F, —50F; -— 387F, 0 ‘Arg, 1E; 
d? —56F; — 504F, | —56F; — 504F, 0 


is much less, the complex is diamagnetic. Very frequently, the two crucial 
quantities are of comparable magnitude, and these situations are treated in 
terms of intermediate coupling. 


4-f. Fields of Intermediate Strength 


As has been indicated, there may be discontinuities in the symmetries and 
multiplicities of the ground states of ions on going from the weak- to the 
strong-field case. The important thing, however, is that the crystal field 
theory treats the transition domain in terms of the same physical picture, 
without explicitly invoking any discontinuous change in bond type. The 
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fields of intermediate strength are the ones where Up and e?/r;; are of the 
same order of magnitude. In order to reach that region, we can of course 
make the approach either from the weak-field or from the strong-field limit. 
Since the two sets of basis functions are connected by a unitary transforma- 
tion, they must yield identical results if each problem is solved exactly. 

We shall illustrate the appropriate analysis which deals with the inter- 
mediate coupling for the simple case of two d electrons.?? For simplicity we 
confine our attention to triplet states. 

1. Weak-field Treatment. (3d)* produces two triplet states *P and *F 
with the energy difference between them (Sec. 2-g) 


3P — 3F = 15F: — 75F. (4-104) 


Under the influence of a weak field, *F yields *A2,, ?7;,, and ?*T, com- 
ponents, whereas the ?P state is not split and transforms under *7,. Since 
these are the solely occurring triplets, we see that only the two Tig com- 
ponents may interact in stronger fields. That they will, in fact, do so is 
clear because the crystal field energy of the ground ?T', state of d? is different 
in the two limits. 

Writing down the perturbation matrix for the two *7,, under Uo, using 
Sec. 2-c, 


T1,°(F)) = Y; = 16|2*, -2*| + W744 |1*, —1+| (4-105) 
QTus(P)) = Yi = V% |2+, —2*| — V6 |1*, —1+] (4-106) 
From (4-45) 


CTuAG)|UPTuA()) = —6Dq uv, __, 4-107) 
FT 1,°(P)|Vol?T1,°(P)) = 0Dq s (4-108) 
CT ut (Foo Ti (P)) = 4Dq Jt. (4-109) 

—6Dq— E 4Dq 7 
ADq — 1f — 75F, — E| ~ ° (4-110) 

Further, 

E(Ta) = 2Dq (4-111) 
ECA) = 12Dq (4-112) 


Notice that for Dg = 0, the weak-field limit, we get EF) = 0 and 
ECP) = 15F, — 75F,, the correct separation between *P and *F. On the 
other hand, for Dg > 15F2 — 75F, we get 


ECT, F) = —8Dq and ECTP) = 2Dq (4-113) 


These are the strong-field limits. 
2. Strong-field Treatment. As previously seen, (tz)? produces a ‘Tig 
component. From (i5)(e,) comes 


iu X eo = bo F tu (4-114) 
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and since the two electrons differ in their symmetry quantum number, we 
can get both triplets and singlets. The configuration (f2,)(e,) hence pro- 


duces a *7;, and a 'T;, component. 
ponent, Fig. 4-3. Previously we have found 


E((teg)? Ti) = Fo = 5F, = 24F, = 8Dq 


Finally, (e,)? produces a *A2, com- 


(4-115) 


For the triplet components springing from the subshell configuration 
(ta) (e,) we get the transformation properties in Dy, symmetry, Table 4-8. 


3 2 
* Tu Arg (e) 
————  —+*—_-- 
3p P di Not á 
ws Tig 
SA —0/ MO (e)(t2e) 
P $m oa 
7 2g Pd 
4 r 
E K do ig, Cow : 
V ? Ti g (t ?g ) 
Ey ^U 
X 3 d 
~ Tig ge 


Fig. 4-3. Level scheme d? in octahedral field. 


TABLE 4-8. TRANSFORMATION PROPERTIES OF (€,)(t29) IN Dis SYMMETRY 


E 


+ + 
ya = [(zyYz* — y?) 
ya = [(zz)(z* — y?)] 
n + 
ya = [(yz)(z? — y?)l 
y^ = |(zy)(z*)| 
+ + 
ys = ((zz)(z?)| 
Vs = l(yzXz?)l 


Notice that y; transforms like A», while y, transforms like Bs,. 


2C, 


From the 


character tables in Wilson, Decius, and Cross?* we see that a descent in 


symmetry from O, to Dy causes the splittings 


T E, + By 
Tu E, + Ag 
E, By + Aig 
Ay By, 
Áir —> Aig 


(4-116) 
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Hence, the Bz, component in D4 comes from the Tz, component in Oy 
and the As, component in Dy comes from the Tı, component in O». 
Consequently, 


+ + 
AT ,6,) = |(zy)(x? — y?)| (4-117) 
and 
toc 
ST '2g°(tzg€g) = Izy) ()] (4-118) 
By the use of Table 4-5, 
ECT is(tzs€9)) = J (ay, z? — y?) — K(zy, x? — y’) + 2Dq 
= Fo + AF, — 69F, + 2Dq (4-119) 
ECT 2g(teges)) = J (xy,2?) — K(zy,z*) + 2Dq 


Finally, for the 342, component 


E(Q43(e;)) = J (£? — y*, 2) — K(z* — y?, z') + 12Dq 
= Fy = SF, = OF, + 12Dq (4-121) 


As before, a configuration interaction takes place between the two *T', 
components. Taking care to use the Az, component in Dy, of *71,{te,)?, 
we get 


QT (6,)?]e/ris|* T 19*(toa€0) 
= (|(xz)(yz)|e*/rie| (zy) (a? — y?) 
= ((xz)(yz)\e?/ria| (xy) (2? — y?) — ((zz) (yz) e#/ria| (x? — y*)(zy)) (4-122) 


By use of Table 4-6, 


(Tis (05)?|e?/ris|Ti,* (65) (6)) = —O6F2 + 30F, (4-123) 
Hence for the *7,, components, 
Fy — 5F, — 24F,— 8Dq— E —6F; + 30F, =0 
(4-124) 
Further, 
ETa) = Fo — 8F2 — 9F 4 + 2Dq (4-125) 
E(3As) = Fo — 8F: — 9F4 + 12Dq (4-126) 


Notice again that for Dg = 0, the weak-field limit, we get the correct separa- 
tion ECP) — ECF) = 15F: — 75Fy. The strong-field limit is, of course, 
also reflected in (4-125) and (4-126). 

What takes place during the transition from the weak- to the strong-field 
limit is that a continuous change, with increasing Dg, occurs during which 
the initial pure *F(T',;) and *P(T',,) functions are progressively contaminated 
by each other. Finally, in the strong-field limit, the eigenfunctions arise 
instead from the pure configurations (tz)? and (t2,)(e,). 
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We see that the transition between the two cases really reflects the 
compromise between the correlative interactions, which are the basis of 
Hund's principle, and the tendency to minimize the crystal field energy. 
Further, that a singlet state of d* should cross over several triplets, and 
the 5T4, component of the quintuplet *D, which it usurps as the ground 
State of, for example, most Co** complexes, is no longer surprising. !?:?! 
All that is required is a strong crystalline potential Us. 

The complete secular equations for the series d! to d? have been published 
by Orgel?* as calculated from the weak-field point of view and by Tanabe 
and Sugano,?*?? reproduced by McClure,?* as seen from the strong-field 
point of view. We shall have occasion to return to the individual energy 
schemes later in this book when discussing specific examples, and we shall 
postpone further discussion until then. 


4-g. Computation Aids 


In the foregoing sections we have outlined two of the possible ways of 
finding the crystal field energies in the weak and the strong limit. 
These methods are, of course, by no means the only possible ones; indeed, 
taking as a starting point the original paper by Penney and Schlapp,’ a very 
powerful and elegant method, the so-called operator equivalent method, has 
been developed. The method is based on the fact that in calculating matrix 
elements (A|Q|B) we can substitute the operator Q with another, more 
easily calculable operator P, provided that the two operators transform in 
the same way within our group.??-3? The two matrix elements are, of 
course, not going to be identical, but within a given manifold they will be 
proportional. For instance, in the weak-field case we want to find the 
various matrix elements of Uy within the manifold spanned by the (2L + 1) 
orbital states of given L, S, and Ms. Here 


Vo = L(a4 + yi T z;i =- 3ér;4) (4-127) 


As shown by Stevens,?® by replacing z, y, and z in (4-127) by Lz, Ly, and L., 
an operator expression for Uo which is easier to handle than (4-127) is 
obtained. In performing this change we must only remember that, whereas 
z; and y; commute, L, and L, do not. The way to handle this is to replace, 
say, zi; by l$(L;L, + L,L,) and similarly for more complicated expres- 
sions.?? Then 


Do = Lt + L + 14-1(L+ vBLL+ 1) - 1 
= Wo[35L,4 — 30L(L + 1): + 25L: — 6L(L + 1) 
+ 3L°(L + 1)] + (2444+ L-4) (4-128) 


The proportionality constant between o and > is determined by 
evaluating a single matrix element, chosen for its simplicity, in both pertur- 
bation matrices. As an example we shall treat the now well-known case of 
the weak crystalline field splitting of *F(d*). 
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The perturbation matrix ?F(d*) is, with 3€? = Us and by the use of 
L (3,3) = 24 4/15 (3, — 1) and so forth, easily seen to be ` 


ya Ya ya Vo yur L2 Y- 


5 
0 
0 
0 
1 
0 


. : . ^c f ^ "T B 
The solutions are immediately found to be P hock, Ana? Qua AS EAD LAAK? 


18 threefold degenerate 
E = —6 threefold degenerate 
— 36 onefold degenerate 


The proportionality constant is evaluated, for example, from the eigen- 
function for the L; = 3, 8, = 1 component of *F(d?) |2*, 1*|. By the use 
of (4-45) we get for the diagonal matrix element 


(2+, 1*|os2*, 1+) = —3Dq 


By comparison with (4-129), where this matrix element is 9z, we see that 
the proportionality factor between Us and Dois —14Dq. The final result is 
then 
—6Dq threefold degenerate 
E@F,d?) = 2Dq threefold degenerate 
12Dq onefold degenerate 


Knowing that a °F state splits into the components *A2,, ?7,, and Tio, we 
know further that E(?A.,) = —12Dq, but we cannot in this way decide 
between ?T, and Tag. 

In many cases the “complete” energy scheme can be obtained with even 
less work. In order to illustrate, let us again use the triplet components of 
the d? system. The possible electronic configurations in the strong field are 


(t2)? giving rise to a *T, component 
(t,)(e;) giving rise to a *7',, and a *7'2, component 
(e,)? giving rise to a *A2, component 
Consequently, since there is no correlation between the ?T;, and Az 
components, we immediately get 


E(#A2_) = 6Dq + 6Dq = 12Dq (4-130) 
ECT) = 6Dq — 4Dq = 2Dq (4-131) 


é 
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and the perturbation matrix for the Tı, components will be of the form: 
(t5)? (tag) (e) 


—8Dq— E Vy 
y 2Dq — E 


EN (4-132) 


Seen from the weak-field point of view, both *P and °F produce a *7\, 
component, but we know further that E(P) = 0Dq because a P state does 
not split in a cubic field. Since the trace of the perturbation matrix (the 
sum of the roots) is invariant, we get for the weak-field case 


ECP, Tiu) + ECF, Tio) = —8Dq + 2Dq = —6Dq (4-133) 
and E(P, *T1,) = 0Dq (4-134) 
Hence ECF, *T1,) = —6Dq (4-135) 


Still another way of obtaining this result is by use of the center-of-gravity 
rule for the components of ?F: 


EAs) + 3ECT,) + 37ECT3) = 0 (4-136) 
12Dq + 3E( T) + 3(2Dq) = 0 (4-137) 
ECT) = —6Dq (4-138) 


Even the interaction term between the two Tis components can be 
obtained in this special case without involving wavefunctions. The diagonal 
elements of the ?7, part of the energy matrix whose rows and columns refer 
to the weak-field case are clearly e — 6Dg and e + 15(F2 — 5¥F,), where eis 
just the energy of the free ?F ion in the spherically symmetric field Up. 
The off-diagonal elements are found by noting that, as Fa, F, tend to zero, 
the eigenvalues must become those of the strong-field limit, namely, —8Dq 
and 2Dg. Then 


—6Dq—- E Xj _ $ 
X `g = 0 (4-139) 
E? + 6EDg — X? = 0 (4-140) 
must produce the roots —8Dq and 2Dq. Hence 
X? = 16(Dg) (4-141) 
X = 4Dq (4-142) 


where we have chosen the plus sign as the phase. 

A method for obtaining the energies of the levels in crystal fields of high 
symmetry has been given by Judd.*4 In the process of finding the roots of 
the secular determinant the degenerate solutions will turn up many times. 
This is, of course, a waste of time and effort. Judd describes a method which 
is a natural extension of Slater’s method used in atomic spectroscopy but 
which has the same disadvantage: when two or more components of a level 
correspond to the same irreducible representation, Judd’s method, as well 
as Slater’s method, will give only their mean energy. Since the methods 
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depend upon the utilization of the various possible "spur" relations already 
treated above, and upon the “descent in symmetry" method treated below, 
the reader is referred to Ref. 34 for a fuller description. 

To summarize the “rules of thumb": 

l. No levels possessing the same symmetry designation may cross in the 
energy-level diagram. 

2. Within a manifold spanned by the (2L + 1) orbital states of given L, 
S, and Mz the "center of gravity" is preserved. 

3. The crystal field energies in the weak and in the strong field are equal 
when there is only one component of a given symmetry designation present. 

4. S and P terms do not split up, and in the weak-field case 


E(S) = E(P) = 0Dq 


5. If more than one component of a given symmetry designation is 
present, the trace of the perturbation matrix is equal to the sum of the 
energies of the roots. 


4-h. Descent in Symmetry 


Still another very powerful method that is available, namely, the "descent 
in symmetry" method, allows us to specify the energy spectrum of a given 
system. It was by this method that Bethe! originally distinguished between 
the various electronic levels, and since it still is extremely useful in nearly all 
calculations, we shall give a brief outline of it. 

In a molecule possessing a high degree of symmetry, many of the elec- 
tronic components are of high degeneracies. These degeneracies can be 
removed by going down in symmetry. Suppose we have a threefold 
degenerate level in O symmetry. By going down to D, symmetry, we 
find that the threefold symmetry is done away with and that we have 
instead one nondegenerate level and one twofold degenerate level. In the 
lower symmetry the nondegenerate level transforms like an irreducible 
component of the sub group. Hence, by constructing a wave function 
which transfornts correctly in the lower symmetry group, we know that this 
is a component of the threefold degenerate level in the higher symmetry 
group. The remaining two components in the high symmetry can then be 
generated by the application of a symmetry operator, not present in the low 
symmetry, to the constructed wave function. 

That the energy can be calculated immediately both in the high and in 
the low symmetry is evident. But, further, when a configurational inter- 
action is possible, we know that if the constructed wave functions transform 
correctly in the point group of the molecule, it is only the same symmetry 
species which can interact. Still further, it is only the same subspecies within 
a symmetry classification which can interact. In other words, if we in On, 
say, have two levels both with the symmetry T;, and want to know the 
interaction term, we go down to Dy symmetry, pick out the two As, com- 
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ponents, and write down the configuration interaction matrix in O, sym- 
metry using the two A», components. 

In most of the cases occurring in Oa symmetry, a descent in symmetry to 
Dy, is enough to characterize a certain level. However, a further descent 
may sometimes be necessary. Full tables correlating the species of a group 
with its subgroups may be found in Wilson, Decius, and Cross.24 We shall 
give only the correlation table Or — Dw. For the single orbitals tz and e, 
we have of course tz — e, + bz and e, — aig + Diy. 


TABLE 4-9. DESCENT IN SYMMETRY FROM On TO Dy, 


OA Da Or Da 
Au Aig (zz) 
ETT — Big (yz) 

E, Aig + By (zy) 

Tio > As, + E, (2?) 

T3 — Bs, + E, (z? — y?) 


As an example, we shall treat the electronic configuration (¢2,)*. By the 
use of Appendix III, we get 


(tz)? nd Tig ‘At, 1E; and 1T 24 (4-143) 
The triplet state is trivial; we find immediately that |(xz)(yz)| transforms 
like *As, in Dy. Then 
E@T 14) = J (xz,yz) fes K (2z,yz) 
= Fs m 5FPs = 24F, (4-144) 


The singlet states are produced by the distribution, Table 4-10, of the 
electrons on the three different orbitals e,*, ej, and bs. From this 


VCE) = VE Go (ey)! — Ka) pl) (4-145) 
EQE,*) = J (azzy) + K(zzay) 
= Fo + F + 16F4 = '!T4(01) (4-146) 


TABLE 4-10. DISTRIBUTION OF Two ELECTRONS IN Dy, SYMMETRY, SINGLET STATES 


(zz) (yz) Symmetry in 
e; eè Da 
x x 1Bs; 
xx Xx 1Bi, and 144,0 
14 190?) 
x 1E 
x lE,* 
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+ — 
since 1#,(D.,) only can arise from !7,,(0,). Defining 41 = |(zz)(xz)| and 


+ I 
$: = |(yz)(yz)|, we get in Du symmetry 


E | C, | C2 C; e 
oi + ds | dit d$ gi + $2 $1 + $2. | oi t+ de $: + d$: 
$:— 42 | à1— dà | —(¢1 — $2) | à$1— 02 | à1— às | —(&1 — $2) 


By a comparison with the character table for D, we see that 


1 
NX + 4») transforms like !A4,, 


1 
Vi ($i — $2) transforms like 'B,, 
Then 


E(By) = Y$J(zz,zz) + Y$J(yz,yz) — K(az,yz) 
= Fy + F: + 16F, = !E,(01) (4-147) 


since 'B,,(D4,) only can arise from !E,(0,). Furthermore, 


E(*Aig)(1) = 345 (z,22) + 14d (yz,ye + K(xz,yz) 


= Fy + 7F: + 56F, (4-148) 
E(*Ai,)(2) = J(zy,zy) 
= Fy + 4F, + 36F, (4-149) 


Finally, because of the invariance of the trace for the ! Ai, components, 


E(41,)0, = E(A1)(1) + E(1A41)2) — ECB) 
= Fo 10F, + 76F, (4-150) 


These results are, of course, identical with the ones found previously, but 
they are perhaps obtained with somewhat less labor. 


4-i. Equivalence of tz, and p Electrons - 


Finally, we shall point out a useful analogy between tz and p elec- 
trons.55-3951 Writing pi, po, and pı for p electrons having m; = 1, 0, and 
~1, we have by the use of Eqs. (2-9) and (2-10) 


Di 1 0 ON /pi Pı 1 0 1 0V/n 
L, po J= {0 0 0 |l po Le Po |= Vi 1 0 If po 
P- 0 0 -1 P~ p-1 0 1 0 P- 
and Lim» |= —;{ -1 0 1]i po (4-151) 
pal YRV ovSi 0/ \pu 


1 
The set $1 = d.i, ġo = —= (d; — d_2), and $1 = —di, where we have 
V2 


90 INTRODUCTION TO LIGAND FIELD TL -RY 


used a similar nomenclature as that for the p electrons, can be taken asa 
representation for ta. So long as we stay inside these orbitals, we have 


$i 1 0 0 di di 1 0 1 0 $i 
L, do = e 0 0 0 $o L; $o =. à 1 0 1 do 
[1 0 0 -I1 $1 $1 0 1 0 $4 
and vido |= ——l-1 0 1H do (4-152) 
£4 VAN So Nas 


Formally, we can also treat the tz electrons as “pseudo” p electrons, i.e., in 
particular |? = 1(1 + 1) = 2. From the table of group characters we see 
that x(te,)? = x(tiu)?. Hence, we have 


(too)? = p? (4-153) 


The electronic configuration p? produces the following terms: *P, 1D, and 
1S. These will in an octahedral field produce the following levels: *7,,, 
CT, !E,), and Ai. [Notice that in our previous example (t2,)? we found 
IT and !£E, to have the same energy.) Furthermore, 


L = + m (4-154) 
L—1?--Ll?-r2Lh-Lh (4-155) 
or Lek = KIL(L 4+ 1) — EE 4+ 3)] (4-156) 
Similarly $,* S = W[S(S + 1) — Zs(s + 1)] (4-157) 


In order to find the energies for the (¢2,)" configurations, we first consider 
(te,)?, for which we use L and S as good quantum numbers. The energies of 
the individual states are then [see the example (tz)? on page 88], with 


B = 3F, + 20F, (4-158) 

and Ey = Fy — 5F, — 24F, (4-159) 
E@P) = E, $1* $2 = 14 l-h = —1 (4-160) 

ECD) = Es + 2B S1* S.» = —394 lh . lo zl (4-161) 

ECS) = Es + 5B Sı ° S2 = —34 l ° lz = —2 (4-162) 

The Hamiltonian may therefore be written?*:3? in a (i5,)^ type of configuration 
Riz = By — (li +l, + 4s1- S2)B (4-163) 


whatever the coupling scheme, i.e., whatever the states of the two electrons, 
stationary or complex. The n-electron Hamiltonian is therefore 


X = » 5 Ky = n(n — 1E- BY >‘ (le 1, + 4s; s;) 
i j>i i j>t 
Es lón(n s 1)Eo = B[X (L = >» 1) + 2 (s = ys?) ] 


= Yjn(n — 1) Eo + $$nB — BIL? + 287] (4-164) 
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The energy eigenvalues are therefore just 
E = n(n — 1)E, + 95$nB — B[V$L(L + 1) + 28(S + 1)] (4-165) 


We shall have occasion to return to this formalism in the treatment of spin- 
orbit coupling effects. 


Ig lA, 
ge N 
2 
o 2 "D Trg, EQ 7S0 (ug) 
N 3 à rig 
`N P Tig Pd 
?p vo 
^ NN 
g 2 2 
(C2 ne Tu, Es `M (tz) 
EN i 5 LA 
DN S Ag Pa 


Fia. 4-4. The t&,-p equivalence. Notice the reversal for the D terms Tis and T2,. 


4-j. The Spectrochemical Series! 


Many regularities in the spectra of octahedral complexes had been noted 
some time before the advent of crystal field theory. It was observed, for 
example, that the successive replacement of I7 by Br-, Cl-, and H0 as the 
ligands surrounding a particular cation shifted the maxima of prominent 
band systems to progressively shorter wavelengths. Similar effects were 
noticed with other ligands, and it appeared possible to classify these on the 
basis of their spectral effects. "This led to the construction of the spectro- 
chemical series (Fajans‘4 and Tsuchida**) I~ < Br- < Cl- < OH- < F- < 
H,O < pyridine < NH; < ethylenediamine < CN-. Minor variants arose, 
depending mainly on the particular cation in conjunction with which they 
were developed. But the general trend of the ligands appeared to be 
roughly independent of the central ion. The spectra concerned, it should 
be remarked, were those diffuse systems which we now classify as spin- 
allowed. With certain conspicuous exceptions, the qualitative features of 
a given cation could be systematized very satisfactorily in this way. Those 
ligand replacements which did not fall into line were accompanied by radical 
changes in stereochemistry or a change in multiplicity of the central ion. 

By applying the spectrochemical series to, for example, the d? (Cut, say) 
ease, we see that we may rationalize the ligand sequence as one of increasing 
Dg. The excitation energy is 10Dq here, and the hypsochromic shifts must 
therefore correspond to increases in this parameter. More generally, let us 
suppose that the series represents a succession of increasing octahedral fields 
VU, when the relevant ligands are associated with a given central ion, what- 
ever that may be. Let us further agree to consider only spin-allowed band 
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systems. Then it may be proved that unless the multiplicity of the ground 
state changes, the spectrum of a given octahedral ion is shifted to shorter 
wavelengths on replacing its ligands by others lying above it in the spectro- 
chemical series. 

This “existence theorem” is easily established for magnetically normal 
complexes whose symmetry and spin for the ground states are those of the 
weak-field limit. For the configurations d*, dë, and dê, as well as for d! and 
d*, there is no distinction between the weak- and strong-field cases, since the 
free ions have only one term, namely, their ground term of maximum multi- 
plicity. Their lower and upper states both arise from this term, and their 
separation is linear in Dg. The remaining ions, d?, d?, d?, and d’, have two 
terms of maximum multiplicity, of which °F or *F is the ground state and 
3P or *P the excited state. In the weak-field limit, the P states are not 
split but yield T, states. Their interactions with the ground states of d*, 
d’ for intermediate or strong fields can only depress the latter, so that the 
intervals, which increase linearly in both limits, increase more rapidly with 
Dq in the intermediate domain. And finally, for d? and d*, whose ground 
states are the same in fields of all sizes, we have only to note that the excita- 
tion energies increase linearly in both limiting cases. 

In those cases, namely, d‘, d*, d*, and d?, where the ground-state multi- 
plieity is different in the strong- and weak-field limits, two quite distinct 
types of spectral behavior may occur. For although the energy levels all 
move continuously as functions of Dg, as soon as, for example, the 'A, state 
of Cot supplants its ?T,, state as the ground state, the selection rules 
change. No longer are the prominent bands in the spectrum due to 
quintuplet-quintuplet transitions but singlet-singlets take their place. It 
is an entirely different set of states that is now “visible.” A simplifying 
factor in this magnetically “anomalous” case arises from the fact that, in 
the strong-field limit, the ground state is the only state of its total spin which 
arises from the lowest configuration. In this limit, or near it—and for 
present purposes all these "anomalous" cases fall into this category—it is 
clear that an increase in Dq removes the ground state yet further from all 
other states of the same multiplicity which must arise from excited crystal 
configurations. The existence of the spectrochemical series has been 
demonstrated for such complexes also. 

It may be observed that the spectral shifts of different bands are governed 
by the same factor which accounts for their breadths.*$ Analytically, both 
depend upon the quantity d(AE)/d(Dq). Thus the absence of narrow spin- 
allowed bands and the existence of the spectrochemical series are closely 
related. Indeed, it is clear that the broader the band, the more it should be 
shifted on replacing the ligands by others near them in the spectrochemical 
series. It is only for the spin-allowed bands, however, that the direction of 
the displacement is always the same. d(AE)/d(Dq) may be zero, or even 
negative, and reverse this for the spin-forbidden bands. 
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So far we have dealt exclusively with crystalline fields possessing O, 
symmetry and with no spin-orbit interaction included. In the next 
chapter we shall consider fields of lower symmetry. 


APPENDIX I 


SPHERICAL HARMONICS IN RECTANGULAR COORDINATES NORMALIZED TO ONE 
(Phases as prescribed by Condon and Shortley*) 
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APPENDIX II 


LINEAR COMBINATIONS oF SPHERICAL HARMONICS CLASSIFIED ACCORDING 
TO THEIR TRANSFORMATION PnRoPERTIESE* IN PoiNT-GROUP SYMMETRY O, 
(The four-fold axis is taken as the z axis. For other symmetries, see Bell.*!) 


S EU Y; 
Yir! 
P Ti Yi 
-Y 
vg - yy» 
T4 y, 
D Yd 
1 
E | vé (Y? + Yr?) 
Yi 
V3 Ys 5g Ya 
Ti V% Yy! + V% ? 
Y? 
Va Y) — VE Ye 
BO |n | Vitr - VE Ya 
ate t Yr 
As <5 (Xj? Yr) 
d (Y AEN Y?) 
m, (V2 
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UB. 1 
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E 1 
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DUOC - Yc‘) 
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3 vga - Ye» 


1 
vao — Ys‘) 
1 
VoL (Ys + Yy?) 
T: -67 D py + = uc Yor + -— ay 
- VD V El V x 
"gg Y" bog us ^ 
H Y; 
VE yon va T vn Y 
i Y + vos YS yn Ys? 


Ys 


Ti 


vs (Yt + Ys‘) 
T, Mm Yo va yoo v/162 ya 
YS Oy. 8p. S: ty, 1 v/162 V3 


Tables of wave functions for the d" configurations may be 


found in Fieschi and Lówdin.!* 


APPENDIX III 


DISTRIBUTIONS OF d^ LEVELS IN STRONG CRYSTALLINE FIELDS OF 


CUBIC SYMMETRY AFTER JØRGENSEN? 
Total sum of 


degeneracy 
numbers 
e 2E 4 
tz T: 6 
e? 141 + 3A, + 21E 6 
elz Ti + °T: BOT, RT 24 
(tz)? 141 FE OT, + TS 15 
ex 3E 4 
et, 2 T, + ‘T, + 2 T. 36 
elta)? 14i + 14s E 23E $220, + ‘Ti 2T. ET. 60 
(a) tA: RE +T HT: 20 
et 141 1 
ets 1T: T. +T: BI 24 
eXts)? 214, 144 + °A: + 8 1E EE TS +3°T: +37: 
T 2?T; tT; 90 
e(a)? 1A, + 4a AS FAS EIE +29 EE 2T, 
+2397, 2 1T; + 25715 80 
(t2)* 14, FE OT, 47, 15 
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d* |tt T: 6 
(i)e? 2A, + 2A: 4+ 27E 4+ 2°7, T, + 2°73 4 Tj 60 
(tJe? 214, + tA: + *Ái + °A: F4: 4+ 3°F 4+ 24E 

+ 4°97, ITI +4°7; FI. 120 
(t:)e 2A, + 344 + 2?2E + 2?T, Ti + 2°27, + AT: 60 
(4) — T, 6 


The configurations d* to d* can be formed from the table by use of the relation 
d* = dios, 
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CHAPTER 5 


The Crystal Field Theory: 
II. Fields of Tetrahedral and 


of Lower Symmetry 


5-a. Tetragonal Fields 


There are, of course, many complexes whose symmetry is not octahedral. | 
Indeed, the more sensitive one's measurements, the rarer it becomes to find 
a perfectly octahedral system. Even when the six ligands are identical, 
there are many factors tending to destroy their most regular arrangement 
about the cation. Complexes show, to a greater or lesser degree, both 
optical and magnetic anisotropies. This makes it very important to discuss 
the effects of departures from octahedral symmetry. Deviations from the 
octahedral symmetry are usually treated as perturbations upon the higher 
symmetry. The most common distortion of the octahedral crystalline 
field is the presence of a tetragonal or a trigonal field component. We 
shall treat the tetragonal distortion first." In this case the complex may 
contain four identical ligands arranged in a square at whose center the 
cation is located. Above and below this plane two other ligands could be 
placed, the formula for the complex being trans-MX,Ys;. The symmetry is 
now that of a distorted octahedron, namely, Du. 

The Hamiltorian for a problem possessing tetragonal symmetry is easily 
seen to be 

K = Ke + Un + Vo + Ur (5-1) 


where Xr, Ur, and Uo have been defined previously and Ur is the tetragonal 
perturbation. In the point group Dy», the spherical harmonics of order less 
than 5 span the identity representation aij, for n = 2 and n = 4. Hence, 
disregarding Up, the complete tetragonal crystalline field potential is 


V = aY; 43 0Y$4+c(Ys+ Yr’) (5-2) 


Treating the tetragonal field as a perturbation upon a cubic field Uo, 
where Uo is given in Eq. (4-14), 


Vo = Y3 + VAa (Yat + Ye) (5-8) 
99 
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we notice that the tetragonal potential (5-2) can be written as 


Y = Vo + Ur (5-4) 
where Ur = AR2(r)Y$ + BRYS (5-5) 


The elimination of the term (Y44 + Y 473) in (5-2) by means of (5-3) can be 
explained on physical grounds as a conservation of the field in the zy plane 
of the molecule. In other words, the bonding of the four ligands in the 
plane is left unaltered by the substitution on the z axis. The tetragonal 
distortion is thus regarded as a perturbation which does not distort the 
orbitals, but only changes their energies. 

We shall thus study the complex MX,Y;: as if it were octahedral, say, 
MX, and then add the tetragonal perturbation Ur, whose effect is generally 
small with respect to that of Us. ‘Ur will have the sense either of attracting 
or of repelling electrons in the neighborhood of the ligands Y. If Y lies 
below X in the spectrochemical series, we would expect this to be an 
attraction. 

As in the case of an O, field, we can perform the perturbation by using 
either the weak-field or the strong-field wave functions. The various matrix 
elements of the axially symmetric perturbation term Ur are most easily 
calculated by using an operator technique. Substituting l, for z in (5-5), we 
get 


Ur = fi(r)14(3L? — UE 1)] + fiM {851 
—301(L-- 1)? + 251.2 — 612 + 1) + 382 + 1)?] (5-6) 


As for d electrons | = 2, 
Ur = farh — 2) + 34 fir)(B5fal4 — 15945L* +6) — (5-7) 
Calling the radial integrals Ds and Dt defined as 


Ds = S{Rsa(r)]? 34 fo(r) dr (5-8) 
Dt = f(x«(r))? 34 fi(r) dr (5-9) 


and choosing the sign of the latter part of the operator (5-7) to be minus in 
order to stabilize the axial orbital dy the most (see Appendix II), we have 


Ur = Ds(l? — 2) — Di(3945L* — 155451? + 6) (5-10) 


Ds and Dt are splitting parameters for Y? and Y{, respectively, in the same 
way that Dg is for Uo. The expected splitting of the octahedral levels due 
to the descent in symmetry is given in Table 4-9. 

The signs and relative magnitudes of Ds, Dt naturaly depend upon the 
nature of the tetragonal distortion undergone by the octahedron?? and 
must be determined by experiments analogous to what is the case for Dq. 
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In the weak fiela. ..e get for the matrix elements of Ur 
(dasl'Urld4s) = 2Ds — Dt 


(dAil'Urld.i) = —Ds + 4Dt (5-11) 
(do|Ur|do) —2Ds — 6Dt 


With ?*? = 0, and ?$ = U: we have, by using the operator form given in 
Eq. (5-10), Or = Ô: + Oy. Then from Appendix I: 


Valzy) = — (zy) (5-12) 
Vi? — y?) = — (z? — y?) 
U,(2?) = —6(z?) 
and zz xz 
Pa e pus (5) 
Us(zy) = 2(zy) (5-13) 


V(r? — y?) = 2(z? — y) 
U2(z?) = —2(z?) 


For the strong field, since e,(0,) — (aig + bi,)(Du), 
E(bi) = (da yu Urid iu) = 2Ds gazi Dt i 


Ela) = (dalUrlda) = —2Ds — 6Dt PS 
Further, since £3, (04) — (bzs + e€)(Du), 
E(bs) = (day\Ur|day) = 2Ds — Dt (5-15) 


E(e,) = (dz:|Ur|dzs) = — Ds + 4Dt 


Notice that the center-of-gravity rule holds for the Ds elements inside the 
e, and tz levels but for the Dt elements only for the whole configuration. 
This is due to the fact that Y? terms do not occur in Uo but that Y$ terms do. 

Let us find the tetragonal splitting in the excited strong-field states of 
d*, *T4,(t,)?e, and *Ti,(t,)?e,. By descent in symmetry to D, we see that 


-+ + + + + + 
yı = |(zz)lyz)(z? — y)| and  ¢ı = |(zz)(yz) (z3) 


transform like B;, and Az, respectively. Hence, yı is a component of 
Ta in Or and 4; is a component of ‘Tis in Oh. 

The complete wave functions for ‘72, and *T';, in O, symmetry are then 
constructed by the application of the operator C; upon y; and $i. 


+ + + 
vs = IEE = vol 
w= -li acc yy) YiGG) 610) 


m 


bs = - eee * voi - Bienen) 


es 
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+ + ot 
and $i = |(zz)(yz)(z*)| 
&- — flere - N31goGpG 59) ean 
&- - ENE + “i COCER 
Hence, (YlUrly) = 7Dt (5-18) 
(Vai'UrlVz) = (Y:|Vrly:) = — 74Dt (5-19) 
or AE (*T 29,On) = 354Dt 
(¢:|Ur|¢1) = —4Ds + 2Dt (5-20) 
(és|'Ur|é:) = (¢3\Ur|¢s) = 2Ds + 34Dt (5-21). 
or AE(*T1,01) = 6Ds — 94Dt 


In deriving these results the configuration interaction that takes place 
between the split +E, components of the ‘71, and *T;, has not been con- 
sidered. "They are thus valid only in first order. 


big 
big mum 
eg 4 
z 
7 X 
1 `s aig b 
F ———————. 2g 
4 iN » 
/ So 
/ M 
t 3d / V 
` 7N 
E N fe aig 
y N: 
` bog 4 
x , P espe 
2g 
* 
z Ay 


- 
bos eg 
x i eg 
—— 


~n 


Free metal ion Octahedral Weak tetragonal Strong tetragonal 
coordination distortion distortion 


Fic. 5-1. Energy-level diagram for a tetragonal distorted metal complex. 


The lowering of the symmetry from O, to D4, causes, as we have seen, & 
splitting of the cubic orbitals tz and e, (Fig. 5-1). These further splittings 
may give rise to a situation entirely analogous to the one responsible for the 
low-spin complexes of Fe(III), Co(II), ete., Sec. 4-g. 

As the most simple example consider a tetragonally distorted Cr(III) 
complex. In the cubic field the ground state would be V(*As,) = (tz). 
In the tetragonal case, however, the ground state could be either (see Fig. 
5-1) yCE,) = (ej)? or ¥(4Bi,) = (ej)*(bs). We have found that the energy 
difference A between bs, and e, is 3Ds — 5Dt. On the other hand, the 
energy required to couple the spin in a (e,)* configuration is seen from 
Eq. (4-165) to be 3(3F, + 20F,). Hence, the complex will exhibit three 
unpaired spins if 

3(8Fs + 20F,) > 3Ds — 5Dt (5-22) 


but if the opposite holds true, it will have only one unpaired spin. 
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In tetragonal Cr(III) complexes the latter case has not been realized, 
but a situation similar to the one described above occurs for tetragonal 
Ni(II) complexes, especially for square planar complexes such as Ni(CN),™. 
Since Ni(II) has the electronic configuration [A](3d)*, the competition is 
here (see Fig. 5-1) between the electronic configurations (e,)*(b2,)?(a1,) (big) 
or (e;)*(5s,)*(a1;) (weak tetragonal) or (€,)*(a19)?(b2g) (big) OF (e,)*(a15)?(bs5)? 
(strong tetragonal) giving either paramagnetic (S = 1) or diamagnetic 
(S = 0) ground states. For a closer mathematical analysis of this case see 
Ref. 20. 

A pronounced tetragonal splitting of the excited electronic states has 
been observed only for complexes of Cr*+ and Cot. The theory for the 
Co*+ complexes especially has received a great deal of attention,®?#24 but 
it can easily be seen that the Cr** complexes behave both qualitatively and 
quantitatively like the Co*+ compounds. The discussion of the experi- 
mental details will be given later. 


6-b. Trigonal Fields 


If the octahedron is distorted along the trigonal axis, a splitting of the 
octahedral levels quite similar to what is found in the tetragonal case takes 
place. The symmetry of the molecule is lowered from O, to Ds; or Cy; in 
both cases the threefold degenerate levels in Oi, T';;, and Ta split into one 
single and one twofold degenerate level. The twofold level E,, however, 
remains degenerate in contrast to what takes place in going from On to Du. 
The correlation scheme for O, to Dza is shown in Table 5-1. 


TABLE 5-1, CORRELATION BETWEEN O, AND Dag 


On Dia 

Ay At 

As A; 

E E 

Ti A:tE 
2 T; A +E 


In the trigonal case it is most convenient to start out with octahedral wave 
functions quantized along the threefold axis. As before, we take the 
crystalline field to be made up by a cubic and an axial field: 


V = V + V, (5-23) 
with Eq. (4-23) 
Vo = Y? TW 104 (Yè — Yr’) (5-24) 
and 
V, = aR:(r) Y? + bR) Y3 (5-25) 


Notice that the perturbing potential U, is identical in form to Ur, the 
tetragonal perturbation, but the orbital set that U, must operate upon is 
(4-41) to (4-44) and not (4-27) to (4-29). 
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Again we choose the sign of Y? to be minus in order to stabilize the dz: 
orbital the most, and we obtain the following equations by using the operator 
technique upon the cubic orbital set (4-43), (4-44) and calling ?? = 0, and 
T? = ©; as in the tetragonal case. 


045, = — 6t, (5-26) 
Viet = — a8 V2 it 
Quat = tyt + VZ et 
0:8, = —28, (5-27) 


Contrary to what is found for a tetragonal perturbation, we see that a 
trigonal field scrambles the tz, and e, orbitals. Analogously to Ds and Dt, 
we designate?* the trigonal splitting parameters De and Dr. The non- 
vanishing matrix elements are then for the weak-field case 


(d2|V-|dz2) = 2De = Dr 
(dzi|V-|di1) = —Do + 4Dr (5-28) 
(do |V| do) = —2De — 6Dr 


and for the strong-field case 


(t29*|Uy|tog*) = De + 24Dr 
(t$, V-t) = —2De — 6Dr 


(eF |U,|e,*) = TéDr (5-29) 
(tog*|U,|eg*) m V2 D = Sv? p, 


As pointed out by Pryce and Runciman,!? it may sometimes be advan- 
tageous when considering a trigonal distortion to use the linear combinations 


(5-30) 


js ^ ((zy) + (yz) + (z2)] 


me A [(zy) + e(yz) + e*(xz)] 


~ 
+ 
l 


~ 
l 
I 


d z [(zy) + w- (yz) + u—(z2)] (5-30) 


e = = gle) dt = vo) 
c= + ele) - it N 


V2 
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where w = e?*//, The unitary transformation 


z Vi -v3 0 \/r 
y|-7|vié vV% -A2&]v (5-31) 
z Vis VK Vi Ne 


will direct the z axis along the (111) direction and transform U,, Eq. (5-25), 
to 


Ur = Azry + yz + zz] + Ad[yz(r? — 7x?) + zz(r? — 7y?) + zy(r? — 722)] 
(5-32) 


Both the terms in brackets are the sum of three functions transforming like 
the cubic representation T}. Taking the direct product, it is easy to see 
that the matrix element (el'U,|e) is equal to zero but that the matrix elements 
(é\U,|¢) and (¢|U,|e) are different from zero. Demanding that the center of 
gravity shall be preserved inside the (¢2,)" configuration, and calling the 
suitable linear combinations of the splitting parameters De and Dr for U 
and V’, respectively, we can put 


(tlU) = —140 (5-33) 
(tolU-|to) = 340 (5-34) 
and (tz|Uslex) = V (5-35) 


all other matrix elements being zero. This form of a trigonal perturbation 
has the advantage over the previous treatment that to a good approximation 
V’ can be put equal to zero,!? at least in so far as energy calculations are 
concerned, retaining only U as the trigonal parameter. However, the 
mixing of t, and e, is important where band-intensity calculations are 
concerned.?! 

A special case of a trigonal field component is presented by complexes 
possessing three bidentate rings such as Cr(en);*, where en stands for 
ethylenediamine. Such complexes can only possess the symmetry D;, but 
to a high approximation their behavior follows the patterns to be expected 
for molecules of full octahedral symmetry. For instance, the spectra of 
tris-ethylenediamine complexes bear a very close resemblance to those of the 
hexamines. Since, however, no center of symmetry is present in these 
molecules, d and p orbitals may be mixed via the crystalline field. 

The possible additional terms in the crystalline field potential capable of 
scrambling the d and p orbitals are 


Yi Y$ Y, + Y; and MA = Y, 


where the trigonal axis in D; has been taken as z axis. The transformation 
properties in D; are given in the following table. 
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——————— | —————— |—————————— I—————— | —— 


(5-36) 


Yi +Y’: 
Y; — Yy 


In other words, the crystalline field potential can be augmented with a 
term of the form Y;,? + Y3’. Such an additional potential has been used by 
Moffitt!! in & vain attempt to account for the optical rotatory dispersion 
spectra of Co(en);** and Cr(en);*?. 

On the other hand, all the terms in (5-36) which transform like A; in D; 
transform like A; in Cs. .Hence, we would expect a great amount of 
scrambling of d and p orbitals to take 
place in this latter symmetry. In gen- 
eral, however, these terms are neglected 
and the molecules are treated as if their 
electronic configurations were made up of 
pure d orbitals. 


(25,2) 


5-c. Cis, Trans and Rhombic Fields 


In order to clarify some peculiarities 
about the crystalline field potential, we 
shall look a bit closer at the point-charge 
model, Fig. 5-2. Two point charges q and 
v are placed in the z axis at a distance +a from the center of the coordinate 
system. The resulting potential at the point (z,y,z) is then 


Fic. 5-2. Point charges in a linear 
molecule. 


V= 


w q ; 
VGYadytràé Ve-a usce ee 
1 z, prm re oh Ee 


Expanding V around r = 0 inside a sphere with radius r = a, we have by 
use of the formula! 


(1 — 2r cos 0 + r2) ^ = Y r^P.(cos 0) (5-39) 
n=O 


- Ak h - Pye) + (5) P,(2) — ©) Pi(z) + BEZO zu | 


Vv 
+a fi +IP) + (y P.) + Cy Py) + 6) RA i 
(5-40) 


Since we are operating inside a manifold of d orbitals, we throw the odd 
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Legendre functions away and cut off the series after the P, term. Hence, 
1 2 4 
v= s (w + g) £ + (5) P2(z) + (5) ZI (5-41) 


Notice that only the sum of w and q is of importance for the crystalline field 
potential. In other words, the crystalline potential for an octahedron can 
be written as the sum of three contributions, each of them containing the 
sum of the axial electric charges. By adding the contributions of all three 
axes together and putting all the point charges equal, the cubic potential 
(4-15) is of course obtained. 

Calling the sum of the charges on the z, y, and z axes respectively ui, ua, 
and us, the complex is said to have a cubic crystalline field if pı = we = ps. 
If ui = we + m, the crystal field has tetragonal symmetry, and finally, if 
Bi F we E p, the crystalline field has rhombic symmetry. This latter case 
is seen to be the lowest symmetry possible in an octahedral complex. 

It is thus possible!5 to define a tetragonal contribution to the octahedral 
crystalline field as 


or = (5 - m) sana) (5-42) 
and as Hi = uic ps 
Ur = (m — Hs) f(z,y,2) (5-43) 


Owing to the fact that only the sum of the charges on each axis deter- 
mines the electronic structure of a given complex where all distances are 


B A 
3 
A^ — A A A 
L LM 
2 
B 1 A 
trans-MA 4Ba cis-MA B, 


HiT*H2f Es Bi? ga Hs 
Fic. 5-3. Cis and trans configurations. 


equal, the symmetry groups of a cis and trans complex are both in practice 
Du, tetragonal (Fig. 5-3), even if formally the symmetry group of the cis 
complex only is Cz». Hence for the tetragonality parameter (ui — us) 


trans-M A,B; cis-M A4Bs 
Hı = 2q4 Hi = qa + gB 
hs = 2g» u3 = 2ga 
Mi — gs = 2(qa — GB) m — us = — (qa — qs) 


In other words, we should expect a trans complex to exhibit a tetragonal 
splitting, being twice the splitting of a cis complex, and with the level order 
inverted.!5.34 
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It must, however, be borne in mind that the result is derived by using the 
crudest of approximations, and too much reliance cannot be placed in it. 
Nevertheless, it offers a simple explanation for the well-known fact that the 
absorption bands of a trans complex usually are split more than those of the 
corresponding cis complex. 

We shall not have much to say concerning the rhombic crystalline field 
case. Very few calculations have been made with such a potential since the 
classic work of Schlapp and Penney!* concerned with the lower electronic 
states of Co(II). Usually it is more important to include other terms in the 
Hamiltonian, such as the spin-orbit coupling, or dynamical effects (Jahn- 
Teller) than it is to augment the crystalline field potential with a rhombic 
field component. The incorporation of these latter effects will be dealt with 
later. 


b-d. Tetrahedral Fields 


As already mentioned in Sec. 3-d, the regular tetrahedron (point group Ta) 
belongs to a cubic point group. The symmetry operations are Ê, 8C;, 3Ó;, 
65,, and 6¢s. So long as we stay inside the manifold spanned by the d 
orbitals, the crystalline field potential V is identical with that of Uo and the 
d orbitals split up in a threefold degenerate t, level and a twofold degenerate 
e level. In order to prove this, we look at the transformation scheme for 
d orbitals in Tz symmetry,” Fig. 3-4. 


TRANSFORMATION SCHEME FOR d ORBITALS IN Ta 


diy diy: —ldu y: + m dis diy: —dyt_y2 — diy: 
dys dys —Mda — “a daray: d: ds da 
x 2 -1 2 0 0 


A comparison with the character table" for Ta reveals that the set 
(zy), (yz), and (xz) transforms as tz and (z? — y?) and (z?) ase. Notice that 
we have dropped the subscript g in the orbital designations because of the 
lack of a center of symmetry in the molecule. However, the d orbitals used 
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to describe the tetrahedral orbitals have, of course, still an inherent center of 
inversion. 

In order to compare the magnitude of the splitting in a tetrahedral mole- 
cule with the splitting found in an octahedral molecule, we shall again look at 
the point-charge models of the molecules, Fig. 5-1. If q; point charges are 
placed around the center of the coordinate system, the resulting potential is 


E Pn VE. 
U =e 2 Tu (5-44) 


Expanding" V around the center of the coordinate system in a series of 
normalized spherical harmonies, we have 


bad +l 
4rq; re! " 
YV = e ) ) ) Y: Yi;"(0;.v; -4 
i fe a i + ] rj," : (6,9) : (05e) e 5) 


where r< is the smaller and r, is the larger of the two distances |r,| and 
la;| and 9; e; are the angular coordinates for a; 
The crystalline field energy for the d} = R(r)Y$ orbital having m, = 0 
and l = 2 is 
E(ds) = (R(r) Y3|O| YR (r)) (5-46) 


Hence in the matrix element (5-46) only m, = 0 gives a contribution, and 
with the further knowledge that only fourth-order terms occur in 0 we have 


N 4 
Bde) = (novi |e Y SEES vee rts) 


9 


YR e») (5-47) 


$ 


By comparing the energy of the d4 orbital in an octahedral and in a tetra- 
hedral erystalline field we get, because the radial parts cancel out and 
because Y is equal to a constant times the Legendre polynomial P,(cos 6), 


- 


6 
P re) 9; 
E(d,1) oct. _ D giP «(cos 9;) 


E(dz) tet. 3 
Y, aPa(cos 6) 


t=1 


(5-48) 


In an octahedral field we have, with qı and qe located upon the z axis, 


|cos €i] = [cos O.| = 1 (5-49) 
and for the q’s in the zy plane 
cos 0; = 0 t= 2,3,4,5 (5-50) 
For a tetrahedral field: 
[cos O,| = ae i= 1,2, 3,4 (5-51) 
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E(d:j)oct. (^ 9 2 
Hence E(da) tet. = n (5-52) 
If we had placed eight point charges at the corners of the cube, the ratio 
(5-49) would have been — 94. 


For a point-charge model the following relations are thus found to be valid. 
— 94Dq tet. = Dq oct. = —9$Dq cube (5-53) 


Notice that the level order is inverted in going from an octahedron to a 
tetrahedron. This reversal was first pointed out by Gorter.!$ 

As proved above, we can take over all of the theory developed in the 
preceding chapter for the O, point group and apply it to the Tz molecules. 
The only necessary change is that the sign of Dq must be reversed. "This 
holds strictly true so long as we stay inside the d orbitals, but a complication 
arises in that the tetrahedral molecule does not haye a center of symmetry. 
As we shall show next, the expansion of U contains an odd (third-order) 
potential in Ta, in contrast to what is found in Oa. This term cannot, of 
course, have matrix elements between two d orbitals, but it may scramble 
the d and p states. 

Of the possible odd-order potentials we see immediately that the set Y,', 
Y$, and Y,-! transform like T, in Tg. This leaves the set Y;~* to Y3’. 
Constructing the real functions 


1 
yı = iV (Y: + Y) p= i vi (Ya + Yr’) 


1 
= — (Y,3 — Y,-3 S-a (yai Yat 
ya V3 (Y; 3 7) Ye aa (Y; 3 1) i 
1 (5-54) 
ys = V2 (Y3 + Yr?) y: i 
H 
= Y, — Yy? 
Ws i /2 ( 3 3 ) 
We have that the transformation scheme in Ta is as follows: 
E C; Cs S, Cd 
V5 1 
ya x ys — 1% -yı y: y: 
y: — M$é Vs + N36 ya | -y =y yı 
ya D we và vs ya | —y: (5-55) 
Wa ya yı ya ya 
1 M15 
Ys - "n — y: — ys — ye —Ys 
Vs V3 Ya + N/ 56 Va —¥s ys -ys 
ya Vg Ya + N36 s ya =y: ya 


Inspection of (5-55) reveals that y4 = (1/7 4/2)(Ys? — Y^?) transforms 
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like a, in T, symmetry. In cartesian coordinates 


yı = V = kryz (5-56) 

where k is a constant. 
The p orbitals are located —105 cm^! above the d orbitals for the first-row 
transition elements. The correct "3d" wave functions to use in the con- 
struction of the tetrahedral states are then given by first-order perturbation 


theory as : 
"m yey eov (42) jsp) mh 


or written out 
Yzy = (3d) md w(4p,) 


Wu = (3dz2) Ed w(4p,) te (5-58) 
Vus = (3dy:) — w(4pz) 
Yay = (3dz1_ys) 
Va = (3da) | e (5-59) 
E k 
with o= ETE (3d, |xyz|4p.) (5-60) 


Using a point-charge model,'? the value of w is about 8 X 10-?. The inter- 
mixing of 3d and 4p orbitals is thus about 10 per cent in this approximation. 
In a molecular-orbital scheme,!? however, this mixing is insignificant in 
comparison with the effect produced by the scrambling of the ligand and 
metal orbitals (see later). Hence, there is a good theoretical reason for the 
experimental fact that & point-charge model for a tetrahedral molecule does 
not work nearly as well as for an octahedral molecule. 

All in all, it may be concluded that the crystal field theory gives the most 
satisfactory results for cubic octahedral complexes. This is mainly due to 
the fact that the lower the symmetry the more parameters are required in 
order to specify the electronic states. These additional parameters can 
usually never be unambiguously assigned, owing to the lack of sufficient 
experimental-data. The further discussion of the features dealt with in this 
chapter will be postponed to Chap. 10, where the electronic properties of 
individual ions will be elucidated. 


APPENDIX I 


APPLICATION OF TETRAGONAL OPERATORS UPON THE SET OF d ORBITALS 


(L? — 2) 4 dy = —2d, 


(3545l* — 158451: + 6) 4 do = 6d, 
d.i = — 4d 
diz = dz 
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CHAPTER 6 


Spin-Orbit Coupling 


6-a. Importance of Spin-Orbit Coupling 


The influence of the spin-orbit coupling upon the electronic properties of 
the complex ions is, of course, to a great extent governed by the order of 
magnitude of the coupling constant. Owing to the fact that the crystal field 
splitting for the (3d)" systems is large compared to the small LS splitting, 
we have so far been able to neglect this latter effect in our treatment. It 
follows that, at least in the weak-field approximation scheme, the validity of 
the quantum numbers L and S is not seriously impaired for the (3d)* 
complexes. 

On the other hand, for complexes of the rare earths and actinides the 
erystal field splitting is small compared to the LS splitting, and for the 
complexes possessing (4d)* and (5d)* electronic configurations the crystal 
field splitting and the spin-orbit coupling are of the same order of magnitude. 
Consequently, for the electronic configurations (4f)" and (5f)" J is a good 
quantum number, whereas for (4d)" and (5d)* configurations neither L nor J 
isa good quantum number. These latter cases must accordingly be treated 
in an intermediate coupling scheme. 

Even though the spin-orbit coupling is small in the (3d)" systems, its 
presence has important consequences for the magnetic properties and also, 
to a certain éxtent, for the spectral features of these complexes. Magneti- 
cally, its presence can be felt in the departure from the spin-only value of the 
magnetic susceptibility of the complex! and in the zero-field splitting? 
found, for instance, by paramagnetic resonance methods. Optically it has 
been possible in only a few cases to detect a spin-orbit splitting of the 
absorption bands for (3d)” complexes.? This is due to the fact that usually 
the multiplet structure is very poorly resolved in these bands. 

The presence of the spin-orbit coupling is perhaps most clearly revealed 
by the existence of the so-called “‘spin-forbidden” absorption bands. These 
bands are due to transitions between states which differ in their spin 
quantum number S. Since without spin-orbit coupling S would be a 
rigorous quantum number, these transitions are observed only because the 
spin-orbit coupling scrambles together states which differ by AS = 1. 

As we move from 3d to 4d and further to 5d electrons, the value of the 
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spin-orbit coupling constant £ increases. Hence Moffitt et al.* are forced 
to treat the (5d)^ electronic configurations by using jj coupling. Or rather, 
by using this coupling as a starting point, they find that these compounds 
are located midway between the jj and LS coupling schemes. This situa- 
tion is parallel to the one encountered in Chap. 4 in the treatment of the 
intermediate crystalline field. 

Although, as indicated, the spin-orbit coupling plays a dominant role in 
the theory of f” configurations, we shall not have much to say about these 
compounds, even though many of the historical developments in crystal 
field theory are due to studies of the rare earths.5-?* From a chemical point 
of view, however, these complexes are less interesting than those of the 
first, second, and third transition series. Chemically, their properties are a 
more or less continuous reflection of the lanthanide contraction with the 
anticipated singularities at or near the xenon structure, the half-completed 
4f shell, and the completed 4f shell. 

The 4f electrons are shielded from their ligands by the completed 5s and 
5p shells, so that the crystalline field of a given (L,S,J) term only is about 
100 em-!, The crystal field which further has a rather low symmetry 
(C3, or even C3,) is consequently of much less importance than the spin-orbit 
couplings, the latter being mostly of the order of a couple of thousand wave 
numbers for these ions. Accordingly, the electronic features of the com- 
plexes of the rare earths are affected very little by their environment. 
Spectral studies of their salts in the infrared, visible, and ultraviolet are of 
interest because they yield, effectively, the atomic line spectra of the ions in a 
specific oxidation state. The interpretation of these spectra is mostly a 
problem in atomic spectroscopy, however, and at that a very difficult and 
tricky one. Chemically, perhaps, the main interest of these studies would 
lie in getting information about local site symmetries in crystals. We shall 
therefore leave this subject here by giving a few references to past and 
current work in this field.10729.9:755 Two excellent review papers are also 
listed 21.22 


6-b. Spin-Orbit Coupling for One d Electron in Octahedral Fields 
The interaction of the spins of a system of d electrons with their own 
orbital motions in a central force field may, as treated in Chap. 2, be written 
He = ba 2 les: (6-1) 


where £, is a characteristic of the radial part of the d orbitals and of the 
central field and l; and s; are expressed in units of å. For a many-electron, 
many-atom system one could then use an expression of the form* 


K; = » CE si); 
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where j is the number of centers. However, the simple form (6-1) of the 
spin-orbit interaction operator will also be used for the crystalline ions, but 
the justification of this necessitates a few comments. 

The spin-orbit interactions (6-1) are valid only when the field in which the 
electron moves has spherical symmetry. This is, of course, not so for a 
complex, but the difficulty is that a complete relativistic treatment of a 
many-electron system cannot be given at the present time, and hence the 
spin-dependent part of the Hamiltonian must be approximated. It would 
be expected that for the point group Oa the spin-orbit interaction should take 
the form 


£a 2 ti’ S; (6-2) 


Since &,, &, and &, transform like 1), À,, 4, and ł must likewise transform 
like T; in order for (6-2) to transform like the total-symmetry representa- 
tion. Or put in another way, l, l, and l, transform like T, (vide infra). 
Then, because of symmetry reasons, &,, i, and 1, must transform like 
L, l, and l. For pure d orbitals, ł, 1j, and 1, are, of course, identical with 
L, ly, and h. 

In order to incorporate the effect of the crystalline field U, we could 
expand V around the center and perform the appropriate analysis.?^* The 
&dditional term such a calculation?* would introduce is very small, however. 
This is due to the fact that the ''crystalline field" is only a small fraction 
of the central field found in the gaseous ion. It is, of course, this feature 
which enables us to treat U as a perturbation upon the spectroscopic ions. 

We shall thus in what follows consider only (6-1) and incorporate devia- 
tions from the central-field model in the adjustable parameter t£, In 
principle this quantity could be taken over from atomic spectroscopy, but it 
has been observed, by Owen?! among others, that the spin-orbit coupling 
parameter tz appears to be smaller for ions in complexes than for free ions. 
Hence, exactly as we handle the spectroscopic parameters F: and Fy, $a 
will be treated as a parameter having about the order of magnitude found 
for the free ions.?? 

We have for the three components l; l,, and l, of the angular momentum [: 


l= ~in (22 - 23) (6-3) 
ð ð 
P = -a( ay z) 


The transformation properties in O, are given in the following table. From 
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the character tables for O; we see that the set L,, l, and l, transforms like the 
irreducible representation tig. 


ry 2-2 z— 2 ry 
E Cil yz Cil z—5 —-z]|Ci| xv Cif y> i 
z72 yo -y y> ~r 2 -2 
L L i, -l i i i. 
LL l -L -L L i, 
L [A lz 2 lı =l l 
x 3 0 -1 1 -1 3 


It is now easy to see by means of symmetry arguments which crystal 
states will show first-order multiplet separations.?5?? A term whose orbital 
symmetry is T, say, will exhibit properties for spin-orbit coupling only if the 
direct-product representation T : T;,- T contains the identity representa- 
tion A,,. It follows from the group multiplication table 3-8 that the 
multiplet structure is expected to be pronounced only for those octahe- 
drally coordinated ions with either T, or T; ground states. 

In order to illustrate the very striking changes which may occur on first 
tying L to the octahedral lattice, and only afterward allowing it to couple 
with S, we take the case of a single d electron. The free ion has the states 
*Ds;, *Dsg with the spin-orbit energies (2-67) of —34& and £a, respectively. 
On the other hand, by placing ?D in a cubic crystalline field, we obtain the 
sixfold degenerate ?T,, and fourfold degenerate ?E, levels. From (3-36) 
we know that the inclusion of the spin will make ?E, transform like T(E) 
in the octahedral double group and that ?T2, will split up into I's(?72,) and 
T'7?T2,). It is then evident that I's(2H,) may interact, though of course it 
cannot be split, in second order of 3€; with T's(?72,) but not with T? CT7:,). 

The wave functions for D&(?E,) are immediately found to be, using the 
orientations of Liehr,* 


Ts? (GE, = v (ds + d_2)B = (zi Mi y?) 
T 
Ts? (E,) =) <= a (da + d_2)a = — (x? — y?) (6-4) 
Ts Eo) = dob = CN 
rs? CE.) = — doa = — (2?) 


which are the four different combinations of a and 8 spin with the d orbitals 
(x? — y?) and (z?) with appropriate phases. 

The proper zero-order wave functions for I's(?72,) and r:(°T2) are a bit 
more difficult to obtain. In order to find them, we shall utilize the set (3-27) 
for the tz orbitals, invest them with spin, and look at their transformation 
properties, first under Cy. 
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Keeping a point fixed in space, and using Table 4-1, we get for C, operating 
upon a and £ spin from (3-45) 


Cya = e~a CB = eB (6-5) 
with w = 2/4. 

Hence, by writing down the six orbitals and operating upon them with Cy, 
we obtain a diagonal matrix 


Ryo -ee 00 0 0 0 fa 
- 0 -e0 0 00 28 
CG, log «a = 0 0 e? 0 0 0 by a 
taB 0 0 0 xd d 0 0 is B 
E 0 00 0 -e0 tyta 
t, *B 0 00 0 0 e is, B 


(6-6) 


It is seen that both tza and t.,*8 transform in a unique way, whereas 
29% can couple together with t278 and 15,8 can couple together with tegta. 
We know that the six functions will provide a basis for a fourfold degenerate 
T; level and a twofold degenerate T; level. Because the trace, as seen from 
Table 3-6, is real under Ó,, 4,7 and t;,*8 must either both belong to Is or 
be the basis functions for T;. If they comprise the [';, we know that they 
must stay inside themselves when operating upon them with any symmetry 
operator in the double group. An application of, say, C3 soon reveals that 
this is not so. Consequently, tea and t:,+8 are two of the orbitals which 
span Ts. 

We are now in a position to find the linear combinations of the orbitals 
which span Ty. Consider the linear combination 


aa + bta h 


and let us perform the symmetry operation C; upon it. By using the C, 
operation utilized in Table 4-1 and keeping a point fixed in space, we get 
from Eq. (3-46) 


1 
Cia = —7e*(a + B8) 
y? (6-7) 


e 


N 1 , 
(8 = otra +f) eat 


Then 
A e 1 
Cs[at?,a. + bts,78] = ZB l*vs (—tagta — la*B — taa — tu B) 


1 1 1 1 
+O (^s + GB + gylta — a tag — Fe tB + 22] 
(6-8) 
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Since ta and (;,;*8 must not occur in I'7, we have 


ag 50-0 (6-9) 
orb = — „Za. Hence one of the normalized I; orbitals is 
V36 [0 — V2 taB] (6-10) 
The other one is found from (6-8) to be 
VIS [5,8 + V2 tta] (6-11) 


Two of the compounds of I's having already been found, the other two are 
constructed to be orthogonal upon (6-10) and (6-11). Our final result is 
thus, again with appropriate phases*® 


Ts? (tz) = V (= V2 to, + tote) 


T's (tog) = V35 (— V2 tza — lx B) (6-12) 
Ts° (tog) = tza 
T$? (tzo) = —la,*8 


Tz (tap) = V34 (8,8 + V2 trta) 


6-13 
T? (i4) = V4 (— ta + /2 t2978) ( ) 
Ts? (ej) = eB 
rg (ec) = — ea 6-14 
Ts (es) = eb Sd 
Ts? (ej) = —e,°a 


By using these wave functions, we can now find the energy under the spin- 
orbit perturbation. With 


Ke = Hes ELS + YS. + WLS) (6-15) 

where as usual l, = l, + il, etc., we find with n = a, b, c, d 
oo A " IT's” (to) = —1$&T.^ (tzo) + V% £T s" (eo) (6-16) 
o Gk Kel” (tog) = arr” (tzo) (6-17) 
Fls” (ej) = & V 26 Ta” (tzo) (6-18) 


Hence we get for the energy spectrum, Fig. 6-1. 


E(T;) = —4Dq + & (6-19) 
and for the two Irs levels 


|-4Dqg— M& -E Vul j T 
2M 34 £a. 6Dq -E ( 


"o ln 
é a XE 
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The solutions of (6-20) aret 


_ [9Dq + 4/34 tz cot o 

E- £ 

| —4Dq — Mt — 4/34 fa cot O (6-21) 
with tan 20 — ER IN (6-22) 


10Dq + 2a 


The form of (6-21) and (6-22) is due to Moffitt et al.‘ The left side of Fig. 
6-1 pictures the case where 10Dg >> a. When the spin-orbit coupling 


Ts 
Ts M 
aor NX. 
MEE. DTE T, oo PLA 
^ 
4 
I4 ? d 
| 7 
! 10Dq " 
/ 
£ T l n / 
tog P | 
N V $; 
N Ts 
pe ae Ts 
NR I's j=]: 
(a) (b) (c) (d) (e) 


Fic. 6-1. Term splittings for a single d electron. (a) Levels in a strong octahedral field; 
(b) levels with weak spin-orbit coupling; (c) levels with intermediate spin-orbit coupling; 
(d) levels with strong spin-orbit coupling; (e) levels for the free ion in jj coupling. 


becomes stronger, however, it eventually supplants the octahedral field in 
directing L. This is manifested by the interaction between the ?T';, state 
and the *E, states under X€4. The two Ts states in question have the off- 
diagonal element 4//32 £y. When ġa gets bigger, a uniform displacement of 
the two Ts levels takes place until, finally, when & overwhelms Dg, the 
free-ion functions are recovered and J is a good quantum number again. 
This situation is found to the extreme right in Fig. 6-1. 

To the first order in the parameter £;/10Dq the perturbed. functions for 


1 The solutions to the determinantal equation 


ig ud Hi 0 


His Hn — E E 
are by taking tan 20 = 2His/(Hi; — H3) equal to 


me LE Y = sin Of: — cos Oy: 
Hn + Hi: cot 8 Y = cos Oy, + sin Oy; 
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the lowest multiplet Ts are typified by 


Y = Te (s) — VIA EK Ta" (e) (6-23) 
10Dg 
The second-order energy correction for this level is just 
= 3 $ : 
Abc = 5 DI (ros 


6-c. Spin-Orbit Coupling for d” Configurations in Octahedral Fields 


In principle the elucidation of the energy spectrum for a d" system, 
assuming both a spin-orbit coupling and a crystalline field to be present, 
presents no difficulties. The Hamiltonian for the system is 


m bel 
n at Te ZE Duc [+0 (625) 


and as usual the solutions to the Schrédinger equation are obtained by a 
perturbation technique. To obtain the eigenvalues, we can use either the 
weak or the strong crystalline field functions as a basis for the perturbation 
by the spin-orbit term present in 39€. A third possibility is to build the 
electronic configurations up by using the orbital set (6-12) to (6-14) and 
then perturb with the electronic correlation l/|r; — rj. This latter pro- 
cedure is seen to be an extension of the methods used in the strong-field 
problem without spin-orbit coupling. 

Whatever scheme we use, the result should be the same if each problem 
is solved exactly. This follows from the fact that the three sets of basis 
functions are connected by a unitary transformation. However, and this is 
usually the case, if we have no inclination to solve the spin-orbit problem 
"exactly," we must choose the basis orbitals to be used in the perturbation 
to be as close as possible to the actual case. 

The interest in the spin-orbit coupling is generally centered around the 
energy spectrum of the lowest states. The reason for this is simply that 
these are the levels which determine the magnetic properties of the com- 
pound. So far, “complete” calculations have been performed?? only for d? 
and d* in octahedral and tetrahedral crystalline fields. In Ref. 30 the 
problem was solved by using both “weak” and “strong” wave functions. 
However, an application of these methods to d*, d*, and d* is, to say the least, 
going to be very cumbersome. In these latter cases it seems much more 
feasible to find the secular equations by using either the tensor method 
developed by Tanabe and Kamimura*! or the technique developed by, 
among others, Griffith.?? The latter author uses the fact proved in Chap. 4 
that the tz orbitals can be treated as pseudo p orbitals. We shall not treat 
the procedure of Tanabe and Kamimura here; instead, we shall look a bit 
closer at Griffith’s method and see how to utilize the formal equation 

= p in the calculation of spin-orbit energies. 
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For a single tz, electron we have, by using Eq. (4-152) 
faalt t S = —üd,s (6-26) 
and l+s=j (6-27) 


Then 
faale t S = — Esl 77 + 1) — L5, + 1) — s(s + 1)] (6-28) 


Giá — MG + 1)] 


|. ]-Mi j=% 
3 Esa jM (6) 


as found previously. 
This analogy can be applied to the (t2,)" electronic systems, for instance, 


(te,)?, (Fig. 6-2). 
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Fic. 6-2. Spin-orbit splittings in the (¢2,)* electronic configuration. 


From Condon and Shortley?* we have ACP) = 4¢,. This yields using 
Landé’s formula (2-65) 


E = —MitJ (J +1) - L(L + 1) — SG + 10] (6-30) 
for 1S J=0 L=0 S=0 E; = 
Jr J=2 L=? S=0 £E£=0 
3p J=0 L=1 S=1 E; = £a 
J=1 L=1 S= 1 E; = lta 
J=2 L=1 S=1 E; = — taa 


In the strong-field limit the ground state of cubic vanadium (III) com- 
pounds will thus exhibit a spin-orbit splitting of 3434 œ 300 em-!. Notice 
that the ?P; level is accidentally degenerate because J = 2 spans the 
irreducible components T; and Tsin the double group. It can be shown that 
this is a general feature?? and that ?5*!T; and *5+'T, states each split into 
three levels with degeneracies 28 — 1, 28 + 1, and 28 +3. These levels 
satisfy in this approximation (neglect of off-diagonal terms) a Landé 
interval rule. The proportionality factor in front of (6-30) is, however, not 
easy to calculate for the excited states of the (t2,)"(e,)” configurations, and 
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we shall refer to Griffith’s papers??:*? for the actual evaluation. The more 
limited case of the spin-orbit coupling in (é:,)" configurations has been 
exhaustively treated by Moffitt et al.* 

Usually, the spin-orbit splittings are small compared with the bandwidth 
of the absorption bands. For instance, for the excited 47'2,(t2,)?(e,) state 
found in Cr?+ complexes we get, either by the use of Griffith's method or 
simply by writing down the 12 wave functions and solving the perturbation 
matrix, E = 34d (sixfold degenerate), E = —Y4A (fourfold degenerate), 
and E = —54) (twofold degenerate). A is, as usual, the spin-orbit coupling 
constant for the +F state of the free ion. 

Inasmuch as the total width of *F(d*) equals 956 cm~! = AS(2L + 1), 
we get? A = 91 em-!. The total splitting of the ‘7:,(d?) term is therefore 
2\ = 182cm-!. The fact that this quantity is only about one-tenth of the 
bandwidth implies that it will be impossible to observe the spin-orbit cou- 
pling in the absorption spectra of solutions. The same splitting of 2A is 
incidentally found for the other excited Cr?* state, the ‘T1,(te,)?(e,). 

As an example for future reference, let us just sketch the use of symmetry 
considerations to classify the spin-orbit energy spectrum of two states in 
Ni(II) complexes. We shall treat the (3d)* system as the hole equivalent 
(3d)* system and consequently have for the orbital part of the ground state 
in the strong-field approximation 


V(As) = I(* — y)? (6-31) 


With S = 1 we see from Table 3-8 that such a state will produce a 
Tı- A: = T; (equals Ts level) in the double group O’. The three states 
comprising I’, are easily seen to be 


= Ke re DAI 
'As(T)) = 107 Al (2? — DOE + —- E Iz? — - 569 (6-32) 


= |(z? — y?) 
The first excited triplet state is a *7'2, state. The orbital parts are here 


= (GG?) 
$: = 5 (zz) e| + va K(zz)(* — y*)| (6-33) 
& = 13691 - V3 Ig) - vol 


(These functions are most easily found by going down in symmetry to Du, 
picking out the Ba, state $1, and operating upon ¢ with C3.) In the double 
group O' we get, as again S = 1 transforms like T;, 


Ti:T2= A, +E +T +T, (6-34) 


SPIN-ORBIT COUPLING 123 


In O’ the ninefold degenerate *7., state is evidently going to produce T», 
T; I, and I's states. For the I's states a mixing of *A2,(I's) and Ta (Ts) 
can accordingly take place via the spin-orbit coupling. The three spin 
states are 

1 
và (a8 + Ba) | yi 88 (6-35) 


and out of the nine possible combinations $iji, $iyo, etc., we want to pick 


out the three linear combinations transforming like Is in O’. Operating 
with C, upon the set yı, Yo, and Ji, we find by the use of (3-43) 


yı i 0 AfM 

Ó, Ü - ( 1 o) o ) (6-36) 
ya 0 0 —i/ Wi 
oi —1 0 0X /&i 

e. (=) = ( 0 0 3j (=) (6-37) 
3 0 1 0/7 \¢s, 


it is practical to take linear combinations of ¢1, ¢2, and ¢3 which are diagonal 
under Ó, These are easily seen to be the set 


Vi aa Žž p= 


and since, further, 


1 . | ae 
Vi = di V. = — a (¢2 — iĝ) Y; = Vi (ide — 3) (6-38) 


since 


'Then for the whole set 


- 


Fiyi —i 0 0 0 0 0 0 0 0] [Yiyi 
Vivo 0 —1 0 0 0 0 0 0 0| | Vivo 
Via 0 0 t 0 0 0 0 0 0] [Fiy 
Vor 0 0 0 1 0 0 0 0 0 Voy 
Ó|ww.|-|0 0 0 0 -% 0 0 O0 Of | ¥wpo 
Woy 0 0 0 0 0 -1 0 0 O} | Yol 
Ya 0 0 0 0 0 0 —1 0 Ol | Yay 
VYsyo 0 0 0 0 0 0 0 1 0] | Varo 
Vj 0 0 0 0 0 0 0 0 1) (Fy 
(6-39) 


Going down in symmetry from O' to Dj, we find, in the usual way, that 
B, in D, is a component of I's in O’. The trace of Bj(D‘) under C, is — 1. 
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Consequently 
YTE) = aio + bu + cYwA (6-40) 


The trace of B; under Cy’ is 1. Since 


" Vivo —1 0 OY /Yiyo 
Cy Yayi | = 0 0 i || Yayi (6-41) 
Vs j 0 —1 0 Y aya 
we have immediately that a — 0 and 


wre) = A [Baya + ial (6-42) 


as Cyy(T's’) = Y(T). Operation upon (6-42) with C, yields the two other 
components of T';(O) 


1 
y(T2) = và [Vayo + iYiYi] 


ve) = <q s asd 


(6-43) 


the traces under Ó, being respectively —7 and 1. 
Since the eigenvalues of *A;,(T;) under C, are 


€ —4 0 OY /€i 
&lel-[ 0 -1 ole. (6-44) 
O; 0 0 1 05 


we know further that the spin-orbit coupling mixes I? (?72,) with 2, 
Te CT) with €, and I; CT a) with 03. 
Since 


(T's” (?A2,)|AL * Sir; QGT3,)) = 2 /2 À (6-45) 


and with E(°Ta) — ECCA) = 10Dq, we have in the first order for the 
wave functions of the ground state 
24/24 
(Tw) = Te? (49) — D T. (Tao) (6-46) 
with n = a, b, c. 


6-d. Spin-Orbit Splittings Calculated by the Method of Abragam and Pryce 


A very elegant method for the calculation of spin-orbit splittings has 
been developed by Abragam and Pryce.3*35 Their procedure depends in 
essence upon the setting up of “pseudo” atomic state functions and then 
taking over the appropriate features from the theory of atomic spectra. As 
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an example showing the power of the method we shall treat an F state in a 
cubic crystalline field. 

An orbital F state in O, can be represented by the following wave func- 
tions for a single particle in an f state (ef. Appendix II, Chap. 4). 


Y: = VIO oy? — gi) 
Tr Vy = S y? — z?) (6-47) 
ye = VIB ae — y) 
$: = v x(2z? — 3y? — 32?) 
Ti 4$ = vt y(2y? — 3z? — 3r?) (6-48) 
¢: = V gp — 3r? — 3y?) * 
and Ae x = V105 zyz (6-49) 


These wave functions are normalized and transform in the cubic point group 
as indicated. We now form the new linear combinations 
1 ; 
y= = à (V. + ih) 
Ti yo = V, (6-50) 
1 . 
y= V2 (Yz — thy) 


1 I 
a= vac T 1$) 
Ti do = os (6-51) 


E ET 
art oz 16, 


If we take the total set of the seven orbitals (6-49) to (6-51) comprising 
the F state, we have, for instance, 
V 15 


Lai--—34$6— -z Y- 
6c 
Lé-- gx (6-52) 


La = 340-1 + v$ yı 


By further operating upon the set T, with L,, L,, and L,, we get if we do not 
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consider any admixture of other states, 


$i 3 1 0 OY /&i 
L4 5 0 0 UNES (6-53) 
$-1 0 0 —1/ Né. 


0 
0 -1 


zi ġo |= —35 1 0 14h ¢o (6-55) 
2 
dick 3 0 1 0 $a 


In other words, the set ¢1, ġo, and ¢_; behaves as an atomic P state having 
L = 1, but with an effective orbital Landé factor equal to — 34 (cf. Sec. 4-1). 
The advantage of defining the orbitals in this way is that L! + S’ is a 
constant of the motion and its eigenvalues M can be used to classify the 
various states, just as is the case in the theory of atomic spectra. 

Let us with Low* calculate the spin-orbit splitting of the ground state 
of & Co** ion in a cubic crystalline field by using the above method. "The 


lowest atomic state is a *F state, the ground level in O, being a ‘Ti; state. 
Then 
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Ki = AL-S = adL’- S 


od(LiS, + VES. + E S.) (6-56) 


By using M as a good quantum number, we now calculate the fine-structure 
matrices. We use a notation (L/,M,) to characterize a given state. For 
M = + we get the secular equation 


(x1, £34)| -34a — E V35 ad 0 
0, £1)| Va | O—E V2a. |=0 (6-57) 
(+1, x14) 0 V2a. =ar- E 


For M + 34 we get 
(0, +34) (+1, +14) 


(0,+3)| 0—- E Van |_ 
(41, £39. VERO DEN EE (6-58) 


and finally for M = +534 the only state is given by (+1, +34) with an 
energy 


E = Ya (6-59) 
Solutions of (6-57) to (6-59), putting a = — 2^5, yields the following roots: 


| 4 M = £4 
-a M= £M, tM, +% 
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Since the spin-orbit coupling constant A is negative (we are in the second 
half of the d shell), the 1524 is the lowest level. The total width of the 
multiplet is hence approximately 6. It is only approximate because 
we have neglected configurational mixing with higher states. With? 
[^| = 178 cm~! the total width is 1066 cm~}. Experiments show?! that the 
splitting in CoBr; is 1150 em-!. 

Putting E = 1544 back into (6-57), we obtain the wave function of the 
doublet I, 


1 


1 1 
Vj = —7m6-14 — —7 bon + —7z bi- 
n v? y v (6-60) 


y-n = va t7 23 po- HT ai $-15 


We knew, of course, beforehand that the ground state would have a Kramers 
degeneracy because the system possesses an odd number of electrons. 


6-e. g Factors in an Octahedral Field 


Some of the most interesting features of the spin-orbit splittings appear 
when we consider the Zeeman effect. In a magnetic field H the term 3c? 
giving the magnetic energy 


KD = 8H - Y (li + 2s) = H (L + 28) (6-61) 


must be added to the Hamiltonian. Here 8 is the Bohr magneton. The 
separations within a given multiplet due to a field along some axis x, say, 
may be expressed in the form 

hv = gH. (6-62) 
where g, is the so-called spectroscopic splitting factor. The theory for the 


atomic Landé g factors was briefly treated in Sec. 2-1, where it was found 
that for free ions g was given by 


70 t D — LL 3 1) + SG + 1) 
" JU +4) 


(6-63) 


whenever Russel-Saunders coupling holds. 

For an octahedral complex the g factors are isotropic; i.e., they have the 
same value regardless of whether x = z, y, or z. However, their values 
differ widely from those given by the Landé formula. 

Let us evaluate the Zeeman splittings for a single d electron in an octa- 
hedral field. For the ground state T's, by using the wave functions (6-12), 
we get 

(I's" (too) |BHi(l. + 28) |Ta^ (6;)) = 0 (6-64) 


with n = a, b, c, d. 
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Hence the I's(tz,) quartet is not split by any field at all, using zeroth-order 
functions. It is, however, possible for this state to couple to the Is(e,) 
states via the spin-orbit coupling. 'The wave functions in first-order 
approximation are given in (6-21) 


Y(T”) = Ts? (tz) — af Tab; T's" (eg) 


Evaluating the matrix elements 


(¥(Ts")|BH.(L, + 28)|y (T7) 


we get 

es EN = 3 
10Dq Bis leer: 2 

B=0 m= 5 

1 (6-65) 

Et = 0 m-—-— 5 
— 4u 3 
d = = -— — 
= igp de ^m 5 


In other words, we get an undisplaced doublet and two singlets. The 
only good quantum number is m = m, + m, and by the selection rule for 
magnetic dipole transitions we must have Am = +1 in order for the 
transition to be allowed. Then from (6-62) and (6-65) 


_ Ata : 
94H, = o5; BH: (6-66) 
EET : 
? — 19Dg (5-07) 


It is seen that the g factor for the Ts(tz) state differs from zero by virtue of 
its “high-frequency” terms. For T?*t complexes we have fa œ 100 em^! 
and 10Dq œ 20,000 cm-!; the g factor is only ~léo. 

For the excited states we get, upon evaluating (I, + 28) by using the 
unperturbed wave functions (6-13) and (6-14), that for I';(¢2,) the two levels 
are separated by 28H, and therefore that g = 2. Similarly, the I's(e,) levels 
are split into two doublets of energy +8H,; once again g = 2. By com- 
parison, the g factors for the *D,; and ?D,, levels of the free ion are 44 and 95. 

Let us further calculate the g factor for the ground state of cubic Nit+ 
complexes. The wave functions are given in Eq. (6-30). By evaluating 
L: + 257 we get 

(6,|L, + 28,01) = 2 
(esL, + 28,162) = 0 
(0;|L, + 25,103) Fe 


The g factor is thus 2 in the first approximation. If, on the other hand, we 
take account of the fact that the ground state can mix with the level Ts(°T29) 
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via the spin-orbit coupling, we see that by use of the wave functions given in 
Eq. (6-46) a correction to the g factor of 2 is obtained. In order to estimate 
this correction, we must evaluate (¥(I's")|Z, + 28,|y(1's")) to the first order 


ind. With 
2 4/224 


Cu") — n (3 — 
¥(T's") = Ts" (3A 29) i0Dq 


T's" CT) (6-68) 


where the components are as given in Sec. 6-c, we get 


(s)1L. + 2844(09)) = 2 — 10D; 
W(rsyiL. + 28,9 (T4) = 0 


i § Rd p da 
UTSI, + 2849 (109)) = (: Poi) 


Hence, to the first order in à the Landé g factor is equal to 


8^ 


= 9 — -. -6 
?72- p» (6-69) 


From resonance spectra we get g = 2.25 for N1(H;0)4**, in admirable accord 
with the theory if —8\/10Dg = 0.25. On a quantitative basis, and this is 
rather typical, the agreement is less satisfactory. Taking À = —324 em-!, 
the value given by atomic spectroscopy," one would predict 10Dq to be 
10,700 em-7!. In fact the first broad maximum found in the spectrum of 
Ni(H,0),** which directly gives 10Dq is located?’ at 8500 em-^!. 

It appears, therefore, that in order to account for the g factors, one must 
assume that the spin-orbit coupling constant is diminished from its free-ion 
value to only about —270 cm-! for the crystalline ion. A closer analysis 
of this and related effects has been performed by Owen,?* and we shall 
return to this point when discussing the molecular orbital approach. 

As a final example of a calculation of the spectroscopic g factor we shall 
take the case of a cubic Co** complex. The wave functions for the Te 
ground state have been found by the method of Abragam and Pryce and are 
given in Eq. (6-60). Since, after (6-52), L,$, = madm with a = —34, we 
have » 

(dL. + 28,94) = =a + 94 
(Pulls + 28...) = Wa — 94 


Hence the g factor is 


g = —%a + 1% (6-70) 
and since a = —3%, g = 4.333 to the first order. 


In the second order the spin-orbit coupling mixes in a slight amount of 
the excited *T;,(T4) state to the ground state, similarly to the situation 
found for Nit* complexes. We must then find the combination of the spin 
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functions and orbital functions given in Eq. (6-50) tra iorming like the 
excited state I’. 
By operating upon Vis, Vis ^ c c with Ó, and Cs, it is easy to find that 
the two orbitals 
apis by 3s + 0j 
ap- 3 + Dos + ehis 


span the Fs level. Application of the operator C; yields a = 4/16,b = 4/15, 
and c = — +/1% by the now well-known procedure. Hence 


TT. ) VM Vas + vM Yo,- — 1$ y-i-5 (6-71) 
"(Né vios H VIS Vos — VIA Vous 


The mixing parameter (T's(*73,) |AL - S|T«(*7,)) is evaluated to be 3 4/5 4/4, 
and the wave function for the ground state is, to the first order in A, given by 


À 
Te(4573,) — Me Te T3) (6-72) 


Calculation of the g factor then yields a value 
-10 24 
TU. 3 2 10Dq 
This calculation has neglected the contribution to the ‘7',,(F) state from the 
‘T,,(P) state; i.e., we have not considered the mixing of these two states due 


to the crystalline field. This effect is easy to include,**?6 because the 
orbital part of the ground state can be written 


Y = e +r (6-74) 


Q 


(6-73) 


where « and 7 are defined as the coefficients to the orbital functions of the 
ground state T,,(*F) and of the excited T,,(4P) state. Then 


' (WLIW) = (ae + 7)M (6-75) 


and we see that any admixture of the P state will reduce the effective value 
of a. Hence 


a! = -Ye + 7? (6-76) 
and i$ 8(e- 3") EI (6-77) 


Experiments yield? a value of g = 4.278 for Co** ions in a MgO crystal. 
With Dq = 1000 cm^! and a separation between the ‘F and *P state of 
14,400 cm~: we find «e = 0.981 and r = —0.194. Since A for Co** is 
— 180 cm-!, we get g = 4.406. 

The discrepancy between experiment and theory can be removed by the 
introduction*? of a so-called “orbital reduction factor" k. This factor takes 
account of the deviations of the orbitals from the atomic orbitals (see. next 
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chapter). The f. .! result for the g factor is then 


_ 10 2.252 195. 
TE ZEZIC 57) 2 10Dq (6:8) 


If there is some covalent bonding present, k will be less than 1. We 
notice that theory and experiment agree in the above example for a value of 
k = 0.86. The orbitals are thus nearly—but not completely— described 
by the atomic wave functions. We shall later return to this point. 


6-f. g Factors in a Tetragonal or Trigonal Field 


It often happens that a paramagnetic resonance experiment reveals that 
the spectroscopie g factor is anisotropic. In that case the experiments 
cannot be explained by assuming a cubic crystalline field to be present; such 
a result definitely indicates that a lower crystalline field than cubic is opera- 
tive upon the metal ion. Indeed, owing to a remarkable theorem of Jahn 
and Teller**? (vide infra) we know that all possible degeneracies, both 
orbital and spin, are removed from the ground state of any molecule. The 
only kind of degeneracy unaffected by the Jahn and Teller theorem is a 
Kramers degeneracy.‘*44 Kramers’ theorem tells us that a system contain- 
ing an odd number of electrons and with no magnetic field present always 
will leave all levels with an even degeneracy. Hence we see that the 
combined Jahn-Teller-Kramers theorems will make the ground state a 
singlet if the number of electrons is even and a doublet if the number is odd. 

Very little attention has been paid toward the behavior of the higher 
excited states when both a tetragonal or trigonal field and a spin-orbit 
coupling is operative.  Liehr** has published the perturbation matrices for 
the d! and d? case and Sugano and Tanabe** have treated the absorption 
spectra of Cr** in Al,O; by assuming both a spin-orbit coupling and a 
trigonal field to be present. Apart from that and unpublished results for 
d? by Low,‘* nothing appears to have been done. We shall therefore con- 
fine our analysis to the behavior of the lowest electronic states. Here, on 
the other hand, a true abundance of work has been done. But since this 
research is mostly concerned with the explanation of paramagnetic resonance 
experiments, and since this is a topic exhaustively dealt with in many 
excellent recent monographs‘?-4* and review papers,!?3$75 we shall only 
outline the pertinent features. 

In order to illustrate the calculation of the g factors of ions in a trigonal 
field, we shall first look upon the case of a single d electron. The ground 
state of a Ti*+ ion which in octahedral symmetry is a ?Ta, term is in a 
trigonal field split by an amount [see (5-29)] A = 3De + 624Dr, which 
quantity we take to be positive. Hence, of the three orbital levels arising 
from the octahedral ?7,, ai, is the lowest and the doubly degenerate e, level 
is lying some A above it, Fig. 6-3. When the spin-orbit coupling is switched 
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on, the ?A,, term transforms like the twofold degenerate I's in the double 
group* and ?£ transforms like re + T4 + I's, Py and Ts being nondegenerate. 
Owing to the theorem of Kramers,**** P, and I's must remain degenerate in 
the absence of a magnetic field (see too Liehr, Ref. 45, footnote 35). The 
zero-order wave functions for the ground I, doublet with A > ġa would 
then be t{,@ and i28. Finding expectation values for (L: + 28.) and for 
(L: + 28,), their Zeeman splittings may be written giGH. and g,6H;, 


Pa Ts 


E, 2E, T 
———I-— Es A re 
| 10Dq 
E 
Le 
E, "T 
Eom d i i Pa Ws 
PS. "Ag Hn T9 Ig 
(a) (b) (c) 


Fic. 6-3. Trigonal and spin-orbit splittings. (a) Octahedral symmetry without spin- 
orbit coupling; (b) trigonal symmetry without spin-orbit coupling; (c) trigonal symmetry 
with spin-orbit coupling. 


respectively, for magnetic fields directed along, or normal to the threefold 
axis. By using the above wave functions, we obtain 


972 g =2 (6-79) 


Experimentally it is found® that gy = 1.25 and g} = 1.14. The theory 
must then be reconsidered. 

Next we shall look at the case where £; and A are comparable (about 
100 cm-?), though both are small with respect to 10Dg. Using the orbital 
set. (4-41) we find an off-diagonal element in 3€; between (2,8 and tza equal 
to 15 a. The resulting eigenfunctions for the perturbed ground state, a 
Kramers spin doublet, take the form 


Vis = adoa + b(4/ 24 dr + V4 di)B (6-80) 
W315 = ad — b(4/24 ds — V 15 dija 


where a and b are simple functions of £j A. By finding the resulting energy 
separation with a magnetic field present, we obtain 


gj = 2(a? — 2b?) gi = 2(a? + 4/2 ab) (6-81) 
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and by inserting the values of a and b, we obtain?! 


3(A + 3684) ee 
er he ze 712) NS oi Ga cn iS Sas 
a EXC ape U* Via BST 3D 


(6-82) 


These expressions reduce to zero, of course, when £57» A, because the 
trigonal perturbation is then suppressed and the effective symmetry is 
octahedral again; the levels reduce to components of ?T;,(T4). On the 
other hand, if A > £&, gj and g; both become 2, as found previously. The 
expressions for g; and g; given in (6-82) are still not quite sufficient to explain 
the experimentally found values gy = 1.25 and g, = 1.14. The low 
figures are to be expected on the basis of (6-82), but their actual values 
require à more detailed discussion in which second-order corrections arising 
from the excited octahedral ?E, state are taken into account. See further 
Kamimura*? and Stevens.*? 

Let us with Pryce**5* look a bit more at the theory for the g factor when 
an orbital singlet is the ground state. We are interested in the energy values 
of the crystalline field system when these levels are perturbed with 


KY = AL. S + 8H-(L + 28) (6-83) 

By applying first-order perturbation theory, we get for the ground state y» 
(Yo|K Yo) = 28H «S (6-84) 

since the terms (Yol\Lelyo), (WolLylyo), and (Vo|L.|p9) vanish because a singlet 


orbital state carries no angular momentum. In the second order we get, 
calling the excited states y, a correction to the energy 


pos — y (Wu: S BH + 25) 
P n #0 En — Eo 
(DL. I(o]|XL - S + 8H - Lly,)|? meo 
Eo = | : 
2 E, — Eo » 99) 


Since we are only interested in the terms linear in ASH, we get, by col- 
lecting the terms from the first- and second-order perturbation, 


EO = 28(85 — Aa) SiH; (6-86) 


where A; is a real, symmetrical, positive definite tensor defined in terms of 
the matrix elements of the orbital angular momentum L by 


Ag zz > le (bel aldo) (6-87) 


nO 
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Hence the general anisotropic g factor 1s given by 
gi = 2(8;j = AAs) (6-88) 


This whole calculation is, of course, valid only provided E, — Eo > X. 

Let us calculate the g factors for a Cu** ion in a field corresponding to 
tetragonal Dy, symmetry as an example for the use of the formula (6-88). 
The octahedron is supposed to be elongated along the fourfold axis. We 
shall use the hole formalism for the d? system; the energy levels are then as 
pictured in Fig. 5-1 as seen upside down. An elongated octahedron should 
stabilize electrons in the d4 orbital; consequently, a hole should be repelled. 
Hence we would expect the dz: to be the ground state in d?. Let us, 
however, calculate the g factors in both cases. 

1. GroundStated,. Withj = z, L,d = 0; withj = z, Lada = ~i V3 dy. 
We get y, = dy: in order for Aj; to be different from zero. Inspection then 
gives 1 = rz, and hence by (6-88), 


gy = 2 gi =2 ( = 2) (6-89) 


1 
where A; = E(e,) ~ E(ai,). 
2. Ground State diy. With j = z, Lda y = 2id,,. Only with i = z 
do we get a value of Ay different from zero. With j = z, Lidny: = —itdy, 
and, further, ? = z. Then 


4A À 
gy 2 ( z 2) g1 = 2 ( = x) (6-90) 


where As = E(bo,) — E(b,) and A; = E(e,) — E(bi,). For a more 
accurate calculation see Abragam and Pryce.*? 

It is seen that measurements of the g factors can decide which ground 
state the complex has. Experiments on Cu(NH;3),8SO.H,O showed5 
gj = 2.22 and g, = 2.05 agreeing with the second possibility, exactly as 
expected. 

The combined effects of a noncubic field and the spin-orbit coupling will 
in many cases lead to a so-called zero-field splitting of the ground state. 
Consider as an example [Ni(H;O)4SiF,. The ground state of (3d)? is in a 
cubic field *A2,(I's), that is, an orbital nondegenerate state but a threefold 
degenerate spin level. The next excited triple state isa *7';,. A tetragonal 
or trigonal field will split the orbital degenerate states, in particular the 
excited Tz state, into a twofold orbital degenerate level and a single one. 
The spin-orbit energy may then be regarded as & perturbation which 
couples the ground state together with the excited states. Hence, the spin 
multiplet of the ground state will feel the splitting of the excited states 
indirectly. "These spin levels will therefore undergo a small splitting, the 
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zero-field splitting. Without the influence of the excited states the spin 
triplet would be degenerate, since the deepest orbital levels is nondegenerate. 

In order to illustrate the effect, we 
shall estimate the zero-field splitting 
for a trigonal Ni** complex under the 
simplified assumption that the only 
excited state present is the ?7T';, state. 
The calculation will be performed by 
using the ''strong" wave functions 
(6-43) and (6-44). 

For the cubic *Ao,(I's) and *72,(T's) 
wave functions we have found, Eq. 
(6-45), that the interaction term under 
ae = AL: S equals 2 4/2 4. Under 
the influence of a trigonal field the Fic. 6-4. Trigonal splittings of T, states 
threefold degenerate *7J'.2,(I's) will split for qs, 
up into a singlet and a doublet, whereas 
the #A2,(I's) ground level wil not exhibit any splitting, Fig. 6-4. 

By using second-order perturbation with 3€ = AL-S, we get with 
hv; and hv: as defined in Fig. 64 


by —» 


Egr = — = (6-91) 
Eg = zi (6-92) 
Hence 
ô = EQ — EQ, = 8v = = i) (6-93) 
With kı = hv; — hy; « A; this may be written 
à eum (6-94) 


A more general calculation taking the ! T2, (Ts) contribution into account?? 
yields 


JO 9k 


ó Aj 


(6-95) 
Notice that the theory demands the singlet level to have higher energy than 
the doublet if k, is positive. A positive kı is what we should expect from the 
considerations in Sec. 5-b, provided the octahedron is elongated along the 
threefold axis. 

Inclusion of & magnetic field then yields the further splitting indicated in 
Fig. 6-5. We observe that for a given frequency hy two resonance absorp- 
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tion lines will occur for such values of H that 

hy = g BH, + 6 (6-96) 
Experiments®*-5? yield a (temperature-dependent) value of 6 720.50 cm-! 
for [(Ni(H;O)JSiF, Since A is —275 cm~: for this complex?’ and A, is 
79000 cm-', we see that the splitting of the excited state can be calculated 
via (6-95) to be in the neighborhood of 50 cm-!. 


The paramagnetic resonance experiment does not tell us the order of the 
split levels in the ground state. It is true that the theory as outlined above 


Fic. 6-5. Zeeman splitting of ground state I',(3d)* with H parallel to the trigonal axis. 


predicts the singlet to be placed above the doublet, but, after all, this pre- 
diction is dependent upon the sign of the trigonal splitting parameter Dr. 
It was realized quite early,5* however, that only for the above splitting of the 
ground state was it possible to account for the bulk magnetic behavior of 
the complex at very low temperatures (vide infra). 

In cases where the crystalline field in Nit+ complexes is of lower sym- 
metry than trigonal (or tetragonal) the doubly degenerate E1) level will 
split up, and consequently I's will be made up of three singly degenerate 
levels in zero field. This is, for instance, the case in Ni(NH4):(SO4)&6H30. 
For a closer discussion of these cases see Ollom and Van Vleck?? and Griffiths 
and Owen.®° 

The reason we can get singly degenerate states for Nit+ complexes is, of 
course, that the number of electrons is even, and hence Kramers’ degeneracy 
isnot operative. In complexes of Cr*+, on the other hand, where the ground 
state in a cubic field is d? 4A>,(I's), a lower field can only split the fourfold 
degenerate ground state into two Kramers doublets. A calculation of 
Van Vleck,*! as corrected by Meijer and Gerritsen,* yields 


ô = Eg — fin = = (6-97) 
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where, as in Fig. 6-4, Ai is the energy difference, ~10Dg, E(*T2,) — E(*Asj) 
and kı is E(*T4,(A)) — E(*T2,(E)). Resonance experiments?* for the 
alum CsCr(SO):12H;50 yield that, at T = 290°K, 6 = 2 X 0.073 = 0.146 
em-i. Since?A, = 17,400 cm~! and?* à = 58 cm-!, we get kı = 800 cm-!. 

In the foregoing we have tacitly assumed that all of the zero-field splitting 
is due to the presence of a spin-orbit coupling in connection with a low 
symmetry. At the same time spin-spin interactions may also play a role, 
again, of course, only where the symmetry of the complex permits a splitting 
of the ground state. However, this effect is usually small in comparison 
with the spin-orbit splitting, just as in the case of atomic spectra. If the 
system is treated by a so-called spin Hamiltonian (vide infra), both effects 
are incorporated into the measurable quantity D. 


6-g. The Spin Hamiltonian 


Ín our eursory discussion of paramagnetic resonance phenomena in the 
complexes of the transition groups we must not forget to introduce the spin 
Hamiltonian. It is true that this concept has its greatest advantage in dis- 
cussing the interaction of the nuclear spin with the electronic spin, a topic 
with which we will not be concerned for the simple reason that so many 
excellent review papers and books deal with these aspects.}?-38.47.48 The 
spin Hamiltonian concept is mostly due to Abragam and Pryce and their 
collaborators. 12.34,35,38,53 

In order to derive the spin Hamiltonian, we shall look again upon the 
perturbation treatment with 3° = AL - S + 8H(L + 2S) given in Eqs. 
(6-83) to (6-87). Carried through to the second order in A and f, we have 


EO = 28(85 — XA4)S;H; — MAGSIS; — BAGH iH; (6-98) 


where the tensor A;;isas previously defined. Dropping the last term (which 
gives rise to a uniform displacement of the levels and is responsible for an 
induced paramagnetic moment, vide infra), and already having seen that the 
first term is the g factor, we shall concentrate upon the second term in (6-98). 

This term is the one responsible for the splitting of the spin multiplet in 
zero magnetic field. In order to study the effect, we shall as an example 
take a crystalline field possessing axial symmetry (trigonal or tetragonal). 
In that case we can write Az; = Ay, = A, and Az = Aj, the other tensor 
components being zero.3*55 Then 


—XA4S,$; = —d[A, (8,2 + 8,2) + A48] (6-99) 
Since 
82+ 87 = S(S +1) — 82 (6-100) 
we get 
MAGS; = —d[A,S(S + 1) — (A, — ADSI (6-101) 
Calling 


D = (A, — AQX (6-102) 
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&nd rearranging (6-101), the final result is 
—MA4S,S, = D($* — SS + 1)) — 1$XS(S + 1)(24, + Ay) (6-103) 


For example, we see that the energy difference of the spin multiplet for 
Nit*(3d)* with S = 1 and M, = +1,0 is just the quantity D. 

By substituting (6-103) into (6-98) and dropping all constant terms, we 
get for the spin Hamiltonian in axial symmetry: 


X = gy8H,S, + 9,8(H.S, + H,S,) + DS? (6-104) 


Departures from axial symmetry can be described by adding the term 
E(8,? — S,?) and changing the second term in (6-102) as follows: 


K = B(g.H.S, + g.H.S, + g,H,S,) + DS + E(8.2 — Sy) (6-105) 


Let us try to find the eigenvalues of (6-105) with S = 1. For H parallel 
to the axis of quantization z, and writing (52? — S,?) as }4(S,? + S_?) with 
S, and S_ having their usual meaning, we get 


K = 69.H.S, + D + WE(S,? + 8.2) (6-106) 


The perturbation matrix is then taking Ms = 1, 0, —1 


(6-107) 
—98H + D 
with eigenvalues 
0 
ux iA E 
EU | D4 XH T E (6-108) 
For H parallel to z the spin Hamiltonian is 
a = 8g,H,8. + DS; + M$E(S,? + S?) (6-109) 
The perturbation matrix is for S = 1, Ms = 1,0 
Ms = 
(6-110) 
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with eigenvalues 


D-E (6-111) 
E = 2 
Pres (2 + J + BH? (6-112) 
Finally, for H parallel to y 
D+E (6-113) 
E® = "m _ BA? 
DoF 4 (2E) + sora, (6-114) 


The importance of the spin Hamiltonian lies in the fact that it offers a 
simple theoretical framework for inserting the various measurable quantities 
g, D, and E. These constants can then in turn be related to the electronic 
configuration of the ion. Hence, knowing the experimental results, we can 
substitute back into our theoretical expressions and in this way critically test 
our initial assumptions about the orbitals, the energy states, and the bonding. 


6-h. Magnetic Susceptibilities 


Measurement and interpretation of the magnetic susceptibilities was the 

first field in which the crystal field theory showed its power. From the time 
of Van Vleck's now-classic work “Electric and Magnetic Susceptibilities"! 
&n enormous amount of labor has been done in order to interpret the finer 
points of the experimental results. A classic magnetochemist was usually 
content with measuring the magnetic susceptibility of a complex at one 
temperature and then converting the result to “number of Bohr magnetons" 
or ‘number of unpaired spins" by means of Curie's formula. Sad to say, 
most of this work is now completely outdated. Only measurements done 
over a wide range of temperature can be subjected to & thorough theoretical 
test; when that is done, it is usually seen that the Curie law is not so uni- 
versal as one would have liked. 
. The reason that the measurements of magnetic susceptibilities fell into 
decline during and after the war is just the difficulty in interpreting the 
results. Whereas measurements of the spectroscopic g factor give informa- 
tion about a single electronic level, the magnetic susceptibility only tells us 
about the average population of the various electronic levels. Nevertheless, 
a good deal of information was obtained about the electronic ground states 
in the complexes by magnetie methods, even though some of it had to be 
revised with the coming of the paramagnetic resonance method. 

In this section we shall briefly treat some typical cases by means of the 
crystal field theory, the alternative method of Pauling now having mostly 
historical interest. We shall give below a brief derivation of the basic 
formula due to Van Vleck! for calculating the magnetic susceptibility. 

Suppose that we have the energy of the level E, of a molecule developed 
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in a series in the applied field H 
E, = Ey + HEY + HEM, oc (6-115) 


where n and m specify quantum numbers and E> is the energy in zero field. 
The magnetic moment y of the molecule in the direction of the applied field is 
then 
ðE 
b= - (6-116) 
In the presence of the magnetic field there is a thermal distribution of 
aligned dipoles in the various energy levels. The total magnetic moment P 
is then found as the statistical mean over all the stationary states, using a 
Boltzmann distribution. 


by Hn,m € Falk? 
P=N22 (6-117) 


2 e ExkT 
n 


where N is Avogadro’s number. With 


o 1 oe 1 
ener n exp | - Bet MBER Ec] oe — SEP) eum 


kT 
and uem = — Ean = — BY, 2HEQQ- 5c (6-119) 


we get in this approximation for P 


$ (- Eg, — 2HEg., ( - n) en Ea ler 
Psi Se. G90) 


» g- FIT 
n 


If, as is always supposed, the compound does not have & permanent 
polarization in zero magnetic field, the following equation holds true: 


Y — EX eE = 0 


nm 


Hence, retaining only terms linear in H, 


IE = (2) —E,*IkT 
H > mel — 2ER, ) e 
> en Ew IkT 


The susceptibility x; in a given direction (¢ = z,y,z) is given by x; = P./Hi. 


P=WN (6-121) 
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Equation (6-121) then gives for the susceptibility 


= NI (6-122) 


> g- BAIT 
n 


For the case where the separation of the levels of the ground state is small 
compared to kT, and the next excited level has an energy that is large 
compared to kT, Van Vleck! has shown that the susceptibility is given by 


2 

=N y SE - 2x (6-123) 
Here "E 

Evin = (onluiVon) (6-124) 

y [Gom [sli m)? 
Em = ET (6-125) 
with à 
m = B(L; + 28) (6-126) 


and j4 is the multiplicity of the ground state. The first and second terms 
in (6-123) are respectively called the low- and the high-frequency terms. 


E 
Bt M;8gH 
SS 
2941 CF 

A ao A 
o A l 
Ng: ° 

~N -(Ms-1)8gH 

-M,8gH 


Fic. 6-6. Splitting of spin degeneracy in a magnetic field. 


We shall now calculate the magnetic susceptibility of a complex assuming 
an orbital singlet, having 2S + 1 spin degeneracy, to be the ground state. 
By the inclusion of the magnetic field, the spin degeneracy will be removed 
and the splitting pictured in Fig. 6-6 will occur. 

Neglecting high-frequency terms, we have that E$?, — 0. Thus by 
using (6-123), we obtain, because 8gH <& kT, 


xS SUE D eis 
28 +1 


g*SCS + 1) (6-128) 


(6-127) 


ONE 
— 8kT 
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This is then the temperature-dependent part of the gram susceptibility 
caleulated under the assumption that only the ground state is populated. 
Experimentally, the “effective magnetic moment” pet is obtained from the 
observed susceptibilities according to Curie's formula 


_ N yl 
X ^ 3kT 


(6-129) 


By comparison with (6-128) we see that 
per = Bg*S(S + 1) (6-130) 


Let us take an example. In an octahedral Nit+ complex an orbital singlet 
lies lowest and we have previously found, Eq. (6-69), the Landé g factor to 
be 2(1 — 44/10Dqg). With S = 1 we then have for the low-frequency term 


_ 8NB?(/, 0 4 \? 
xt = SET ( 15;) (6-131) 


The high-frequency term presents no difficulties either. The orbital ground 
state is |(z? — y’)(z*)|. Because of orthogonality, it is only the angular part 
of 8(L, + 28) which is operative in the E? term; we find 


L| — y*)(2)| = 20) 


The latter orbital state belongs to the *T';, level, being located some 10Dq 
above the ground state. Hence, by summing over M, = 1, 0, —1, we get 


40-404 


xa:  N8*(—2) 3(—10Dj) 


(6-132) 
and the total formula for the susceptibility of a cubic octahedral Ni(II) 
compound then becomes 

_ 8NB? 4X 8NB? 


2 
X= 3EP ( D wr) 10Dq eas) 


We have in the derivation of (6-132) omitted the effect of the mixing of *A2, 
and ?Ta via the spin-orbit coupling. This is, however, not important here. 

By an odd coincidence, the value of 8N8?/3k is very near to 1. Hence, by 
inserting?* for Ni(NH;)sBr; that Dg = 1080 cm™ and A = —200 cm“, we 
have 


ees 11530 + 193 x 10-* (6-134) 


For 7 = 291°K, x = 4157 X 10-5, which is in close agreement with the 
experimental value, corrected for the diamagnetism of 2Br-, of 
4099 X 107°. 

Suppose now that the Nit complex possesses only axial symmetry. For 
H parallel to the axis of quantization, z, the spin Hamiltonian is [see Eqs. 
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(6-105) to (6-108)], 
K = 8gH,S, + DS (6-135) 


with eigenvalues E = 0 and E = D+ gj8H, Fig. 6-7. The “low- 
frequency" part of the susceptibility is then given by 


i e-olkT + 2 af e DIT 


xa = N 5p 
2Ngy8? 1 
xı = i Dp ge (6-136) 


At temperatures where kT > D the susceptibility may be evaluated in 
ascending powers of 1/T. With eP/*7 ~ 1 + D/kT, Eq. (6-136) yields 


_ 2Ng?gy? T D Y 


where D is measured in degrees Kelvin. "We notice that measurements of 
the susceptibility over a suitable temperature range decide the sign of D. 


E 
L--- D+g,8H 
More =LI D -g bH 
Ms=0}———— ----- SSS 


Fig. 6-7. The Zeeman splitting of the ground state of an axial Ni** complex. 


As mentioned in Sec. 6-f, D is usually negative, corresponding to a reversal 
of the levels in Fig. 6-7. 
Another way of expanding (6-136) if kT > D is 
: _ 2Ngi%8? d 
Xi 3k T-r9 


with © = 14D (D in degrees Kelvin). This latter expression shows that if 
the ground state is split in zero field, the susceptibility will follow a Curie- 
Weiss law for kT » D. General formulas for the magnetic susceptibilities 
of the (tz)” electronic configurations in lower symmetry than O, have been 
given by Kamimura.*? 

Let us now treat the case of one d electron in a cubic field. First we shall 
assume that Dg 2» Acc kT. Hence, we shall, like Kotani,** look at the 
levels springing from the (tz)? configuration. The wave functions for the Is 
and T; coming from t in the double group have been given in Eqs. (6-12) 
and (6-13). 


(6-138) 
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With sc = Al- s + 8H,(l + 28,) we get for the secular equation using 
(6-12) and (6-13) 


(Pet (G5) || Tv) = — 14^ (6:189) 
Tsa T Ta Tn 
-MA-E  /26H, 0 0 
I : -iE Aag, |"9 (6140) 


If the solutions to the secular equation are expanded in powers of H,, the 
eigenvalues are: 


-— j^ twofold degenerate 
: 2 
— 3 = 3 T H. twofold degenerate 
E = idi (6-141) 
à — BH, + 3X H? nondegenerate 
2 
\+ 8H: + 3 2 Hj? nondegenerate 


Direct application of Van Vleck's formula (6-122) then yields (here we drop 
the '*parallel" because all directions are equal) 


OE es AI2ET (9. 4 £ AIT (5 - 938) aur 
(b 2-0). +2 +23 € +2 IP ?3xJ* 
-ML cgi ante pe 0 
(6-142) 
With z = d/kT this expression reduces to 


_ NB? 8 + (81 — 8)e7*#/2 
X = 3kT x24.) 


(6-143) 


The “effective” number of Bohr magnetons to put into Curie's formula 
is thus 
8 + (3z — 8)e-?* 
2 + et) 


This expression is seen to be strongly dependent upon 7, a clear indication 
that Curie’s law does not hold. For T' — œ, net converges to 4//5; but for 
T — O, net goes to zero. Such behavior might appear very surprising at 
first sight. After all, there is an unpaired spin! However, the reason for 
the result is due to the action of spin-orbit coupling on the ground state. 
This is a so-called nonmagnetic state; ie., the spin part and the orbital 
part of the magnetism cancel each other. 

Next, with Moffitt et al.‘ and Liehr,*5 we shall look at a single d electron 


nen = (6-144) 
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in a cubic field; omy this time we assume that à œ Dq 2» kT. This case 
is found,* for instance, in ReF,. Direct application of (6-144) yields a value 
of ni, very close to zero. However, (6-144) has been derived under the 
assumption that no mixing occurs between f2,(I's) and e,(I's), and the inclu- 
sion of this scrambling will alter the situation appreciably. Furthermore, 
since t2,(f'7) now is placed high over t2,({I's), we shall treat the matrix ele- 
ments involving ts,(L7) as high-frequency magnetic terms. 
In this case it is permissible to use (6-123), and we get 


ER 3 à i (Ter [le + 28[Tv)]* + 3kTa | (6-145) 
p! 
with " a= p Ire Je E zero) (6-146) 


The wave functions for the ground state t;,(Fs) with the mixing of e,(Ts) 
included have been found in the footnote, page 119, to be 


Ts’ = sin e Ts? (tz) — cos e Te’ (ej) (6-147) 
-V6 
1 = = lm Ut! 
with s = a, b, c, d and tan 2e 10Dq + iX 


With u: equal to l, + 2s, we have 
(Ta |a; |Ts*) = sin? e(Ts* (too) |ue|I's* (£5) + cos? eT's* (ez) [us| Ts* (e2)) 
— 2 sin e cos e(T's* (£55) ul T's* (e,)) 
By use of the orbitals (6-12) and (6-14), we find 


(Ta? |j, |?) = — cos? e + 8 4/16 sin e cos e (6-148) 
(Ts lulls) = cos? e — 8 A/16 sin e cose (6-149) 
(Tat |u,|Ts?) = — cos? e (6-150) 
(T's? |u|?) = cos? e (6-151) 


By inserting (6-148) to (6-151) in (6-145), we get for the susceptibility 
x = ME DAC + cos 2¢)(19 — 13 cos 2p — 4 v sin 2) +3kTa] (6-152) 


On the other hand, in the calculation of the high-frequency term (6-146) we 
neglect the mixing of the two T's states. Direct computation using (6-12) 
and (6-13) or placing the terms containing the exponential factor in (6-143) 
equal to zero then yields 


(6-153) 


EN E: 
a hvi = 3A 
For ReF, we havet Dg = 3000 cm~tand à = 3400em-!. Then2ọ = 165.28° 


and 
uà, = 0.24 + T - 82. 107 (6-154) 
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Notice that the temperature-dependent part of x differs from zero only 
because of the scrambling of I's(te,) and Ig(e,). This is, of course, not 
unexpected in view of our previous result for the g factor of thissystem. It 
is of further interest to see that, although 10Dg is much larger than à, the 
mixing brings per from a value of zero to a value of about one-half. General 
formulas for the magnetic susceptibilities of (t2,)" electronic configurations 
have been given by Kotani®®.*8 and Figgis.*? 

The next example we shall treat in some detail is the case where the 
ground state is a nonmagnetic singlet. Two different mechanisms may 


Ms= 
Ms=0 g8H 
t Ms= -1 gBH 
E 
(b) 


Fra. 6-8. System with a singlet ground state. (a) Zero magnetic field; (b) magnetic 
field present. 


here give rise to a feeble paramagnetism. A temperature-dependent 
susceptibility may arise if there is a thermally accessible state placed not too 
high above the magnetically inert ground state, and a temperature-inde- 
pendent contribution to the paramagnetic susceptibility may spring from 
the "high-frequency" term in Van Vleck's formula. 

Let us first consider case 1. As pictured in Fig. 6-8, the first excited state 
is a triplet. By switching the magnetic field on, the triplet will show a 
Zeemann splitting as indicated. The magnetic susceptibility of the system 
is then, disregarding the term in H?, 


98° —JIkT 
2 ET e 


X= NI T 3er (6-155) 
2g2N Bg 1 - 
X= SET 04 Meri s 
or, with N8?/3k = 14 and g = 2 to the first approximation, 
PEERS (6-157) 


x= PI- F err 


Both for T going toward zero and toward infinity x tends to zero. Clearly, 
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x must have a maximum; by a simple differentiation this is found to occur 
when 


J 
ip = 11982546 (6-158) 


or x has its maximum value for T = 5J (J in degrees Kelvin). For 
kT > J the susceptibility follows a Curie-Weiss law x = 34 an with 


0 = J (J in degrees Kelvin). Examples of compounds which follow the 
above formulas are certain "diamagnetic" Ni(II) complexes.”! 

As already mentioned, the temperature-independent susceptibility is due 
to the scrambling via L of the ground state with a high-lying excited state. 
Consider, for example, a diamagnetic cubic Co(III) complex.’?:?§ The 
ground state in the strong-field approximation is given by 


+ - + - + - 
V = [(xz) (xz) (yz) (yz) (zy) (xy)] 


a lA, state carrying neither spin nor angular momentum. In the point 
group O, L transforms like T;,. Hence, the ground state can be mixed with, 


excited states transforming like !T;,. Further, since L = Y l; is a sum of 


one electron term, the excited !T';, states can differ from the ground state 
only in the assignment of a single electron. 

The only state fulfilling the above conditions is the state responsible for the 
“first”? spin-allowed band in Co(III) complexes, Fig. 6-8. In Co(NH3)e**, 
for instance, it is located 21,000 cm~! above the ground state; an energy more 
than sufficient to fulfill the conditions of a high-frequency term. A com- 
ponent of this 17), state is given by 


1 +- +- + - +o - fo = = + 
=A [| (wz) (xz) (yz) (yz) (zy) (z* — y9l — I2 (az) (yz) (y2) (zy) (z* — v9] 

(6-159) 

found by the usual symmetry arguments going down to Da. Hence, 
. (elL|y) = —24/2i (6-160) 

and from formulas (6-123) and (6-125) we get 
8 4.170 

xu = 2N8? A = xem) (6-161) 


For Co(NH3)47* we then have xu: = 198 X 1075. The high-frequency term 
found in a “normal” paramagnetic substance, as, for instance, Ni(NH3)e**, 
has been given in Eq. (6-132). 

We remark in passing that the same matrix element which governs the 
value of the high-frequency term in (6-123) is also responsible for the 
paramagnetic contribution to the “chemical screening constant” in nuclear 
magnetic resonance. The interested reader is referred to Refs. 72, 74, and 
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75, where the relative value of this constant for diamagnetic cobalt(III) is 
related to the energy separation !A,, — !T 19. 

Finally, we shall look very briefly upon the magnetic properties of poly- 
nuclear complexes. Consider & binuclear compound where both the metal 
atoms if left alone would possess a spin angular momentum. It is then 
clear that these two may interact, and this feature can formally be accounted 
for by a spin-spin coupling between the ions of the form 


K = —JS,-S, (6-162) 
J is the exchange coupling constant. Let us define 


$=S,+S, (6-163) 
Then 
28,. S2 = S(S + 1) — Si(Si + 1) — S282 + 1) (6-164) 
and 
HO = —Y15J[S(S + 1) — SiS; + 1) — 82682 + 1)] (6-165) 


where the allowed values of S are obtained by the addition rule of two spin 


vectors 
S = Sı + Sz 8: + 8: — 1, oe ae: , [Si — Si 


If Si = So, then 
S = 28, 281 — 1,5 24 1:0 


Disregarding the constant terms in S; and S; of (6-165) and taking J to be 
negative (corresponding to an antiferromagnetic interaction!) the level 
scheme using (6-165) as & perturbation will be 


EO = —14JS(S + 1) 


each level being 2S + 1 degenerate. For S = 4, which case is realized in 
copper(II) acetate,"? the situation is exactly as pictured in Fig. 6-8; a low- 
lying singlet and a triplet placed at a distance J above it. Hence, the 
analysis of the susceptibility of copper(II) acetate runs parallel to the pre- 
vious case and the formulas (6-155) to (6-158) are valid, even if the origin 
of the separation between the singlet and triplet is quite different in this 
latter case. 

A beautiful example of antiferromagnetism is found in the complexes of 
iridium. The discussion of IrCl,7 given in Refs. 77 to 79 is very elegant and 
clarifying and should be consulted for further details concerning the phe- 
nomenon. In some cases the exchange between the metal atoms is so strong 
that the triplet is a very high lying level. This occurs, for instance, in the 
diamagnetic complex Ru;Cli,O* treated by Dunitz and Orgel.*? 

For complexes containing three metallic ions the papers by Kambe*! and 
Yvon et al.** should be consulted. We shall, however, take leave of the 
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subject here, because a further discussion would take us far into the domain 
of solid-state physics. 

Even though many of the results quoted in this chapter have been 
obtained from measurements upon crystals, we believe them to be valid also 
for a single molecule. On the other hand, the interesting spectral and 
magnetic phenomena due to the interactions in a lattice structure again lie 
outside the scope of this book. 


APPENDIX I 


APPLICATION OF THE Operators L, AND (L: t iL,) UPON THE SET 
(zz), (yz), (zy), (z? — y?), AND (2?) 
Lz?) = 0 
L,{zz) = i(yz) 
L(yz) = —i(zz) 
Lzy) = —2i(z? — y?) 
Lí(z* — y?) = 2i(zy) 
(Le + iLQ(zz) = F(z? — y?) — (zy) + V3 (2) 
(L: + il,Xyz) = (2? — y?) F (zy) +i V3) 
(Le + iLyXzy) = t (yz) + i(zz) 
(L. + tL, (zt) = F V3 (zz) — i V3 (yz) 
(Le + iL,)(z* — y?) = +(zz) — yz) 


APPENDIX II 


THE OPERATOR 1: s OPERATING UPON THE CUBIC ORBITAL SET 
(xz), (yz), (zy), (z? — y*), AND (z?) 
+ - 
l- s(z?) = — ben i3 qa) 


. s(z?) = linya 


_ 


Sve M) 
+ 
1: s(z? — y?) = ay) - in +5 (a2) 
ran nI. cot dot 
l- s(z? — y? = —i(zy) — 5 (yz) —5 (z2) 
+ + iS a= 
l:s(zy) = —i(z? — y?) + 5 (vz) + 5 (22) 
1+ (zy) = (2! = y) - 5 Lb ico 
Lea) = 102 - hat = wy - fe + Bem 
- Mu A 
1+ s(zz) = — 5 (yz) tjGt = y= ic - MS at) 
- (ye) = — iG) Eu Gh - y? — 19 MEE 
DEVE 
2 


_ 


(21) 


_ 


oz) = A (aa) +3 yn t LG t+ ew 
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CHAPTER 7 
Molecular Orbitals 


7-a. General Discussion 


So far, the only role of the ligands has been to produce a “crystalline” 
field causing the splitting of the various orbitals of the metal atom. Now, 
such a point of view is equivalent to regarding a complex molecule as held 
together by purely ionie forces, replacing any inherent bonding by point 
charges attracting and repulsing each other. However, we know from Earn- 
shaw’s theorem of electrostatics that no system of charges can be in stable 
equilibrium while at rest. Obviously, a modification in our view of the bond- 
ing is needed in order to save the situation. It is true that in the preceding 
chapters we have very seldom utilized any specific features of the orbitals; 
for the most part it was only their symmetry properties that we used. 
However, the crux of the matter is this: will the inelusion of a more realistic 
bonding scheme produce a splitting of the orbitals in the way the crystal 
field theory demands? As we shall see the answer is, fortunately, yes. 

As mentioned in the introduction, we call this second approximation the 
ligand field theory because it acknowledges the presence of the ligands to a 
much greater extent than the pure crystal field theory does. Hence, the 
ligand field method differs from the crystalline field procedure in that the 
structural unit for the wave function is the whole complex ion, rather than 
the single central atom. In order to construct suitable wave functions, we 
introduce the so-called linear combination of atomic orbitals (LCAQ) 
method. In this connection the use of symmetry considerations will prove 
to be extremely useful. Such an approach is due to Van Vleck, and for a 
beautiful exposition of the ideas behind the theory, his classical papers, 
Refs. 1 to 3 should be consulted. 

A question which naturally arises here is this: What proof do we have for 
the claimed superiority of the molecular-orbital description over the pure 
crystalline field model? Quite apart from the more indirect evidence such 
as the impossibility of fitting certain magnetic experiments‘ and absorption- 
band intensities? without use of the molecular-orbital scheme, a very direct 
proof for the “covalency” of certain complexes has been given by Owen and 
Stevens. They found that the paramagnetic resonance spectrum of 
IrCl showed a hyperfine structure which could only be interpreted as 
originating from the Cl- ions. Similar experiments yielding identical 
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results have since veen performed by Tinkham’ on the complexes MnF;, 
FeF;, and CoF. These experiments give us a clear proof that the mag- 
netic electrons move in a molecular orbital extending over the entire complex, 
and hence that an MO scheme is closer to the truth than a crystalline field 
description is. 

The LCAO method may, as stated, be used to construct orbitals for the 
complex. "These orbitals are of the form 


v=y(r) t+ 2 ani (7-1) 


where ¥(T) is a wave function of the central atom transforming in the 
molecular point group as the irreducible representation I and by ay; is a 


linear combination of ligand wave functions transforming as the same 
irreducible representation I. Only if this is the case is it possible to have 
any “smearing out” of the electronic orbital over the whole molecular unit, 
since only then can we have any cross terms between the two parts of (7-1). 

Let us first consider the so-called ¢ bonds in an octahedral complex, Fig. 
7-1, These orbitals are symmetric about the line joining the ligand and the 
central atom. They can consequently be either s, pa, dz, . . . orbitals.f 
There are six such bonds; consequently, we can construct six linearly 
independent orbitals using these wave functions. The question of how to 
construct combinations transforming under one of the representations of the 
group then arises. 

To determine the irreducible representations, we may proceed in a way 
similar to that used for the determination of molecular vibrations.? The 
character xs for any symmetry operation S is simply equal to q, where q is 
the number of “bonds” left “upon the same atom" by the application of S. 
This result is true, because only if a certain bond is not "shifted" will it 
&ppear on the diagonal in the transformation matrix. Since the character 


f The reader may possibly wonder about the way the six coordinate systems centered 
on the ligands aré numbered and oriented. The seemingly confusing picture is not due 
to a random distribution of arrows; the coordinate systems are constructed in such a 
fashion that the following principles are fulfilled: 

1. The numbering of the ligands follows Van Vleck.! 

2. The z axis is always pointing toward the metal atom. Hence, all of the « bonds 
are described by using the z coordinate, and the x bonds by using the z and y coordinates. 

3. All of the ligand coordinate systems are left-handed coordinate systems. This 
choice has been made because of the fact that two center integrals usually are evaluated 
by using one right- and one left-handed coordinate system. 

4. The positive ends of the twelve z and y axis have been chosen in such a way that 
only positive signs &ppear in the linear combinations of the ligand orbitals making up 
the tz, r orbitals. This is, of course, by no means necessary; any combination of signs 
would do. However, since the most important x bond is the tz bond, it is convenient 
to use only plus signs. 

Conditions 2, 3, and 4 then fix the coordinate systems as shown in Fig. 7-1. 
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is the sum of the diagonal elements, the above rule has been proved. Hence, 
for the c bonds in O+, Fig. 7.1, 


E 8€, 3C. 6C, 6C, t 8C; 31€; 61C, 60€, 
X. 6 0 2 2 0 0 0 4 0 2 


Using (8-13), we then find that this reducible representation can be 
decomposed into the irreducible representations aig, ej, and tiu. It is thus 
possible to construct linear combinations of ligand orbitals transforming as 
Gig, €g, and tiu. Furthermore, in the O, symmetry the central ion's s orbitals 
transform under a,, the p orbitals under t;,, and the d orbitals under e, and 


FiG. 7-1. e and x bonds in an octahedral complex. 


i. Thus we get the well-known result. that the bonding scheme is a d?sp? 
hybridization.'° The two d orbitals to be used are therefore the e, orbitals. 

The exact form of the ligand orbitals can be found either by inspection or 
by use of the procedure outlined upon page 44. It is easy to see that the 
(normalized) linear combination 


ee 
V6 
will transform like aj. But what about the e, orbitals? 


For this case we construct the following transformation table for the 
symmetry operations having a character different from zero. By multiply- 


E CA1) €x(2) C43) Ca(4) C(5) C46) C4(7) Ca(8) CX(1) Ca(2) C2(3) 


(zı + zs + 23 +24 + 2s + 26) (7-2) 


Aig 
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ing each entry in the table with the appropriate character, we get the two 
linear combinations 


22; — 23 — 23 — 2$ — 22 — 23 — Z5 — 25 — 2e + 221 + 22, + 224 

= 42; + 42, — 22; — 22; — 2z; — 224 
Z2» — Z1 — 23 — 2 — Z3 — Z4 — Z3 — 24 — Ze + 223 + 22; + 224 

= 4z; + 4z; — 22, — 22, — 2z; — 22$ 


Hence, we could take the two linear combinations 


yu = 221 — Z2 — 23 + 224 — 25 — 26 (7-3) 
Yo = —21 + 22: — 23 — 24 + 225 — z« (7-4) 
as the two e, orbitals. It is, however, much more convenient to construct 


two new orbitals following the two e, orbitals da and diy. We have under 
C, for the e, orbitals 


(a) =(0 -1) (2) e 


Hence, we must demand 


C(ai + bya) = x (aya + by) (7-6) 
and substituting (7-3) and (7-4) into (7-6) then yields 
= +b (7-7) 
Our new orbitals are thus 
Va + Va = 21 + zz — 2z; + 24 + zs 224 (7-8) 
yi = V2 = 32i = 3z: + 3z4 = 325 (7-9) 


or, changing the sign and tang 


ya = 3 A (2z3 + 2z, — — £3 — 24 — Zs) (7-10) 


Wary = hzi — 22 + 24 — Zs) (7-11) 
A similar procedure could be used to find the linear combinations of the c 
orbitals transforming like tiu. However, if we remember that the three p 
orbitals transform like ¢,, we see immediately " 
from Fig. 7-2 that the orbitals producing the 3 
maximum amount of overlap with the cen- 
tral ion are 


1 
y: = Và (23 = 26) (7-12) > 
y, A (z2 — 2s) (7-13) / 

1 6 


— — 7-14 
/2 (er — 29 (619) Fia. 7-2. A f, ¢ bond in Os. 


156 INTRODUCTION TO LIGAND FIELD THEOR. 


These three orbitals transform under tiu. Thus we have in Eqs. (7-2) and 
(7-10) to (7-14) found the six combinations of the ligand orbitals constituting 
the possible c bonds. 

Let us next consider the x bonds. These are made up of a pair of orbitals 
perpendicular to the bond? as shown in Fig. 7-1. In order to determine the 
linear combinations of such orbitals transforming under the irreducible 
representations of the point group of the molecule, we proceed as before. 
The character of the reducible representation is in O, given by 


E 8C, 3C: 6C, 60€, i 800, 3iC. 00€. 6iC,  6iCi 
Xe: 12 0 —4 0 0 o0 0 0 0 0 0 


This reducible representation can be decomposed into the irreducible 
representations tig, tiu, tes, and tz. "Hence we can make linear combina- 
tions of ligand orbitals which will span the above-mentioned irreducible 
representations. 


(2) 


Fic. 7-3. The molecular tz orbitals. 


The analytical form of the linear combinations of ligand orbitals trans- 
forming like tz follows from the principles outlined previously. We 
remember that the d orbitals (ry), (zz), and (yz) transform like tz, and in 
Fig. 7-3 we have pictured the three orbitals together with the ligand r 
orbitals having the same symmetry as the individual tz orbitals. From 
inspection of Fig. 7-3 we see immediately that 


Yor = z3 + yı + T4 + ys 
beg Wve = te + Y3 + Te + ys (7-15) 
Vu = Z1 t yet Ts + yı 


In the same way we can find the sets transforming like £;, and ti, by 
remembering? that the p orbitals transform like ¢;, and the rotations of the 
On molecule like tip. 


n 


V. = I3 + Y2 — Xs — Yo 
tiu Yy = T1 E Ys — Te — Ys (7-16) 
Y: = T2 + yi — T4 — Ys 
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Z3 — y1— T4 + ye 
big = $ T2 ~ ys — Ts + ys (7-17) 
Tı — ys — Z& + ya 


The last set of orbitals is then constructed to be orthogonal upon the 
above sets. Hence 
T3 — ys d Ts — ye 
tou = $ zi — ys + 26— Ys (7-18) 
Tı — yid ey — Ys 


It would, of course, also have been possible to apply here the methods used 
to find the o(e,) orbitals. However, the above method illustrates how we 
can utilize our “physical intuition" and escape some tedious algebra. 

Having found the various linear combinations of ligand orbitals trans- 
forming like the irreducible representations of the point group of the mole- 
cule, our next task is to find the irreducible representations spanned by the 
various types of central orbitals. These are, of course, the representations, 
the crystal field theory works with. We have previously found the scheme 
d | f 


Orbitals 


Representations dig 


Then, taking a linear combination of ligand and central orbitals, we get 
(7-19) for one of the components of the molecular orbital having e, symmetry 


Yay = ad zy + BY (a — 22 + 24 77 25) (7-19) 


and mutatis mutandis for the other e, component. 

In (7-19) a and 8 are the mixing coefficients, which in principle are 
obtained by the usual variational caleulation.* If we neglect the overlap 
between the central and ligand orbitals (vide infra), the following relation 
holds for the mixing coefficients a and 8: 


š ae B -] (7-20) 
or B=vV1-—- æ (7-21) 


In order for the electron to be shared equally between the two orbitals, a 
must be equal to 8. The solution of (7-21) then yields a = 8 = + 4/14. 
This case corresponds to Pauling’s covalent orbitals. +° 

We see that the transition from the crystal field theory to the ligand field 
theory depends upon the value of a. If a is equal to 1, we have the crystal 
field case. Furthermore, the smaller the value of a the more the complex 
deviates from strict crystalline field theory. The Pauling theory assumes 
a = 4/6, corresponding to complete mixing of metal and ligand orbitals, 
but this assumption is usually farther from the truth than the assumption 
a = 1, the “ionic case." 
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In Table 7-1 we have collected the various possibiliues for molecular- 
orbital formation using the s, p, and d orbitals of the metal atom. It should 
be noted that so long as we do not consider f orbitals as involved in the 
bonding, the x orbitals of symmetry £s, are nonbonding. The 4; x orbitals, 
on the other hand, require g orbitals in order to form bonding orbitals. 


TABLE 7-1. POSSIBLE MOLECULAR-ORBITAL COMBINATIONS IN O, SYMMETRY 
(The numbering of the ligand orbitals is shown in Fig. 7-1) 


Svminetr Central Ligand orbitals Ligand orbitals 
y Y| atom e orbitals x orbitals 
1 
Qig 8 Wa a tat aiet atz) 
" diy | M(G —2 + z — zs) 
1 
da 33 4€ 98 cn — 23 — Z4 — 25) 
1 
tie Dz Va (a — 24) balz: + ya — Zs — ys) 
1 
Py va — zs) balzi + ys — Te — Ys) 
1 
P: V2 (z3 — ze) l$(z: + yi ~ T, — Ys) 
tag dz: lé(z + yi + ti + ys) 
dy: bolz: + ys + Ts + ys) 
dzy lé(n + ye toast Ya) 


It is very important to realize that the solving of the quadratic secular 
equation associated, for instance, with the determination of the mixing 
coefficients for the a), orbital yields two solutions. The lower root repre- 
sents a lower energy than is found in the separated system; hence, we call it a 
bonding orbital. 'The upper root, on the other hand, yields a higher energy 
than found for the free atoms; hence, we call it an antibonding orbital. 
The antibonding orbital is usually distinguished from the bonding orbital 
by means of an asterisk; this should not be confused with the sign for 
complex conjugation. We may picture the bonding as shown in Fig. 7-4. 
By convention, the signs of a and £ are both taken to be positive for the 
bonding orbital, whereas they differ for the antibonding orbital. In the 
octahedral symmetry there is only one case (the ti, orbital) where we obtain 
a 3 by 3 secular equation. The solution to this will, of course, give us three 
roots, usually one bonding, one nearly nonbonding, and one antibonding 
orbital. 

Since the x orbitals do not point toward the central atom, they usually 
give a much weaker bonding than the ¢ orbitals give. In many cases it is 
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even possible to neglect the x bonds and consider only the o bonds in the 
bonding scheme. If this is done, the x orbitals are treated as nonbonding. 


r* 
/ N 
T / N T 
$ X / 
E \ / 


Fig. 7-4. Bonding and antibonding levels in LCAO theory. To the left and right are 
presented the energy levels for the separated complex, while the levels for the resulting 
compound are in the center. i 


T-b. Bonding Scheme for an Octahedral Complex 


Let us now consider the bonding scheme in a complex possessing O, 
symmetry, first assuming that only « bonding is operative, Fig. 7-5. On 
the left we place the energy levels of the gaseous metal ion, on the right the 
energy levels of the free ligand. In the middle of the figure we then place 
the levels for the combined molecular orbital of the complex. 

Each of the ligand’s ø orbitals contains two electrons. Consequently, we 
must accommodate 12 electrons plus the electrons coming from the central 
ion in our bonding scheme. For instance, for Ti(H:O),*+ one lone pair of 
electrons on each water molecule are taken to be the o electrons; the metal 
atom, on the other hand, has one 3d electron. The molecular electronic 
configuration for this complex is thus (a,,?)?(t,*)*(e,*) (£;). Notice that 
the 12 c electrons occupy all of the bonding orbitals, placing a single electron 
in the nonbonding tz, orbital. 

The level above the tz orbital is the antibonding e, orbital. In the crystal 
field theory the energy difference between the e, and the tz orbital is taken 
as 10Dg; here we notice that 10Dq must be interpreted as the energy dif- 
ference between the antibonding e, and the tz level. Formally, therefore, 
this case is not-<distinguishable from the “ionic” bonding pattern. However, 
the magnitude of 10Dq in the ligand field theory depends entirely upon how 
strong the bonding is. If x bonding is present, the value of 10Dq will be 
modified further because the tz orbital can now participate in the bonding. 
Quantitatively, therefore, 10Dq is immoderately sensitive to changes in the 
bonding situation. 

The important problem must then be how to calculate the quantity 10Dg 
from basic principles. "This is not an easy task; indeed, in the first attempt 
made, Kleiner!! obtained a value for chrome alum of Dg = —550 cm-t, the 
experimental value being Dg = 1750 cm-!. Tanabe and Sugano” obtained 
Dq = 4750 em-! for the same compound. Both of these results are thus in 
serious disagreement with experiments. The reason for Kleiner’s bad 
result is the neglect in his calculation of the exchange forces between the 
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3d orbitals of the central ion and the ligand orbitals. "The inclusion of this 
effect will, as shown by Tanabe and Sugano, correct the sign of Dg. In 
order to take into account the deformation of the electronic cloud of the 
Cr*+ ion by complex formation, the latter authors made the central ion and 
ligand orbitals orthogonal to each other. As in Kleiner’s calculation, their 
model is thus a purely ionic one differing from the procedure outlined above. 
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Fic. 7-5. Bonding scheme for an octahedral complex. (a) Energy levels for the gaseous 
metal ion; (b) energy levels for the ligands; (c) energy levels for the combined metal and 
ligand orbitals. 


The triumph of calculating 10Dq from first principles was left to Shulman 
and Sugano.*? Using molecular wave functions, and evaluating all of the 
necessary integrals on an electronie computer, they succeeded in obtaining 
10Dq for KNiF;. It turned out that it is the cross terms of the wave func- 
tion with the Hamilton operator which determine the sign of Dg. This 
calculation thus opens up a quite new view upon the basic origin of the 
crystal field splitting. 

The formal solution to a molecular-orbital calculation has been given by 
Jarrett. Starting from antisymmetrized molecular orbitals, he has shown 
that the crystal field splitting parameter can have a different term value for 
each irreducible representation. There is, of course, nothing surprising in 
this result, since it is intuitively clear that the contribution to Dg from the 
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"exchange" between the ligands and the metal atom depends to some extent 
upon the total electronie configuration of a certain state. 

There are, however, one or two points which still remain rather mysterious. 
We have mentioned earlier that the Condon-Slater integrals F, and the 
spin-orbit coupling parameter £ are somewhat reduced in the complexes from 
their free-ion values. Even if the reduction of the term distances may be 
rationalized by using a purely crystal field approximation, the reduction of £ 
cannot be explained in this way, since it requires a withdrawing of charge 
from the central ion. This effect has been taken as a clear indication that 
“covalent” bonds are operative. Unfortunately, however, neither the 
calculation of Tanabe and Sugano” nor that of Shulman and Sugano” led to 
diminished values of £ and F,. All in all, it may be stated that a complete 
theoretical explanation of these phenomena is badly needed. 

A much less rigorous scheme for the calculation of Dg than the one 
utilized by the Japanese authors? has been put forward by Wolfsberg and 
Helmholz.'4 These authors were interested in the energy levels of the 
tetrahedral molecules MnO, and CrO,7, but their procedure may just as 
well be applied to octahedral complexes. T 

Starting with the linear combinations of the ligand and metal orbitals 
which transform correctly in the point. group of the molecule, the calculations 
of the molecular-orbital energies is, as usual, made by the solution of a 
seeular determinant. Since we have already selected the molecular orbitals 
transforming like the irreducible representations, we can write the secular 
equation for each irreducible representation as follows: 


|H; — SyE| = 0 (7-22) 


The quantities H;; and S; are defined below. 
The molecular orbital to use for the E, level in Oa (Table 7-1) is 


V = N(¥i + Na) (7-23) 
with yi = Ary (7-24) 
M ya = (zi — 22 + 24 — 23) (7-25) 


A molecular orbital with à «€ 1 may, as mentioned previously, be considered 
as a nearly pure metal orbital, whereas a value of \ > 1 indicates a nearly 
pure ligand orbital. 

For the normalizing constant N we have 


N-? = 1+ 2S +X (7-26) 
where S, the so-called overlap integral, is defined as 
S = fVfy, dr (7-27) 


The secular equation is then 


Hu-E Hyp- ES 


= -9 
Ha — ES Hans fe |7’ (7-28) 
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with 
Hy = [Yt Ry: dr (7-29) 
Hy; = Hy = fyž34; dr (7-30) 


X is the Hamiltonian for the system. 

The values of Hw, that is, the energies of an electron in the ith orbital in 
the field of the nuclear skeleton and the remaining valence electrons, are 
taken as the experimentally known ionization energies of any inorganic 
complexes which resemble the compound under discussion. They are hence 
treated as semiempirical parameters, because a nonempirical calculation of 
these quantities would lead us straight back to the difficulties encountered 
by Tanabe and Sugano." The H; integral is approximated by setting it 
proportional] to the corresponding overlap integral S according to the relation 

Hy = pg RT Hu (7-31) 
The overlap integral S is finally computed by using either Slater functions as 
orbitals or, if available, Hartree-Fock solutions. (For the evaluation of S, 
see Appendix 1.) The proportionality constant F is usually assigned a value 
of about 2. 

By applying the above scheme, Kuroda and Ito!’ and Yamatera! both 
found 10Dq œ 20,000 cm~! for Co(NH;),*+. This is in rather good agree- 
ment with the experimental value?? of 10Dg = 23,500 cm. Yamatera's 
results!" clearly show that the strongest bonding orbital is the ai, followed 
by e, and tiw. The calculated values of à in the trial LCAO are given 
together with the values of the group overlap integrals in Table 7-2. 


TABLE 7-2. ELECTRONIC PARAMETERS FOR THE CoMrLEx Co(NH3).?+ 
(After Yamatera!’) 


. E S(doa) = 0.3 

Values of group overlap integral X S(s,0,) = 0.72 

Í S(p,on) =0.6 
Computed values of )’s; the asterisk indicates an. May = —0.93 
antibonding orbital My = —0.76 
A*e, = —0.65 

Mi, — 3.49 

Ae, = 2.23 

Adig = 1.61 


From the wave function given in Eq. (7-23) it is apparent that the 
fraction of electronic charge on the metal atom is given by N? for each 
singly occupied orbital. If after Mulliken?? we add to this quantity exactly 
half of the overlap population, we get, by summing over the n (n = 12) 
bonding electrons plus the 6 nonbonding electrons, that the net electronic 
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charge upon the metal atom is 


NA TI AN M 
Vc > (paket) 


= 3 — 6 X 0.18 — 4 X 0.22 — 2 X 0.37 = 0.30 


In other words, whereas in the ionic model the cobalt ion carries a charge 
of three positive units of electricity, these are now smeared out over the 
whole complex, and the metal atom is nearly neutral. This result is in 
accord with the charge-neutrality principle of Pauling,?! which states that 
the central atom in a complex carries a residual charge very close to zero. 

All in all, we may conclude that the method of Wolfsberg and Helmholz 
yields fairly reliable results even if the approximations used in the secular 
equations are very extreme. Furthermore, it is found that if complexes 
having a lower symmetry than O, (or Ta) are treated in the same way,!5:1? a 
reasonable account of the properties of the electrons in these complexes can 
be given. Some minor questions may arise; for instance, does the method 
yield the exact location of some of the bonding and antibonding levels?* 
Such questions may be answered by a closer analysis of the experimental 
facts.3233 However, approximate models such as the one outlined above 
do not, of course, answer the previously mentioned principal questions. 

In elosing this section we notice that the MO bonding scheme may give an 
indication of why coordination numbers of six are more common for the 
transition elements than are coordination numbers of eight.^3* When eight 
ligands are placed at the corners of a regular cube and o bonding is assumed, 
we find that eight linearly independent orbitals can be constructed. These 
orbitals transform under the following irreducible representations of the 
O, point group: aig, azu, tiu, and tz. Since the 4s orbital transforms like 
aig, the 4p like tiu, and the 3d like tz, and e,, we see that unless we include the 
4f orbitals in our bonding scheme we cannot utilize the bonding power of the 
au ¢ orbital. On the other hand, in an octahedral symmetry all of the 
e bonds may be.used for bonding purposes. The inclusion of the 4f orbitals 
in the bonding scheme will depend upon their energies. For the elements of 
the first transition series the f orbitals will have too high an energy to be 
available for bonding, and hence we would expect these elements to avoid 
eight coordination. But in the later series where the f orbitals become more 
available, eight coordination should be able to occur. 


7-c. Estimation of Wave Functions in an MO Scheme 


As we have seen in the last section, the calculation of the ‘mixing coeffi- 
cients” in the LCAO MO description of the electronic orbitals in a complex 
from basic principles is rather difficult. It has been found, however, 
that it is feasible to estimate the mixing of metal and ligand orbitals by 
using certain experimental results, or in other words to achieve our goal by 
using a semiempirical theory. Since the full description of some of these 
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methods would lead us far afield into the theory of nuclear magnetic reso- 
nance and, furthermore, since some of the problems involved are not fully 
understood at the time of writing, we shall give only a cursory discussion of 
some of the most important features. 

'The first procedure for the evaluation of the mixing coefficients is due to 
Stevens** and Owen.’ Their method depends upon the fact that the orbital 
magnetie moment of an unpaired d electron is reduced if the magnetic 
electron is spread out in a molecular orbital over the entire molecule. As 
the first example?! we shall treat an octahedral Nit* complex. 

Assuming only « bonding to be present, and using the hole formalism, the 
wave funetion for the ground state (6-34) may be written 


5A s; I [bzo] (7-32) 
where ¢.:-,: and $4, the antibonding e, orbitals, are given by 
Quoys = ad: y: = V1 — a? l (zı — 2? + Z4 — 2s) (7-33) 


1 
gu = ada — V1 — a? 2/8 (22; 4-22. — zi — Zz — 24 — 25) (7-34) 


To the first order we then have for the g factor 
g = TCR bi (L + PAIN ) (7-35) 


leading to a value of g = 2 if the overlap terms between the metal atom and 
the ligands are neglected. 
To the second order, by taking the first excited level (6-35) into account, 
we get 
((10*,56*] 5 tli, + 6H.AI, + 28,)|d*.,6*.4)|" 


ge2-————— *— À-———————-— 039 
g-2- Kou BG) (7-37) 
g-2- 16D; (ta + 28H.) (7-38) 


With £j, = 21, where ^ is the LS coupling constant for the *F term of the 
nickel ion, we finally get, by retaining only terms linear in H, 
8a? 
10Dq 
In Chap. 6 we have quoted the experimental values for Ni(H;0),**: 
g = 2.25, 10Dq = 8500 em-!, and A = —324 em-!. Inserting these into 
(7-39), we find a? = 0.82, and thus a —0.9. In other words, the anti- 
bonding e, orbital,is mostly made up of the metal ion 3d wave function. 
The second example deals with the complex IrCl,7 as treated by Stevens.?* 
This compound has the electronic configuration (5d)5, and in the octahedral 
strong-field limit the ground state is (£3,)*. Using the hole formalism, and 


g-22-— (7-39) 
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with spin-orbit coupling included, the ground state will be the doublet 
T; [see Eq. (6-13)] 

VIS (8,8 + V2 trata) 

Is 9 s 7-40 

VI (= ta + VÈ tP) sas 


The energy separation to the next state, I's, will be 34¢. Since 


iba A (des + idi) (7-41) 
1 : 

i; —da- Vi (dz: — idy) (7-42) 

° = ide (7-43) 


we find 


togt 1 0 OX /teg* 
l too 1] 510 -I 0 lag (7-44) 
8, 0 0 o/\g, 


We shall now make allowance for the fact that the orbitals used in T; are 
not pure d orbitals but are instead molecular orbitals of the form given in 
Eq. (7-23). The molecular orbital will transform like the angular part of 
the pure d orbital, and we shall designate these new orbitals by means of a 
tilde. Hence for the T; orbitals 


VK ae + VZ lta) (7-45) 
MA (Ba +2 hob) (7-46) 
with 
A TO A (des tila (7-47) 
Ll s (dzz = idp) (7-48) 
R, = id,, (7-49) 


Applying the eperator l., we have 


lagt 1 0 0 lzot 
L{ ho J=k[O -1 O J| 5. (7-50) 
29 0 0 0/ Ni, 


where the “orbital reduction factor k" accounts for the fact that the orbitals 
are not pure d orbitals. For a d electron we have, of course, k — 1. We 
have had occasion to use a reduction factor before when we treated the 
paramagnetic resonance of Co** in Chap. 6. 
If the Zeeman splitting of T; is evaluated by using the modified orbitals 
(7-47) to (7-49), we get 
g = 24(2k + 1) (7-51) 


a result which, of course, gives g = 2 if k = 1. This was found previously. 
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Let us now try to calculate k. We have 


(h,*l]bu*) =k (7-52) 
with 
1 ; 
last Re cem Va (des +i dys) (7-53) 
dis = N (dzs + 1% (rz, + omy, Hra + ®y,)) (7-54) 
dy: =N (dys T XM (mz, + ay, Hr + Ty)) (7-55) 
The normalizing factor N is given by 
N-?=1+2?+ 28 (7-56) 
with the group overlap integral S equal to 
S = fd Ys, + an + re, + my) dr (7-57) 
Then 
llt EIT EUR |a + idy: + E Lr, + ter, + ara + Iny) 
vZ 2 1 2 4 LI 


hls + ir) lins + ined | (7-58) 


l, is taken with the metal atom as the center, and since 


2 à à 
L- -a (23 - va) 


the last two terms yield, being centered upon the z axis, Fig. 7-2, 


Lo. + try,) = 1. ru, + mu) (7-59) 
llay + irz) = — LO(x,, + irz) (7-60) 


where the origin of /, has been moved to the ligand sites 3 and 6. We now 
obtain for k: 


p 20 E t f EPEAT Ney ies E t e de Sx x] 
(71:51) 


The second term in the above expression is evaluated by using the 
hermitian properties of l,: 


ij (dz: + idy) *l. (my, + [; 99 + Te, + iry) dr 


=} i (ri + trey + eg + tr (as + idus)? dr 
= 8 
_1+28+36 l 
ou dig mee o (7-62) 
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The experimental value of the isotropic g factor for IrCl,~ is 1.8. This gives 
a value of k = 0.85, and by calculating S we can get an estimation of A. 
The above simple theory neglects the presence of the high-frequency terms 
in the formulas for the g factor. For this reason our calculation is to be 
regarded as more illustrative than significant. 

The second way of estimating the wave functions for the magnetic 
electrons utilizes & possible anomalous hyperfine structure in the electron 
paramagnetic resonance spectrum. Once more looking at the paramagnetic 
resonance spectrum of IrCl,", Griffiths, Owen, and Ward??.** found, for 
instance, a hyperfine structure which could only be explained as arising from 
the interaction of the magnetic spin of the electron with the nuclear spin of 
the chlorine ion. Later, Tinkham’* obtained similar results in the para- 
magnetic resonance of the diluted iron-group fluorides, a case of special 
interest being the MnF; compound. For an excellent discussion of this 
latter system the reader is referred to Clogston et al. Briefly, the theory 
is as follows: 

The observed hyperfine structure (hfs) is due to the interaction of the F!*? 
nuclei spin with the nonlocalized electronic spins of the complex. This may 
be described by adding to the spin Hamiltonian a term of the form 


YS: Al (7-63) 


where the summation is to be taken over the P? nuclei, each possessing a 
nuclear spin J. From the spacing of the resonance lines one can experi- 
mentally estimate the parameter A‘. The hyperfine interaction is different 
from zero because the orbitals of the unpaired electrons contain & certain 
amount of fluoride ion character. In the case of e bonding this fraction has 
been given in Eq. (7-23). 
If the c bond is made up of 2s and 2pe fluoride orbitals, the hyperfine 
interaction is?’ 
A = An + As(3 cos? O — 1) (7-64) 


where O is the angle between the axis of the p function and the axis of the 
applied magnetic field. The numerical values of A; and Azp have been 
calculated by Moriya*! to be 


As, = 1.57 cm7! (7-65) 
As, = 0.044 cm~! (7-66) 


With the above values of the hyperfine interaction for the individual 
atomic states it is now possible to determine the parameters of the wave func- 
tions for the magnetic electron. For example, the ratio between the observed 
isotropic hyperfine interaction and the above value of A; =:1.57 cm^! 
simply gives the fraction of the 2s fluoride orbital present in the wave 
function. 

The third way of estimating the “covalent” character of the bonding is 


li 
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very closely related to the above method. Instead of looking at the para- 
magnetic resonance of the electron, we look at the nuclear magnetic reso- 
nance of the ligands. This technique, due to Shulman et al.,*? is certainly 
the most direct way possible of measuring the electronic density at a point 
removed from the center of the cation. 

The initial experiment of Shulman et al.4? was performed upon a crystal 
of MnF; It was found that the nuclear F!? resonance frequency was 
shifted from the free-ion F~ value by a surprisingly large internal field. As 
is true in the case of the electronic spin resonance condition, the relation for 
the nuclear resonance frequency w is 


w = ynHo (7-67) 


where Hois the magnetic field strength and yy, a constant, is the “‘gyromatic 
ratio” for an F!? nucleus. Shulman's experiments then showed that the 
resonance condition could be expressed by the relation 


w = yx(Ho + AH) (7-68) 
and after some corrections the final result*? for the shift was given as 
AH > 
H^ 0.0735 (7-69) 


This large shift was explained as due to the mixing of the fluoride orbitals 
with the manganese orbitals.* What takes place is a so-called spin 
polarization. Owing to the presence of the unpaired Mn** electrons, the 
F- nuclei, which usually have an equal amount of a and £ spin electrons 
surrounding them, are left with an electronic cloud where the a and f 
electrons are no longer exactly paired off. This results in a net internal 
magnetic field at the F!? nuclei, and hence a shift in the resonance condition 
takes place. If AH is positive, we speak of a paramagnetic shift; if it is 
negative, the shift is called diamagnetic. 

The isotropic shift is given by the fractional probability density of a and 
B spin evaluated at the fluorine nucleus, where (SD) stands for spin density: 


_ [ (SD). — (SD), j 
f al | (SD), lx 7 19) 


Experimentally, this quantity can be calculated **** from the measured 
resonance shift, parallel to the situation in the electronic resonance experi- 
ment dealt with earlier. 

The above quantity f, can be related to the bonding parameters as follows. 
Let us for simplicity look at a diatomic molecule AB, with the atomic wave 
functions y and e centered at A and B, respectively, Fig. 7-6. The bonding 
orbital is constructed as 

Woonding = NQy + v) (7-71) 
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and the antibonding orbital is given by 


$ = N*(y + ae) (7-72) 
Here, owing to orthogonality and normalization properties, we have 
N-? =) +14 28 (7-73) 
(N*)-? = a? + 1 + 2aS (7-74) 
A+ aS+a+S=0 (7-75) 
with the overlap integral S defined as 
S = fy*edr (7-76) 


If the bonding orbital is mostly made up of the e wave function, we have 
| ———— ———— 
E 


Fic. 7-6. Bonding and antibonding orbitals containing three electrons. 


A«1. It then follows that in the antibonding orbital the greatest con- 
tribution comes from y and that, consequently, a «« 1. With these condi- 
tions and if S is much less than 1, the above equations reduce to 


N41 (7-77) 
(N*)7 ~ 1 (7-78) 
a= —(Ac- S) (7-79) 


The total wave function for a three-electron system is, to the zero order, 
given by 

+-+ 

[FFP] (7-80) 


The a and £ spin'densities in the bonding orbital pair each other off, and what 
is left is an unpaired a spin density located in the antibonding orbital: 


(SD), = f]e* dr (7-81) 


The spin density of y evaluated at B is negligible, or, in other words, both 
of the wave functions y and e are very localized. Then the unbalanced 
spin density as evaluated at B is 


(N*)*?a?|0(0)|? (7-82) 
and the fractional probability charge f, is 


(N *)*a*| e (0)]* 


f: = ^O N*e( oc = (A + S)? (7-83) 
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This whole procedure is directly applicable to MnF;, if we interpret y as 
the wave function for the Mn** ion and e as the fluoride 2s wave function. ** 
Experiments yield a value of f, = 0.50 X 10-%. If S, calculated from 
Hartree Fock wave functions, is equal to 0.05, we obtain à œ 0.02. Hence, 
we notice that the antibonding magnetic electrons mostly move in the metal 
e, orbitals. 

It is even possible to sort out the ¢ and v contributions to the bonding. 
Reference is here made to the papers by Shulman and Knox.***5 These 
authors estimated the fraction of unpaired 2s together with f, — f., the 
difference between the fraction of unpaired 2p, and 2p», for a series of 
compounds. This and similar work is very important, because it will in 
the end enable us to “map” the electronic density of the magnetic electrons. 
However, since we have, in the last section, moved rather deeply into the 
domain of solid-state physics, we shall leave the subject here. 


T-d. Band Intensities in Parity Allowed Transitions 


In special cases it is sometimes possible to estimate the mixing parameter 
for the molecular orbitals of a complex by making use of band intensity 
measurements. The idea behind the scheme is as follows. Consider an 
electronic transition between the ground state and an excited state in a 
complex. The “oscillator strength" f of such a transition can be obtained 
experimentally from the integrated band intensity 


f = 432 X 10-%fe, dv (7-84) 


where e, is the measured molar extinction coefficient as a function of the 
frequency v. v is measured in wave numbers, centimeters" !. 

Theoretically, this quantity is given by the following expression,‘ if we 
limit our considerations to electric dipole transitions: 


f = 1.085 X 107° X v X av » Viri: dr|? (7-85) 
I 


Here Yı and Vi; are the wave functions for the initial and final states between 
which the transition takes place, » is the frequency of the band in centi- 
meters-!, and r is the "dipole vector," in angstroms. 


r = ic + jy + kz (7-86) 


As indicated, we need further to sum the expression over the excited states 
and average this sum over the initial states in order to calculate f. 

The important quantity to be evaluated in (7-85) is the transition moment 
integral P = fVfrVWii dr between the two states Vi and Wy. Now if Vr 
and Vii are determinantal wave functions composed of d orbitals, applica- 
tion of the inversion operator î immediately tells us that P is zero. Or, in 
other words, the dipole vector spans odd representations in & point group 
possessing an inversion center. Consequently, for the direct-product 
representation to contain the identity representation, we need a direct 
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product of the form T, X I'(r) X T,. This is, of course, only another way 
of stating Laporte's rule that only transitions from odd to even states are 
allowed as electric dipole transitions. Furthermore, taking the single 
orbitals in Y; and Yr: to be molecular orbitals, as discussed in the preceding 
sections, will not help us to get a value of P different from zero if the molecule 
has a center of symmetry and the transition takes place between two states 
of the same parity.T 

However, for molecules which do not possess & center of symmetry, the 


ai 
1 N 
^ N 
J S 
2 N 
/ EA 
/ * 
"4 tz ` 
-n 
4s (@aı) , ^ ^. X 
j n P d TN N: a (a1) 
yy `O (ta }Degen t 
F "4 2 generate 
j Bd (ts) — V e je em 
———Ó ——Ó— — — we Ne 
4 
Degenerate{ 3d(e)_,’\ P4 
‘ 
N 4 4 
NC 4 
N 4 
S 4 
3 / 
IN ad 
N ff 
te / / 
x A 
b+ 
A ai 7 
en, 


Fig. 7-7. Energy-level scheme for the complex CoCl,~. The superscripts b and * are 
used to distinguish the bonding and antibonding orbitals, respectively. 


above considerations must be modified. It is, of course, true that some 
components of a molecular orbital may possess an “inherent” center of 
inversion, while the molecular orbitals for the entire molecule do not. A 
tetrahedral molecule such:as CoCl.- admirably falls into the above category. 
The molecular orbitals used in the bonding scheme are made up of 3d 
orbitals centered upon the Co** ion ‘and c orbitals centered upon the Cl- 
ions. The d orbitals are, of course, “even” under 7; the o orbitals, on the 
other hand, are not. 

In order to illustrate our method, we shall consider the CoCl,7 complex 
more carefully. Upon performing the usual group theoretical reductions, 
we soon find that the irreducible representations of the e bonds in Ta 
symmetry transform under a, and tz, and similarly that the d and s electrons 
transform under tz, e, and a;, respectively. Our bonding scheme is pictured 
in Fig. 7-7. 

1 Actually, in a polyatomic molecule possessing a symmetry center we can couple the 
vibrational motion to the electronic structure in such a way as to do away with the 


symmetry center and induce some intensity into the absorption bands. This so-called 
"vibronic" problem will be treated in the next chapter. 
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The transition giving rise to the lowest absorption band is due to an 
electron being promoted from the nonbonding e orbital to the antibonding 
i; orbital. The e orbitals are taken as the pure d orbitals d; and d,:_,2; the tz 
antibonding orbitals are of the following form:® 


(a — V1 — a? Yle +03 — o2 — 2) 
te = N (7-87) 


a(3d,) — V1 — a? V4(se1 + e» — o; — o4) 
a(3d,) — VI — a? 1á(e1 + 04 — o2 — v1) 


The numbering of the orbitals used here is the same as that in Fig. 3-4 and 
N is a normalization factor with which we include the overlap effects. 

The one-electron transitions in which we are interested for the ligand field 
model are the six e — t; transitions. The transition moment matrix then 
contains the elements (e|r|tf) which can be reduced to the form 


4 


-NVI = à f er (14 Y ai) ar (7-88) 


i=1 
because (d|rld) = 0. 

At this stage of the calculation the reader may possibly wonder from 
which point r is going to be measured. It is, however, very easy to see that 
the value of the computed intensity does not depend upon the choice of 
coordinate system for r (as of course it must not do). Usually r is therefore 
centered on the same coordinate system as the d orbitals. 

As shown in Appendix II, the transition moment elements are given by 


(Sas: ult) e —N WT a A (7-89) 
M3 

(Sd. prie) = N «/T-— a A Aj (7-90) 

(3dzs_,3|1|(Zy)) = 0 (7-91) 

(3dulr|(92)) = N/T — a? 444i (7-92) 

(3ds|r|(£2)) = N VI — a? 44Aj (7-93) 

(3dslr|(29)) = -N VI — a? &% Ak (7-94) 


where i, j, and k are the unit vectors and A is a number. Thus for a given 
set of "effective charges" and bond distances we know all of the quantities 
in formula (7-85) with the sole exception of o, "the degree of covalency." 
Hence we can use the experimental value of f to estimate a. In CoCl,7 the 
above method yields* a value of a ~ 4/14, or, in other words, the complex 
is fully covalent-bonded. 

Notice that by using the above matrix elements for the dipole transition 
in a T, molecule, we obtain the required isotropy for the transition e — ts, 
even if the various matrix elements are polarized differently. However, in 
a lower symmetry the levels would split and we should expect the molecule 
to exhibit dichroism. 
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It is evident that of the methods outlined in this chapter for the estimation 
of the degree of covalency present in the complexes, the above procedure is 
by far the most uncertain. However, in the only case where a comparison 
between various methods has so far been made, namely, for CoCl«<, the 
estimate of a from a paramagnetic resonance measurement agrees quite 
satisfactorily with the value of a obtained from intensity measurements. 
Nevertheless, for complexes which do not possess an electric spin magnetic 
moment, and where consequently the methods based upon a resonance 
technique break down, the method based on intensities seems at present to 
be the only feasible way open. Examples which come to mind’ are MnO,- 
and CrO,7, even though the situation in these compounds is confused owing 
to the presence of x bonding and the resultant uncertainty with regard to 
the bonding scheme.!* 

If we broaden our investigation to include the so-called “change transfer 
bands," the above method can also be used for centrosymmetric complexes. 
Nearly all complexes, even those possessing an inversion center, have in 
addition to their “ligand field bands" some very intense absorption bands 
placed in the near ultraviolet region of the spectrum.*^** Indeed, the 
intensity of these bands is so high that we must assume that they are due to 
even-odd transitions. Looking at the bonding scheme given in Fig. 7-5, we 
see that a transition of an electron from an e, or tə orbital to the anti- 
bonding £;, orbital produces an allowed transition. By writing down the 
various determinantal wave functions of the system, it is easy to see by 
means of group theory which transitions can take place. For instance, in 
O, symmetry r transforms like T,,. Hence only the transitions 


Aig = Ti 

ECT — Tou 

E, => Tiu Ts, 

Ti — Ais, E,, Tas and Tou 
T 29 — An, Eu, T iu, and Tou 


can take place as electric dipole transitions. 

If the single electron transition formally takes place from a nonbonding 
to, d orbital to a tıu molecular orbital, and if we know the wavelength and 
intensity of the transition, we can calculate the “degree of covalency" for 
the t;, molecular orbital with the methods outlined above. On the other 
hand, if the transition starts from an antibonding e, orbital, we can only get 
the product of the "covalency factors" of the two orbitals. Because of a 
complete lack of exact experimental spectral knowledge in this part of the 
spectrum, there have, however, so far been no investigations pursuing this 
aspect of the theory. 

We have seen that the basic features of the pure crystal field theory are 
included in and justified by the approach of molecular orbitals. The 
ligand field method has the advantage of possessing a greater flexibility than 
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the crystal field method; for indeed the latter arises as a specialization of the 
former simply by putting the “‘covalency factor" in the ligand field orbitals 
equal to zero. We may now ask ourselves: How does it come about that the 
crystal field method really works as well as it does? 

The reason it works is twofold. First, both the crystal field model and 
the ligand field model are in essence methods which are governed by the 
symmetry of the molecule. So long as we utilize only the symmetry proper- 
ties of the molecule, meaningful results can be obtained without excessive 
calculations. Second, in many applications we can neglect to the first order 
the mixing of ligand and metal orbitals because of the relative smallness 
of the scrambling. However, and this point must always be kept in mind, 
any basic understanding of the sundry phenomena occurring in the chem- 
istry of the comp exes can be obtained only by use of the ligand field theory 
in its widest sense. 


APPENDIX I 


Evaluation of the “Group Overlap” Integrals 


The group overlap integrals S are of the general form 
S- f (X agi)" cent dr 
i 


where y; are the ligand wave functions and geent is the orbital for the central atom. The 
group overlap integrals may be evaluated in terms of the simple diatomic overlap” S;; 
by expressing the central atom orbital in terms of linear combinations of equivalent 
orbitals oriented relative to the coordinate system chosen at the ligand sites. As an 
example we shall treat the group overlap integral 


Seo) = fi$(z — 22 + zi — 25)*3d22_y2 dr (A-1) 


encountered on page 161. 


Fie. A-1. Spheroidal coordinate system. 


We want to express S by using the formulas given by Mulliken et al. "These authors 
use the spheroidal coordinates ¢, n, e defined by 


Ta + fs Ta — Tb 
PURO " 7 Bp P 7949.7 € 


1Si?X9  -1SanS1 OSes% 
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where ra, rs, and e«( = gs) are pictured in Fig. A-1. Notice that coordinate system b 
is left-handed. Expanding (A-1), we have: 


S(e;) = b4fz?d:1-y1dr — Mfzidacyi dr + M4 fzldss_y:dr — Mfzzda dr (A-2) 


Let us start by calculating the first integral in (A-2). It is now necessary to express the 
d orbital in a coordinate system pointing toward the ligand coordinate system, Fig. A-1. 
In the old coordinate system we have with i, j, and k as unit vectors: 


r = sin 9 cos ei + sin © sin ej + cos Ok (A-3) 
By using a and 8 in the same way as O and e, we have in the new, rotated system 


T = sin a cos f i’ + sin a sin £ j' + cos a K’ (A-4) 
Hence 
r*k = cos O = sin a cos f(i' * k) + sin a sin &(j' * k) J- cos a(k' * k) (A-5) 
r'j = sin O sin e = sin a cos f(i' -+ j)+ sin a sin 8G' * j) -- cos a(k’ + j) (A-6) 
T'i = sin 0 cos e = sin a cos B(i' * i) - sin a sin B(j’*i)+ cos a(k’ +i) (A-7) 


In other words, we express cos 0, sin 9 sin e, and sin 6 cos e by means of the new vari- 
ables cos æ, sin a sin 8, and sin a cos 8. In our example 


3dz1-y? = i Gy r3e7 (2/3«0* gin? O cos 2e (A-8) 
81 V2 Xo 
or 
3d.2_,2 = f(r) sin? © (cos? e — sin? ¢) (A-9) 


By turning the original coordinate system of the central atom into the position indicated 
in Fig. A-1, we get 


(ik) = (+j) = (ksi) =1 (A-10) 
all other scalar products being zero. 
Hence 
sin O cos e = cos a (A-11) 
sin @ sin e = sin a cos B (A-12) 
and 
dz2-y3 = f(r)[cos? a — sin? a cos? 8] (A-13) 
The first integral in (A-2) is in this way transformed to 
fvef(r)[cos? a — sin? a cos? 8] dr (A-14) 
Similarly, for the remaining three integrals 
fvef(r)[sin? a cos? 8 — cos? 8] dr (A-15) 
S¥ef(r)[cos? a — sin? a sin? 8] dr (A-16) 
Svtef(r)[sin? a cos? 8 — cos? a] dr (A-17) 


By inserting these four integrals back into Eq. (A-2) and collecting the four terms 
together, we obtain 


S(e,) = fvsf(r)3 cos? a — 1] dr (A-18) 
and finally since 
3d = — Gy rie" (1/5«)*(3 cost O — 1) (A-19) 
81 V 6x Xo 


Eq. (A-18) can be reduced to the form 
Slee) = V3 Ive» 3da dr (A-20) 
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The e orbital need not, of course, be a pure atomic orbital; it could, for example, be a 
hybrid orbital of the form 


Ve = ayu + Vl — a? yas, (A-21) 
where O<a<il 


The corresponding group overlap integrals for the orbitals aj, and tiu in octahedral 
symmetry are given by 
S(ai) = V6 S¥e4s dr (A-22) 
S(tis) = V2 feds dr (A-23) 


The two center overlap integrals have been extensively tabulated.2°-* 

The evaluation of the two center overlap integrals follows the procedure given by 
Mulliken et al. As an example, we shall sketch the computation of S(2p,,3d,). 

We have, by using Slater orbitals,?* 


*N56 
(2pe) = 1 JE (&) re (£*!199* cos O (A-24) 


The expression for 3d, is given in (A-19). 
We follow Mulliken et al.?° and define 


Z* 


pa (A-25) 
and 
P = ls) i (A-26) 
a He M E 
t Pap (A-27) 


We follow the usual conventions” that if the two atomic orbitals have a different 
principal quantum number n, the one with the smaller n is identified with atom a. If 
the principal quantum numbers of the two atomic orbitals are equal, the atom with the 
larger x will be identified with atom a. Here 


He = l$z, (A-28) 
pa = bga (4-29) 
By using spheroidal coordinates, we get 
r= EG tm) (A-30) 
n-i(-» (A-31) 
and 
exp [ — (uera + ueri) i] = eS? X ent (A-32) 
9 
Further, Ta COS Og = z (1 +f) = R — r cos © (A-33) 
3 
and dem (2) (gt — n?) dt dn de (A-34) 
By making use of the auxiliary functions defined in (A-35) and (A-36), we get 
Aa(p) = f " aez dz (A-35) 
-1 
B,(pt) = f. e7P&z? dz (A-36) 


_ (1 = 098 - opt 


B 96 4/3 


{Ao —3B; + B.) + Ai(Bs + Bs) + Ax(3Bo + B4) 
+ Ax — Bi -— 3B;) + AL- Be -— Bi) + Ai —- Bi + 3B3)] (A-37) 
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The A and B integrals are tabulated in Refs. 26 to 28. The overlap integral S is 
tabulated by Jaffé and Doak.?! 


APPENDIX II 


The evaluation of the transition moment integral for « bonds in a regular tetrahedron 
proceeds along lines similar to those in the evaluation of the group overlap integral S in 
Appendix I. The evaluation of the matrix element (d,s_,:|r/d,,) is given as an example 
below. We have in the original coordinate system 


3dz1.43 = awe (7 S rie (Zalar: (gin? O, cos? pı — sin? O, sin? pı) 
2g 


If the coordinate transformation scheme outlined in Appendix 1 is used and the 3d.:-_,1 
orbital is rotated in such a way that the new z axis points toward ligand 1, while the 
new x axis occupies the plane defined by the old and new z axes, we find 


$ 
3d::-,: = C2 Tate (Zalsagrs (s 3 sin? Oe SiN es COB Pa 


81 s VE 
+ 2 VZ% sin 0, cos Oa sin e.) (A-38) > 

Furthermore, 

z= rol — A/ 16 Sin Oa cos pa + WG sin Oc sin ga + V35 cos Oa) (A-39) 


y = r- vV% sin Os cos pa — 4/16 sin O, sin pa + A/14 cos Os) (A-40) 
z = ral 1/34 Sin Ge CO8 pa + A/ 14 cos Oo) (A-41) 


By multiplying the consecutive rotated d functions with the appropriate rotated vector 
r and summing according to the phases of ei - - - g4, we get 


P = (3dzs_,:\¢|dy2) (A-42) 
P = (3dz1_y:|0|}4(¢1 — o: +03 — 04)) (A-43) 

leading to 
P. AGRO EO (A-44) 

where 
3 
A = f EAN 2:\ j Tase (Zal3ao)ra gin? O, COS O, COS? e, Cò dr (A-45) 
.81 V2r 


In some cases this transition moment integral can be expressed as an overlap integral 
If, for instance, cs is taken to be a 2p, function and we set ua = Za/3 and mw = Z,/2, we 
obtain 


A= [fz Mer (& 3b a eH 5's/^o sin Og CO8 Oa COS e. NE (2 js ryreHerelag 
0 


cos 9, sin ©» cos e, dr (À-46) 
or by substituting the relevant orbitals 


a-u S (3d, 7», 3d, J) (A-47) 


2X3 


The transition moment integral is hence reduced to an overlap integral. S may be 
evaluated by the methods outlined in Appendix I, but in most cases the overlap integral 
in question will be found tabulated in Refs. 20 to 24. 
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CHAPTER 8 


Vibronic Interactions 


8-a. Vibrational Spectra 


So far, no account has been taken of the fact that the nuclear framework 
of the complex is not stationary, but exhibits vibrations around some average 
position. The complete wave function for such a system is, after Born and 
Oppenheimer,! given by the adiabatic approximation as 


Y = Vayvib (8-1) 


The electronic wave function y is, of course, a function of both the electronic 
coordinates and the nuclear parameters. The vibrational wave function yi, 
depends only upon the relative positions of the nuclei. 

Designating the electronic coordinates by r; and the nuclear coordinates 
by Sa, we are then interested"? in the solutions to the Schrödinger equation 


3C (r4 Sa) Y(T, Sa) = Ex (Sa) Y(T: Sa) (8-2) 


where Y, is an electronic eigenfunction for the state k of the molecule 
possessing a nuclear configuration specified as so. 

The usual way of solving such problems. is to calculate the electronic 
energy for an assumed equilibrium configuration s, = 0 and then to include 
a change in the nuclear configuration by means of a perturbation technique. 
It is obvious that the electronic energy and wave functions may be altered 
by such a coupling to the vibrations of the nuclei, and we talk about a 
vibrational electronic (“vibronic”) interaction. 

Two types of phenomena are very closely related to the vibronic inter- 
actions, viz., the intensity of the spectral transitions in the complex ions 
and the stability of their molecular configurations. These phenomena are 
in some ways the most interesting features in the theory of the electronic 
structures of complex ions. Before we proceed to outline the theory of the 
vibronic interactions, however, we shall look briefly at the solutions to the 
pure vibrational problems. 

It is well known? that for an n-atomic nonlinear molecule there will be 
3n — 6 normal vibrational motions and that these may be characterized by 
means of their symmetry properties. In order to find the possible vibra- 
tional symmetry species for a molecule, every atom in the molecule is given 
three displacement coordinates. These are usually taken as either cartesian 
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coordinates or interna. .oordinates. The various symmetry operations of 
the point group are then applied. To find the character of the transforma- 
tion, we need only consider those atoms which are not shifted by the applica- 
tion of the symmetry operations, since only in those cases will the displace- 
ment coordinates still be on the diagonal of the transformation matrix. 
The situation is then exactly parallel to the one encountered in finding the 
various e and x bonding combinations. Indeed, the sum of the vibrational 
symmetry modes and the rotational symmetry coordinates is for a complex 
equal to the sum of the ¢ and r symmetry combinations for the ligands. 


Fic. 8-1. Numbering and coordinate systems for a tetrahedral molecule. The z axis 
for any ligand is the bond-stretching coordinate; the z axis is in the plane defined by the 
z axis of the metal atom and the radius vector to the ligand. 


On the other hand, the central atom c and x combinations transform as the 
nuclear translations. 

Let us take two examples. First for a regular octahedron (point group 
Or) we have the symmetry species for c bonds ai, tiu, and e; and for « bonds 
tig, tiu, tog, and tzu. With the rotational symmetry coordinates transforming 
like? £4, in Oa the vibrational modes will bet aig, e, 2r1,, T29, and Tou. For 
a regular tetrahedron we get in the same way the vibrational modes ai, e, 
and 2r, The construction of the corresponding linear combination of dis- 
placement coordinates transforming according to the vibrational symmetry 
modes proceeds exactly as the construction of the corresponding linear 
combinations of atomic orbitals; from the above they are seen to be identical. 

As an example of the treatment of a vibrational problem we shall take a 
tetrahedral molecule. The orientation and numbering of the ligands are 
shown in Fig. 8-1, and calling the rotational and translational coordinates 


1 We use Greek letters to designate the vibrational symmetry modes in order not 
to confuse them with the electronic symmetry designations. 
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R and T, respectively, we get the following expressions for the various 
symmetry coordinates. 


E21 zs zs *4 » ys » ET $i s: a3 34. Zw VM ot 


1 1 
3 3 
s E ED! 1 1 V3 y3 V3 V3 
3 3 3 i 4 74 74 Te 
"I XE DUE Viv Va vA 
ri i 4 4 7'« 74 74 "4 
1 1 1 1 
dis 2 3 Z 2 
gle 299 w* v9 2r 01 3 (à 
3| 774 ^4 4 74 0d i d 3 
V3 V3 V3 MS _1 1 m 1 
R) TO TT ToT T4 F 3 a 
Te 1 
7 1 
T. 1 


Using a set of internal coordinates? for the bending modes we get, denoting 
the bending of the valence angle (ligand N, metal atom, ligand M) awa, the 
following set of symmetry coordinates: 


Sf is a redundant coordinate equal to zero,? because the sum of the angle 
bends vanishes identically. However, in order to preserve the unitary 
transformation properties of the above matrix, we shall carry it along for a 
while. 

It is now only a matter of geometry to see that 


ž = V3 Sm n=a,b,c (8-3) 
R—X28. n=a,b,c (8-4) 


Furthermore, we define new symmetry coordinates S with the metal ion 
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included, to subtract out the translations, and get 


$125 (8-5) 
Km = Son (8-6) 
Sin = San — 2V¥K T, n=a,b,¢ (8-7) 
Sin = San — 2 V5 T, (8-8) 
The equations of motion are given by 

d oT , av 

w CE Uu m - 

did, ^ a0, (8-9) 


where Q: is a normal coordinate and T and V are the kinetic and potential 
energy, respectively. The solution of these equations yields 


Qi = K: cos Qut + €) (8-10) 


With a valence field potential? for the tetrahedron equal to 
4 


2T — 2 (27? + 9? + 2?)m + (eu? + ya? + u’) M (8-11) 


j=l 


4 6 
and 2V =k Y, (Ar? + ka D), (ray)? (8-12) 
j=l i<j=2 
we get the solutions to the vibrational problem 
mi, =k (8-13) 
m, = 3k, (8-14) 
together with the secular equation? 
Sta Sia To /— 
2k, — dm 0 —4 V5 ka 
0 k — dm —24/M k =0 (8-15) 
4V ZZ ka —24/Vl$k 4k + 18k. — AM 
This latter gives the solutions (besides ` = 0, the translation) 
k 4m 2k, 8 m 
Nri (tia) (8-16) 
2kak m 


The o; and e symmetry coordinates occur only once in the transforma- 
tion from rectangular internal coordinates to symmetry coordinates. After 
being mass-normalized? they are therefore also normal coordinates. The 
two normal coordinates of symmetry species r: can, however, first be 
determined by putting the solutions 1; and A, back into the secular deter- 
minant (8-15) and solving the appropriate linear equations. 
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With & valence force potential containing two constants we can thus find 
k and ka from a knowledge of ^; and ^z as 


k = 4Az?mc!y;i (8-18) 
3k, = 4v?mc?y;? (8-19) 


v is here given in centimeters—! and c is the velocity of light. Knowing k 
and ka, v; and v, may then be computed. A typical example here is 
TiCl, Experiments yield? », = 386 em^!, vz = 120 em-!, v; = 495 cm7}, 
n = 141 em-!, and by using », and vs we calculate v; = 545 em-! and 
vg = 135 em-!. For the force constants we get k = 3.11 X 105 dyne/em 
and k, — 0.10 X 105 dyne/em. 

The solutions to the vibrational problem in O, symmetry are,** with a 
valence field potential of the form 


6 6 6 
2V =K D, (ar)? - 2Ki ), (Ar)(Ar) + Ke PR (re)? (8-20) 

i=l ‘j=l i<j= 

tj 
found to be 

m = K + 10K, (8-21) 
jess M + sm 2K.(K — 2K:) (8-23) 
mod xe Moan 2K, + ao (K—2K,) (8-24) 
mds = 4K, (8-25) 
mis = 2K. (8-26) 


Experimental values of the various vibrational frequencies are so far very 
scarce. Lafont, who measured the Raman spectrum of Zn(H;O)c**, 
found vilan) = 394 cm, v2(e,) = 200 em-!, and vs(rz) = 239 cm7}. 
From these values we calculate v3(r1.) = 218 em! v(ri) = 505 cm~}, and 
ve(Teu) = 169 cm7! 

For v4(riz) in Co(NHs)¢*+ Basolo et al.” report a value of 330 cm™}, in very 
close agreement with the value of y, = 328 em-! later found by Bertin et al. 
On the other hand, Powell and Sheppard’: find a value of this frequency 
equal to 502 cm-!, which agrees with the value of 490 cm—! found by Block.!$ 
These latter values are comparable to the above calculated value. 

Mostly from combination bands Caglioti et al.? found the following fre- 
quencies for the complex Cr(CN) 47: vilar) = 374 em-!, »2(e,) = 336 em", 
viri) = 124 em-!, »í(ri) = 457 cm-!, and vs(r2,) = 106 em^t By 
using vı, v2, and vs to estimate K, Ki, and Ka in (8-21), we calculate 
viri.) = 200 em-!, vlr) = 503 em-!, and wr) = 75 cm~! The 
agreement between the observed and calculated values is seen not to be 
very good. 

All in all we must conclude that a great deal of experimental work is 
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needed in order to obtain a reliable force potential for the complexes of the 
iron group. On the other hand, the information with regard to carbonyls!? 
and hexafluorides of the heavier elements!!! is somewhat more abundant. 


8-b. Absorption Band Intensities for Centrosymmetric Complexes 


By many standards the electronic absorption bands responsible for the 
colors of the octahedral transition metal complexes would be regarded as 
very weak: the broad spin-allowed systems have molar extinction coeffi- 
cients which rarely exceed 100. On the other hand, many of these complexes 
appear to have centers of symmetry and, since no change in parity accom- 
panies the excitations, these should be strongly forbidden, orbitally, in 
electrie dipole radiation fields. Seen from this point of view, it is perhaps 
even surprising that the oscillator strengths f of the main bands in the 
hexammines of Cr** and Co?*, for example, should be as high as the 107? or 
so which are observed. 

To account for this manifestation, two theories have been advanced. 
If it is agreed that the molecule has a center of symmetry, the band intensity 
may be due to either magnetic dipole or electric quadruple radiation.!* 
Alternatively, it is supposed that the odd vibrations of the ligands destroy 
the center of symmetry, thereby invalidating Laporte's rule.*.19730.43—46 

The former set is easily rejected in the present case, though it may be 
important in the spectra of the rare-earth salts. In O, the orbital magnetic 
moment transforms under T;,. Therefore, if we consider a diamagnetic 
Co** complex where the two crystal field bands are due to the transitions 
from the ground state !4,, to the Tı, and tTa states, respectively, we see 
that the !4,, — !T', transition is permitted as magnetic dipole transition, 
while the !4,, — !T;, transition is not. Furthermore, the electric quad- 
ruple tensor spans the irreducible representations E, and T, in Oa. In this 
case we thus find that the second transition will be permitted, but not the 
first. 

Neither of these effects may then separately account for the intensity of 
both band systems. Both are also too weak. For the magnetic dipole 
emission we have!? 


2 2 
p = Seamer | toe x p| m) (8-27) 
or fo 2S IP (8-28) 


where m and e are the electronic mass and charge, c is the velocity of light, 
v is the band frequency in wave numbers, and Z|L|? refers to the sum of the 
squares of the changes in angular momentum (in units of A?) on going from 
the nondegenerate ground state to each of the components of the excited 
state. 

For diamagnetic Co** complexes we have for the excitation corresponding 
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to the first spin-allowed band 


ZL]? = (CA uIZUT)E « (8-29) 
which by descent in symmetry to D, (sec. 4-h) is seen to be equal to 
Z|L|? = 3|CA uL 5)[ (8-30) 


By using determinantal wave functions and the strong-field approximation, 
we get Z|L|? = 24. With »('A1,— Tı) = 21,000 em-! we calculate 
fCAy— 'T1,) ~2 X 1075. The experimentally found value of ~10~ 
therefore simply cannot be explained by assuming magnetic dipole radiation, 
and matters become even worse when we consider the electric quadruple 
radiation. Both of these proposals must then be discarded, and this means 
that the hypothesis that the molecule has a center of symmetry must be 
given up. 

If we next compare the absorption spectra of, for example, cis- and 
trans-Co(en)2Cl.+, we see that the bands are somewhat stronger for the 
cis compound, where there is no center of symmetry, than they are for the 
trans compound.?! This certainly shows that a static dissymmetric field 
is a major factor in promoting the band intensities. But it seems unlikely 
to be the only factor, as shown by the spectra of monosubstituted luteo 
Co?* complexes, which differ only very slightly from the pure luteo spectra. 

Let us finally compare the spectrum of Co(III) tris-ethylenediamine with 
the spectrum of Co(III) hexammine. The intensities of the bands are 
nearly equal; the tris-ethylenediamine being slightly more intense than the 
hexamine. We may now think that the source of intensity in both cases is 
the presence of a static distortion. However, from optical rotatory dis- 
persion data we can estimate the f(static) values for the tris-ethylenediamine 
complex*? in solution. It turns out that the f(static) value is a factor of 107* 
or so too small to account for the observed oscillator strengths of a solution 
of the complex (see Chap. 9). 

It remains to investigate the influence of asymmetrical ligand vibrations 
on the wave functions of the complex. The argument is as follows: Let us 
suppose that Q represents an asymmetrical vibrational coordinate of species 
Tu. Let us then expand the crystalline field potential in this coordinate 


= V. + e ($5), Tess (8-31) 


Since U must transform like the totally symmetric representation and Q 
transforms like an odd representation Tą, we get immediately that (00/0Q)o 
must transform like I’, in order for the product to transform like Ti. We 
can then mix some odd functions into our even function by means of first- 


order perturbation theory. 
R JEN, Ys (> 2), Yu at 
(8-32) 


— R-E 
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If y, represents the unperturbed "crystal field" wave functions, we see 
that an odd vibration of the ligands can cause y, to interact with excited 
states y, of odd parity—particularly those corresponding to one-electron 
jumps, e.g., (tz)! (tiu). For simplicity, let us suppose Q to represent the 
only vibrational mode, the corresponding harmonic oscillator functions being 
X» X4 for quantum numbers p, q, respectively. Then the electronic and 
vibrational, i.e., vibronic, state of the octahedral complex is represented by a 
function Y, = Yx». 

-Let us further assume that the force constants and equilibrium position 
are the same both in the electronic ground state N and in an excited state V. 
The probability of a transition from Np to Vq is proportional to 


|n va a SIV TV. draec adrviv|? (8-33) 
with r being the electric dipole vector. We find that 
Rup,ve = J (chi xut vo + CyV A TV vu) dreie XN Qxv, dTviv (8-34) 


from which we see that transitions are allowed only if the vibrational states 
p, q differ by 1 quantum.ł At low temperatures, therefore, the spectrum 
will correspond to the 1-0 band, the 0-0 band being absent. 

It may be noted that the vibrational integral is proportional to the square 
root of p or q, whichever is the greater.? At higher temperatures, therefore, 
the stronger 2 — 1, 3 — 2, . . . bands appear, corresponding to larger 
amplitudes of vibration and greater distortions. The total intensity of these 
electronically forbidden systems therefore increases with temperature. 

In order to calculate the variation of the intensity with the temperature, 
we assume a Boltzmann distribution in the vibrational levels of the ground 
state.*5*59 The transition probability from the nth vibrational level is then 
proportional to 

[(n|Q|n + 1) [2er T + |(n[Q\n = 1)|te- ^7 


and summing over all levels, calling e^^"*7 = z 


Swe der + Y as 
f = K(0Q|1)]? 322—— ————57—— (8-35) 


f= (oig 1-5 (8-36) 


The band intensity is thus proportional to coth (hv/2kT). The agreement 


1 In the derivation?! of (8-34) use is made of a relationship which connects the dipole 
length matrix element (vwlr|vv) with the dipole velocity matrix element (Vw|VlVv). 
The relation?! is derived under the assumption that the wave functions are exact solu- 
tions to Schródinger's equation; this is, of course, not true in most instances. For 
calculational purposes one should then preferably use dipole velocity matrix elements. 
See Shull** and Wolfsberg.* 
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with experiments*?5*is not bad, but it must of course be borne in mind that 
for an octahedral complex the variation of the oscillator strength f with 
temperature is given theoretically* as a sum of three hyperbolic cotangent 
terms. 

Let us for a moment return to Eq. (8-32) in order to sketch briefly the 
final form of the formula for the oscillator strength. With‘? the oscillator 
strength f for an even-even transition equal to 


f = 1.085 X 10" AE (d”)|(Yilr|Y20)|? (8-37) 
we get by substituting (8-32) for, for example, ys, 


a? 
= 11 n ee an 

f = 1.085 x 10 AE (d*) (E.— ES Violetu)? (8-38) 

But we have for the oscillator strength f' of the even-odd transition 
f' = 1.085 X 10 (E, — E)|(iolrli))? (8-39) 

Hence if E, is high above E, and Ez, 
ce f^ _AE (d) | 2 

Te rt di 


to be multiplied, of course, with the temperature factor. We observe that 
the g — g transition “borrows” intensity from the g — u transition. The 
actual amount is seen to be very sensitive to the separation of the even and 
odd states in question. 

'The expansion (8-31) is, of course, also valid for an inherent small crystal 
distortion. In that case Q is simply the constant before the additional 
potential in the Hamiltonian, but it is clear that in order to break off the 
expansion so fast, the complex must be very nearly centrosymmetric. We 
remark that in this latter case symmetry considerations require that the 
band envelope contain only the totaly symmetric vibrational progression. 

Ordinarily, the bands with which we are concerned are very broad. This 
applies especially to the bands that are due to transitions between states 
arising from the same free-ion level. If we ignore the broadening attributa- 
ble to thermal fluctuations, the main part of the spectrum will consist of a 
totalp symmetric vibrational progression superposed on one vibrational 
quantum of an asymmetric vibration. Clearly, if the vibrational constants 
(by which we mean to include the equilibrium internuclear distances) in the 
ground and excited states are the same, a single sharp set of lines would be 
observed. The greater the difference in these constants, however, the 
broader will the overall spectrum appear. 

Now, the major factor responsible for differences in the interactions of a 
given ion with its ligands is the relative number of its e, and tz electrons. 
Bands for which both upper and lower states have the same number of 
te, electrons are therefore expected to be sharp, but those for which this 
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number changes may be very broad.** For example, the lowest quartet- 
quartet transition of the Cr(H;O)4** ion lies at 17,000 cm-! and has a half- 
width?” of some 1625 cm-!. The excitation is due to a transition (tz)? > 
(t2)? (€). By contrast, certain doublet states due to transitions (t2)? — (t2)? 
may also be seen in the same spectrum. They are so sharp that when 
observed in a crystal, Zeeman splittings of only 1 cm~! may be observed.?5:?? 

The analysis of the band envelopes of the absorption spectra found in 
inorganic complexes is furthermore complicated by the fact that all of the 
absorption bands are due to transitions between states at least one of which 
is subjected to a configurational distortion of the Jahn-Teller type (vide 
infra). If, say, the excited state of the complex has a different configura- 
tion than that of the ground state, 
vibrational frequencies which in the 
ground state are non-totally sym- 
metric may be totally symmetric in 
the excited state. Hence, the absorp- 
tion band may show a simple pro- 
gression in single quanta of such 
modes. 194! 

The actual calculation*:??-?? of band 
intensities differs from the procedure yg 8-2. Displacement vectors used in 
previously outlined only so far as we the vibronic potential. 
have to take account of all the odd 
vibrations of the centrosymmetric complex and assume a specific form of 
the Hamiltonian. Using the crystal field approximation, we have for the 
electronic potential energy Uo that 


Volta) = — 2 ed (8-41) 


r; being the radius vector of electron number 7 (of charge —e) and a; being 
the position vector of ligand number j, which carries a charge of +g;e. 

Calling the displacement vector of the central ion s, and that of a ligand 
sj, Fig. 8-2, we have for U: 


q;e? 
DS SP ares (8-42) 


Expanding (8-42) and retaining only linear terms in the nuclear dis- 
placement vectors s, and sj, we get 


emu lue aj ER E x id 


Ir; — aj]? 
or 


[s 
It 


Vo + Y (s; — sa) Ve, Vo (8-44) 
pj 
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The evaluation of the matrix elements connecting the odd and even states 
is now easy to perform by using the last term in (8-44) as the perturbation 
operator. "The elements are then differentiated with respect to the ligand 
coordinates and summed over the j ligands, and vibrational symmetry 
coordinates are substituted in for the various sums in (s; — s,). The 
remainder of the calculation is now straightforward, although rather 
tedious.* 

It is sometimes maintained that only the odd stretching frequency », is 
really effective in promoting intensity. "That this is, however, not entirely 
so can be seen from Table 8-1, where the intensity distribution, at absolute 
zero, is given?? for the various vibrational levels of the complexes of Ti**, 
V?*, Nitt, and Cu**. In the ionic approximation these ratios are inde- 
pendent of the ligand field and the (e,,te,) — ti, separation, and they are 
dependent only upon the bond distance and the effective charges used. 


TABLE 8-1. INTENSITY RATIOS AMONG THE VIBRATIONAL LEVELS 


M Transition (tiv) iva(tiv) | va(rin) i ¥6(r2u) 
Ti** Ta CE, 1.3: 1.4:1 
yat Tis T. 31:1 

Ta, asid Tio 24:1 
Ti 3Ág 364:1 
Ni*^* 345 — Ta 2.9:1 
3A ag — 3T 1, 1.7:1 
3A — wu 1.7:1 
Cutt 2E, TuS 16:1 


In order to render the actual calculation of the oscillator strengths more 
feasible, use is sometimes made of the closure properties of the eigen- 
functions.?4.25.43.44 This, however, means that rather serious errors can 
creep into the calculation.?5:39 

So far, we have considered only transitions between two states which (1) 
have the same spin component and (2) differ in occupancy number by no 
more than one orbital if the states are approximated as single antisym- 
metrized product functions. In such an approximation one should observe 
only spin-allowed transitions corresponding to one-electron jumps. It is, 
however, very often true that & configurational interaction under the 
Hamiltonian removes the last restriction, and bands which formally might 
be thought of as corresponding to two-electron jumps‘? may be seen. 

The restriction imposed upon the transitions by the selection rule AS — 0, 
valid in Russel-Saunders coupling, is broken down by the inclusion of the 
spin-orbit operator in the Hamiltonian, because, as we have seen previously, 
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this operator couples together states which differ by AS — 1. The amount 
of mixing is, of course, determined by the value of the spin-orbit coupling 
parameter and how close the two interacting states approach each other. 
Suppose that a triplet state (T) is placed above the ground state (0), 
which we also take to be a triplet state, and that above (T) we have a 
singlet state (S). Neglecting the mixing of the singlet state with the ground 
state, we have that the singlet state will have an amount of triplet character 
equal to 
(Wr|Hepin-ordit|Ws) 


laps err A 


(845) 


and hence that the oscillator strength fos for a transition from the ground 
state to the singlet will be 


fos = 1.085 x 10 (Es — Eo)a?|(Wolrlvr)|? (8-46) 
But with an oscillator strength for for the triplet-triplet transition 
for = 1.085 x 10! (Er — Eo)|(Volr|z)|? (8-47) 
Es Ea Eo | (Wr|ICepin-ordiel¥s) |? 
we get fos = for p —— 5 E.— Eo  (E.— ED o (8-48) 


In this way, the spin-orbit perturbation which serambles the excited 
triplet state (T) with an excited singlet state (S) allows the spin-forbidden 
transition (0) — (S) to steal intensity from the spin-allowed (0) — (T) 
transition. 

A case where it has been thought? that a spin-forbidden transition 
borrowed a great deal of intensity from a nearby spin-allowed transition is 
found for the second, doubly peaked Ni(H;O),** band, placed at about 
14,000 cm-!. Explicit calculations?* seem, however, to reveal that the 
doublet structure of this band is due to a spin-orbit fine structure and not 
to a superimposed spin-forbidden state. This latter interpretation is, 
however, dependent-upon the choice of the electron repulsion term F, to be 
110 cm~! (see Chap. 10). 

The best-investigated system where spin-forbidden transitions take place 
is the d* configuration found for instance in Mn(H;O),**. The ground 
state has S = 54, but all of the excited states have either S = 3g or S = 14. 
Hence spin-orbit coupling can mix some S — 34 character into the ground 
state. Exact calculations of the intensities of these spin-forbidden bands 
have been carried out by Koide and Pryce,?* who assume a vibronic scram- 
bling. They find oscillator strengths of about 5 X 10-* in excellent agree- 
ment with the experimental values. However, for spin-forbidden transi- 
tions, magnetic dipole transitions yield oscillator strengths which are close 
to those of the vibronic electric dipole transitions.** The electric and 
magnetic dipole transitions may in a crystal be distinguished experimentally 
quite simply*'.** by a comparison of the axial and transverse spectra. 


192 INTRODUCTION TO LIGAND FIELD THEO... 


8-c. Dichroism 


As we have seen, the validity of Laporte's rule for centrosymmetric 
complexes is released both by presence of inherent odd crystalline fields and 
by odd vibrations of the ligands. Assuming the transitions to be due to 
electric dipole transitions, we may often distinguish between the two cases 
by means of the different polarizations of the absorption bands. 

Consider, for instance, the complex trans-Co(NH;),Cl;t. Let us assume 
that there is no center of symmetry present and that the point group of the 
molecule is C4,. The "first" absorption band in O+, which is due to 'Ai, > 
1T, is now split up (see Fig. 8.3) into two bands, 14; > !E and 'A, — !A;. 


D 


bj— 


Fig. 8-3. “Visible” transitions for a cobalt(III) complex without and with a center of 
symmetry. 


With the electric dipole vector transforming in C4, as Az (parallel) and E 
(perpendicular) we find that the transition 14; — !As can be seen only with 
the electric vector parallel to the C, axis, while the transition 1A, — !E can 
be seen only when the electric vector is perpendicular to the C, axis. If, 
on the other hand, a symmetry center is present, the molecule belongs to the 
D, point group. In Da symmetry, the electric dipole vector parallel to 
the z axis transforms as Azu, while the electric dipole vector perpendicular to 
the z axis transforms as E,. The ground state of the complex transforms 
under A;,. It is therefore necessary that the final orbitals contain either 
_some Az, or E, symmetry properties in order for the bands to appear in 
absorption. We hence write for the wave functions of the separated 
components of !T,: 
V (E;) + Xi$(E.) + Aso (A ou) 
YA) + Aso(Bu) + Molu) 


The odd normal vibrations for the complex having Da symmetry are found 
in the usual way. They are 2as,, Bou, and 3e,. Since there is no normal 
vibration of aiu symmetry, and since no other vibration can couple ¥(A 2) 
with $(A:s,), the wave functions are reduced to 


P(E) + M$(E,) + (As) 
V(As) + xe) 
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In other words, the !4;,— 'E, band will be seen both parallel and per- 
pendicular, while the 141, — !A;, band will be seen perpendicular only. 

À series of complexes where the major intensity-giving factor is found to 
be5: an inherent odd crystalline field are the tris-oxalato-metallates. The 
“second band" in octahedral Cr*+ complexes is due to the transition *A;, > 
íTio Going down in symmetry to D;, the excited state splits up into 
‘A, + *E and the ground state transforms like ‘As With the electric 
dipole vector transforming like A; (||) and E(.L) with respect to the three- 
fold axis we notice that we can see the transition *As — *E only with the 
light polarized perpendicularly, but that no transition will occur for a 
parallel polarization. Experimentally’: e,:e, = 0.06. On the other hand, 
if the intensity were vibronic in character, all of the transitions— parallel 
as well as perpendieular—would be seen. Quite similar results have been 
obtained by Yamada and Tsuchida’® for crystals of Co(en);**. Also, here 
it seems that the major intensity-giving factor is an inherent odd crystalline 
field. If this result is compared with our previous results for a solution of 
this complex, it indicates, strangely enough, that the major intensity-giving 
factors differ in the two cases. 

On the other hand, the absorption spectrum?* of trans-Co(en);Cl;* is an 
example of a complex where the major part of the band intensity is vibronic 
in eharacter.? Although the actual symmetry of the complex ion cannot 
be higher than D, other work shows that the effective symmetry is Da. 
The situation with regard to the first band is then as pictured in Fig. 8.3. 
Since the experiments** show that the transition 141, — !E, is seen both 
parallel and perpendicular, whereas 'A1, — 'A2, is seen only perpendicular, 
we must conclude that the intensity is due to a vibrational perturbation.?? 

For complexes imbedded in a strong crystalline lattice, such as vanadium 
corundum (A1,0;: V?**) and chromium corundum (AÀ1,0;:Cr?*), it has been 
found“ that nearly all of the band intensity arises from a lack of a center of 
symmetry. These systems present some very interesting features, but the 
treatment is unfoftunately highly complex. We shall therefore only give 
some appropriate references. 44.55.56 


8-d. Jahn-Teller Configurational Instability 


As a general rule, it is found that those transition metal ions whose ground 
states in octahedral fields are orbitally degenerate form complexes whose 
symmetry is lower, say, tetragonal or rhombic. This may be due to many 
causes: crystal packing considerations for the complex within a lattice, 
repulsions between neighboring ligands, and so forth. It is, however, also 
to be expected on very general grounds. According to a theorem by Jahn 
and Teller,55 when the orbital state of an ion is degenerate for symmetry 
reasons, the ligands will experience forces distorting the nuclear framework 
until the ion assumes a configuration both of lower symmetry and of lower 
energy, thereby resolving the degeneracy. 
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For obvious reasons, structural anomalies are best detected for the 
ground states of the molecules; X-ray, electron- and neutron-diffraction, 
and paramagnetic and nuclear magnetic resonance experiments are certainly 
more easily performed in this case. However, even if & molecule should 
distort because of a Jahn-Teller effect, and even if such a distortion is found, 
for example, by X-ray measurements, we cannot be absolutely certain that 
the observed deformation is not due to the packing in the crystalline lattice. 
Hence, caution must be exercised in the interpretation of experimental 
facts. 

Most generally, the Jahn and Teller theorem® as extended by Jahn®® can 
be formulated as follows: A molecule possessing a degenerate state in 
either orbit or spin must distort in order to remove as much degeneracy as 
possible. This statement does not mean that the molecule is formed 
possessing a degenerate state, immediately discovers this, and then proceeds 
to distort. On the contrary, after visualizing that certain molecules may 
have a regular configuration, we find that the predicted structure is an 
impossible one owing to the very general nature of the Jahn-Teller theorem. 

The discussion naturally falls into two parts, namely, the static and the 
dynamical aspects of the Jahn-Teller theorem. In the first part we investi- 
gate how the electronic energy of the system varies when the parameters 
specifying the nuclear framework of the system are varied. The stable 
molecular configuration is then obtained by minimizing the electronic energy 
with respect to these parameters. The dynamic problem, on the other hand, 
consists of an investigation of the ensuing coupling of the motions of the 
nuclei with the low-frequency electronic motions. These so-called vibronic 
couplings lead to very interesting quantum-mechanical effects. 

In order to clarify the nature of the Jahn-Teller distortions, we shall 
consider a tetrahedral molecule possessing a twofold degenerate ground 
state. We can take this ground state to transform under the irreducible 
representation E in the point group Ta. The angular parts of the orbitals 
will then transform? like the polynomials (32? — r?) and (z? — y?). 

We have found that a tetrahedral molecule possesses a degenerate 
vibrational mode of symmetry species e. The two symmetry coordinates 
spanning this irreducible representation will be called S», and Sx». As Sz. 
we take the linear combination of cartesian displacement coordinates which 
transform like the polynomial (32? — r?) and as Ss the one transforming 
like (z? — y?). 

The Hamiltonian for the regular configuration of the tetrahedron is 
designated 3Co, and we consequently have 


[V5 oes dr = SUBopes dr =E (8-49) 
Std- dr = 0 (8-50) 


Let us consider now an expansion of the Hamiltonian with respect to 
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Soe and Ss 


= 93€» 9X» |... 
3C = Ko + Sz Soe + Sx 9S5 t (8-51) 


In order for 3 to be totally symmetric under all symmetry operations of 
Ta, 03C0,/8S$, must transform like Sza and 85/dS like Sy. We can then 
write 

1 
3C = Ko + Sock NW: (32? = r?) + Saki(z? x y?) (8-52) 


Taking as our zero-order functions d.s_,: and da and HX as 3€ — Ko, first- 
order perturbation theory yields the secular equation 


Hi — AE Hx " 
Ha Hu — AE| ^9 e) 
Here 
Ay = fadh 36d y. dr (8-54) 
Hs = [d&3e«od,, dr (8-55) 
His —_ Ha = f[d5 3e md, dr (8-56) 
Transforming 30€? to an operator form, we have 
HM = Sooke A/3 (L? ~ 2) + Sueas(lt + L?) (8-57) 


where we have written l, for 1, + il, and l for l, — il, The secular 
equation then gives 


5 Su — AE 5 Sa 
: E =0 (8-58) 
2 Sx = 3 Soa = AE 
AE = + $V Su? + S (8-59) 


A quasi-elastic potential energy must now be added to the perturbation 
energy. This is taken as }4k(S2.? + S3?), the harmonic potential. Then 
we get the two potential surfaces 


E = 5 k(Su! + Sa!) +S Sui + Sa! (8-60) 


Defining the two polar coordinates r and e by 


Soe = T cos o Sy» =rsin¢ (8-61) 
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and substituting into (8-60), we have 
(8-62) 


Hence, we see that the original twofold degenerate potential surface is now 
split up into an upper (plus sign) and a lower (minus sign) potential surface. 
The minimum value of the energy can easily be found from (8-62) as 


cur elt _ lel 
Emin = Sk for ro = 5r (8-63) 


The wave function corresponding to the lower potential surface is then 
found to be 
y = sin 1ágda y — cos }4ydis (8-64) 


If the energy separation between the upper and the lower surface is large 
compared to the zero-point vibrational energy, the Born-Oppenheimer 


Fic. 8-4. The electronic energy potential surfaces for a twofold degenerate electronic 
level. 


approximation is valid; the system will remain on the lower potential 
surface. is seen to be a cyclic coordinate. Semiclassically we will have 
¢/2 = vt, a frequency multiplied by the time. Hence, the charge density 
|V[? will vary periodically with time and it is impossible to specify which of 
the original wave functions the system isin. The upper and lower potential 
sheets are pictured in Fig. 8-4. 

If, however, the stability gain AE is approximately equal to the zero-point 
energy of the vibrational mode, we cannot expect the motion to be confined 
to the lower electronic potential energy surface, and a coupling between 
the electronic and nuclear motions will arise. This latter situation is the 
one encountered in the dynamical Jahn-Teller effect. 

Let us now perform an actual calculation (using an electrostatic model) 
for VCl. If r bonding is neglected, we find that the one unpaired electron 
present is placed in the c nonbonding, doubly degenerate, metal orbital e. 
If we compare VCl, with TiCl,, we see that the only difference is the presence 
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of one more electron in the former compound. We get** 


2 

H zys, zy = (2B. — 9 B.) Sı — 5 Sta (8-65) 

2 a 
Has = (2B. — 9 B.) Si + 9 Soa (8-66) 
Hays = Haas == 5 S» (8-67) 

where 
«= 83 (a, - 5a) (8-68) 
To 9 


with ro being the bond distance V—Cl. The radial integrals G; and B; are 
defined as 


Gi = h i R*(r)fi(r,ro)r? dr (8-69) 
and AE Bs (8-70) 


The quantities B; and G; are tabulated in Ballhausen and Ancmon.*? 
E is again found to be 


E = (2B. = 3) Sit Sv Sa? + Sa? (8-71) 
The total potential surface of VCl, is then given by 


E=W+E£E (8-72) 


We now assume that the potential surfaces of TiCl, and VCI, are the 
same except for the terms due to ligand field effects, i.e., the terms in a and 
B, By making the substitutions 


Sı = qı Sa = Q» COS $e Sa = q2 sin P2 (8-73) 
the potential surfaee for VCl, may be written 
1 2 1 
E= 5 hg? -5 Bag + 5 Koga? + E (8-74) 


where kı and kz are the force constants for the harmonic vibrations of 
symmetry a; and e, respectively. 

As before, we minimize with respect to qı and qs. This leads to the result: 

2«B I 

23B: _ Fa 

BS a2 p 

Let us first consider the implications of the qı term. By definition*? the 

quantity B,is negative, and hence, in the absence of Jahn-Teller distortions, 


Eq. (8-75) predicts that the system will undergo a contraction relative to 
TiCl,. This is borne out by experiments. * 


(8-75) 
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This and similar results for the octahedral configuration were obtained in 
1952 by Van Santen and Wieringen.'? It has since been reformulated by 
Hush and Pryce”! and Liehr and Ballhausen.* 

The configurational instability of the Jahn-Teller type is apparent from 
the q: terms in Eq. (8-74). A positive a results in a splitting of the electronic 
degeneracy, and also in a continuous set of minima, found at qs = a/2k;. 
The energy gain AE is — o?/8k;. The apparent independence of v2 which 
this result shows is due to the neglect of the second-order terms in Eq. 
(8-51). If these are included, & more refined potential surface of the 
form** 


E = Mk? — 26Bíqi + Y$kiqi? + gla? + Bq? + yq? 
— 28-4919: cos 3y¢2 — 2aBg2 cos 3e» + 2ayqi) ^ (8-76) 


is obtained, where 8 and y are constants involving derivatives of the poten- 
tial. The appearance of the cos 3q; term in (8-76) makes it clear that the 
molecule will have a threefold potential barrier. 

The minimization of the expression (8-76) for the lower potential sheet 
with respect to o; gives the condition 


sin 3e; — 0 
ee = n=0,1,2,3,4,5 (8-77) 


Three of these points will give identical potential minima and the other 
three will yield identical saddle points, but the identification of which is 
dependent upon the sign of 8. The height of the potential barrier is 
found®® for most complexes to be a few hundred reciprocal centimeters. 

The situation can thus be described as follows: At low temperatures the 
molecule will be frozen into one of the three potential traps, and it will 
assume the shape of a compressed tetrahedron. At temperatures so high 
that the molecule has sufficient energy to override the barriers the complex 
will exhibit a sort of pseudo rotation: all of the ligands are forced to perform 
a coupled rotation around the regular bond angles. 

The original derivation of the theorem was given by Jahn and Teller in 
1937. The theorem has since been reformulated by Clinton and Rices?’ 
on the basis of the Hellmann-Feynman theorem. This latter formulation 
is, however, subjected to the limitations imposed by the use of Hellmann- 
Feynman's theorem for approximate wave functions. In what follows we 
shall therefore give a short outline of the original proof. 

Given an orthonormal set of degenerate wave functions y$ : > - y? as 
solutions to the Schródinger equation for the symmetric state of the mole- 
cule. Then 

KY? = Ey? dolosa (8-78) 


The Hamiltonian 3e for the stationary electronic states of a molecule 
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contains as parameters the various nuclear coordinates. We now look at 
small displacements of the nuclei and describe these displacements by means 
of the vibrational symmetry coordinates S; of the molecule. Expanding 
X in a Taylor series around the symmetrical configuration we have 


& = Ho + YS; + ESSO + > (8-79) 
J E 


Here S; is a function of the nuclear displacement coordinates and U; isa 
function of only the electronic coordinates. Since the Hamiltonian must be 
invariant under all symmetry operations, we get immediately that S; and U; 
must transform in the same way. 

Taking the set y(i = 1 : : * n) as our zero-order wave functions and 


RY = » SjU; as the perturbation matrix, we must now evaluate matrix 


Jj 
elements of the form 
Vin = SjG[Uojn) (8-80) 


In order for the initial degeneracy to be retained, all of the matrix elements 
Vi, must vanish; if this is not the case, a splitting of the degeneracy will 
occur. The energy expression will further contain terms linear in S;, and 
hence the initial configuration cannot be stable. Since the S; can be chosen 
at will, Vin will vanish only if the matrix element (8-80) is zero. 

The degenerate set J2(?7 = 1 - - - n) span the irreducible representation 
T in the point group of the molecule, and U; transforms like Sj. The condi- 
tion for a nonvanishing matrix element (z|U,|n) is therefore that the sym- 
metric direct product [D]? must contain a representation also found in the 
normal vibrational modes. [T]? will, of course, always contain the unit 
representation, which, taken together with the totally symmetric vibrational 
mode, will yield values of (8-80) different from zero. However, since the 
totally symmetric vibration cannot by its very nature destroy the symmetry 
of the molecule, we may assume without loss of generality that the system is 
stable with respeet to such displacements. 

Jahn and Teller were able to show, by going through all of the possible 34 
molecular point groups, that in all the cases where a degenerate electronic 
state can occur there will always exist a vibrational mode which will destroy 
the degeneracy. The nuclei will be displaced in such a way as to remove 
the degeneracy; the symmetry of the molecule is lowered. The only 
exceptions to the above rule are linear molecules, where it was found that 
only quadratic terms in the expansion (8-79) can take away the degeneracy*’ 
(“Renner effects"). 

Even in the absence of linear terms in the energy expression, the 
degeneracy may be partially removed owing to the nonequivalent quadratic 
terms present in the expansion of X. However, these effects, of which the 
Renner effect is a special case, are usually small compared with the effects 
induced by the linear terms (Jahn-Teller effects). 
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Thus far the discussion has neglected the presence of spin-orbit forces. 
Jahn has shown, however, that a symmetric configuration of the nuclei 
again cannot be stable if there is spin degeneracy. The only exceptions are 
linear molecules and spin levels possessing a twofold Kramers degeneracy. 

A result of this is that a large spin-orbit coupling may stabilize a sym- 
metric configuration otherwise expected to distort.5?91-9* The condition 
for stability is simply that the ground state in a spin-orbit representation 
("the double groups") shall be either a singlet or a Kramers doublet. 
Furthermore, the next excited state capable of interacting under a vibra- 
tional mode with the ground state must have an energy higher than the 
zero-point vibration; if not, a "pseudo Jahn-Teller effect" will take place. 

The question of how in the general case to predict the stable configuration 
of a complex subjected to a Jahn-Teller distortion is a rather tricky one, 
and the elucidation of this problem has occupied many authors. We shall 
state the problem as follows: Given a certain degenerate state and a certain 
degenerate vibrational mode, is it then possible to predict the stable con- 
figuration of the molecule? In what folows we shall assume that the 
various potential surfaces are well separated and that we can neglect spin- 
orbit coupling. Furthermore, we shall treat only octahedral and tetrahedral 
configurations. 


TABLE 8-2. DEGENERATE ELECTRONIC AND VIBRATIONAL STATES FOR 
OCTAHEDRAL AND TETRAHEDRAL MOLECULES 


Possible degenerate | i Vibrational symmetry 
A I Symmetric products : 
electronic functions coordinates 
E (EP = A +E Gig, €p; 
On Ti [TP =Ai+ £+T, Qriuy T29) Tou 
T: [T]} = A1 - E +T: 
E [E] 2 A4, +E 
Ta Ti (Ti? = A:.+¢ E4+T: a1, €, 272 
T: (T2}? = Ai +E +T: 


In Table 8-2 we have collected the possible degenerate electronic levels 
found in O, and T; together with the symmetry species of the vibrational 
modes. Looking apart from the totally symmetric vibrational mode, we 
notice that in both O, and Ta the doubly degenerate mode is the only active 
mode for & doubly degenerate electronic level. On the other hand, the 
degenerate levels of species T, and T; are split up by both e and 72 vibrational 
modes. We shall now develop the individual cases. 

Tetrahedron; Electronic State E; Vibrational Mode «e. As previously, the 
tetrahedron will distort in such & way as to preserve its fourfold rotation 
reflection axis. The distorted compound will have axial symmetry with 
an infinite number of distortions which in the Sz. and S» space will lie on a 
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circle with radius ro = |c|/2k. At three points on this circle the symmetry 
will be Deg; otherwise, it will only be D;. The three special points cor- 
respond to an elongated or compressed tetrahedron. 

Octahedron; Electronic State E; Vibrational Mode «e The analysis very 
closely follows the tetrahedral case. Again we have cylindrical symmetry, 
and the minimum energy is found on a circle with a radius as of above. The 
three special points have symmetry D,, corresponding to an elongated (or 
compressed) octahedron; all other configurations have only Dən symmetry. 

Tetrahedron; Electronic State Tə or Tı; Vibrational Mode e. As our 
perturbing potential we take again 


RY = CSa V3 (l? = 2) + eia V (L,? + l2) 


and for the threefold degenerate level the orbitals dzz; dyz, and dzy. The 
perturbation matrix can then be written 


(71 0 0 sí 0 0 
C315 5 0 -1 0 uc 0 +1 0 (8-81) 


0 0 +2 0 0 0 
or a 
1 
siu Se 0 0 
Ce (8-82) 
0 = 5 Ste + vs Sa 0 
0 0 Sza 


The solutions are easily seen to represent three equivalent distortions 
corresponding to an elongation or compression along the three fourfold axes. 
The symmetry of the molecule will be Dza. For the potential surface we 
find in Sza, S% space 


E = Wkyr? — ar cos ¢ (8-83) 
Minimizing E with respect to r and e, we find an energy gain equal to 
C 2 
== 8-84 
AE = a (8-84) 


Octahedron; Electronic State T; or Tı; Vibrational Mode e The analysis 
follows the preceding case. We obtain three equivalent tetragonal dis- 
tortions, the symmetry going down to Dy. The energy gain as before is 
equal to 


€ 2 
AE = = (8-85) 


Tetrahedron; Electronic State T or Tı; Vibrational Mode rə Repre- 
senting the threefold vibrational mode by the set (z,y,z), we obtain a 
perturbing potential 

HY = ci(Siz + Say + Sez) (8-86) 
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with the perturbation matrix obtained as before 


000 0 0 1 0 10 
eS410 0 1]-FeSs[(0 0 O]+cS.{1 0 0 (8-87) 
0 1 0 10 0 00 0 


'The solutions to the secular equation are then given by the equation 


~E? 4- E(S&? + Sg? + Ss.) 4-285SgS;, = 0 (8-88) 
Setting 
Ssa = r sin O cos ¢ 
Sa = r sin O sin ¢ (8-89) 
Sse = r cos O 
we have 


E? — r?E — r sin? O cos O sin 2g = 0 (8-90) 


The potential energy surfaces are given as the solutions to (8-90) plus, of 
course, the quasi-elastic term l2k,r*. Hence, 


E = c E'(0,o,r) + Wher? (8-91) 


where F’ are the solutions to (8-00). Extremizing with respect to © and e, 
we have the conditions 
ðE dE’ 


ðE OE’ 
yielding the simultaneous equations 
sin © sin 2¢(2 cos? O — sin? 0) = 0 (8-94) 
sin O sin 20 cos 2e = 0 (8-95) 


possessing the nontrivial solution 


1 T 
cos 0 = qi ?71j (8-96) 


The molecule is seen to distort along the threefold axis. Substituting 
these values into (8-90), we obtain 


2 
E' = —r onefold degenerate 8-97 
a g (8-97) 
and E'--— a T twofold degenerate (8-98) 
Minimizing (8-91) with respect to r in the form 
= =G a r+ 5 kar? (8-99) 
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we obtain an energy gain equal to 


AB aoe (8-100) 


Octahedron; Electron State T; or Tı; Vibrational Mode 7:2 The analysis 
is equivalent to the one above. The octahedron will distort along one of 
the threefold axes, the resulting symmetry being Dj, The energy gain is 
as before 


AE = pa (8-101) 


For a threefold degenerate electronic state we have seen that both of the 
vibrational modes of symmetry « and rz may cause a Jahn-Teller splitting. 
The resulting potential energy surface will have three points corresponding 
to equivalent tetragonal distortions and four points corresponding to 
equivalent trigonal distortions. The combination of both modes yields six 
further solutions to the secular equation. These represent a very low: 
symmetry of the complex. However, Öpik and Pryce*! have shown that 
the six intermediate points cannot represent & minimum. 

The trigonal and tetragonal configurations are thus the only stable ones. 
The trigonal one is stable if and only if 


2c). le? 
3 ke > 2h (8-102) 
c,?ki 3 

or o. (8-103) 


and the tetragonal configuration is stable if and only if 


ck, 3 
PEN « 1 (8-104) 


If by accident the two stabilization energies (8-85) and (8-101) are equal, 
the complex will oscillate back and forth between a tetragonal and a trigonal 
configuration. 

For a twofold degenerate E level we find an expression for the energy gain 
which, expressed in S», — S» space, is independent of e. However, by 
taking account of the quadratic terms in the expansion (8-79) of the Hamil- 
tonian, this result is no longer true. A closer analysis**! shows that the 
resulting potential] surface will possess & threefold barrier comprising a weak 
restriction to the preferred values of e. Depending upon the actual sign of 
the second-order interaction,’ the minima will correspond to either an 
"elongated" or a “compressed” molecule. 

It may happen that the barrier height is comparable with the vibrational 
motions. The molecule may now override or tunnel through the barrier, 
going from one potential minima to the next. In that case ¢ is again more or 
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less cyclic, whereas ro still is strongly determined. The motion will take the 
molecule through a continuous series of configurations; i.e., we may regard 
the molecule as undergoing a but feebly hindered “internal rotation" or 
"inversion." T 

If, on the other hand, the vibrational motions are unable to surmount the 
saddle points in the barrier, the molecule is best described as having a static 
lower symmetry. In a certain sense we can speak of the "'effective" 
vibrational nuclear mass being so heavy that the nuclei are held near the 
potential minima and only exhibit harmonic vibrations. 

Finally, we shall make a few remarks on the dynamical Jahn-Teller prob- 
lem for complexes.7?-7§ One case which has been treated is the coupling 
between the electronic and nuclear motions found in a doubly degenerate 
electronic state whose degeneracy is removed by the interaction of a doubly 
degenerate vibration. We have just seen that in this case the energy 
separation between the two potential sheets is AE = o?/8k;. 

Suppose now that the zero-order vibrational energy hv for the doubly 
degenerate vibration is of such a magnitude that 


E gu CM i 
ow hy = nf (8-105) 


where u is the “effective nuclear mass." It is then clear that the motion 
cannot be confined to the lowest potential sheet, and a vibronic coupling 
takes place between the electronic and vibrational motions. 

The expression for the energy of the two potential surfaces A and B can 
be written 


E = Vo + klg? + qg) avg +g? (8-106) 


The eigenfunctions corresponding to these solutions are called V/4(r,q1,02) 
and va(r,q1,02), where 7 stands for the electronic space and spin coordinates. 
For the vibronic case the eigenfunctions must take the form’ 


W(r,91,92) = Valt, gudala) + ¥a(7,91,92)8 (91,92) (8-107) 


where a(qi,¢2) and 8(91,g2) are the vibrational functions on the potential 
sheets A and B. 

The perturbation matrix for the potential sheets can in the above case be 
written in the form (qı = r cos e, q2 = r sin ¢) 


(^ + kiq? + 2») alqı y 1q2) ) 
alqı + $q2) Vo + klg? + g?) 


With p; and p: being the canonically conjugated momenta to qı and q: we 
find that a(q1,¢2) and 8(giq») are given as the solutions to the coupled 


+ In analogy with the ammonia inversion. It may be remarked in passing that this 
behavior should produce some interesting features in the heat capacity of such & system. 


equations 
1 

E (pi? + pi?) + 5 hai? +g?) — z| œa + alqı — $948 = 0 (8-108) 

alqı + iqa + E (pi? + pi?) + jq +g) — z| B=0 (8-109) 


It is obvious that the functions a and £ are not the usual functions for a 
twofold degenerate vibrational mode. 

The solutions to these equations cannot be obtained in closed form. We 
notice that if a were equal to zero, (8-108) and (8-109) would reduce to the 
Schrödinger equation for a two-dimensional isotropic harmonic oscillator. 
The wave function for this is, in r and e space, 


y(m,n) = N(nm)etimve 1 l2pmL m(r2) (8-110) 
where t= as $ (8-111) 
m may assume values m = n,n — 2,n —4,...,0,0r1l, and L:”(r?) is an 


associated Laguerre polynomial. N (n,m) is a normalizing constant. The 
energy levels are 


En = (n + 1)hv (8-112) 


the degeneracy of each level being n + 1. It is not difficult to show?®77 
that by treating qı + ig as a perturbation, the degeneracy will split up so 
that all of the levels become doubly degenerate. Equations (8-108) and 
(8-109) may then be solved by using various perturbation techniques depend- 
ing upon the strength of the perturbation. We shall not pursue this sub- 
ject further; instead, we refer the interested reader to the already quoted 
papers by Moffitt, Liehr, Longuet-Higgins, and others. 

Finally, we remark that even if we confine the motion to the lower poten- 
tial sheet, the vibrational levels are split up by the possibilities of tunneling 
from one to another of the possible valleys found on the potential surface. 
Again the situation is closely parallel to the phenomena of the ammonia 
inversion. 


8-e. Experimental Evidence of the Jahn-Teller Effect 


We shall now examine some typical features related to the Jahn-Teller 
effect and see what experimental proofs are available. It is tempting to 
quote Van Vleck:® “It is a great merit of the J-T effect that it disappears 
when not needed." Alas, it is also true that the effect is very difficult to 
find when it should manifest itself! The following is to be taken not as a 
complete list of references, but only as an indication of the types of work 
performed. 

1. Structural Evidence. A Jahn-Teller structural instability should be 
operative for octahedral Cu** complexes, because in O, the ground state 
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would be *#,. A list of references given by Orgel and Dunitz** indicates 
that nearly all known octahedrally coordinated Cu** complexes possess 
the Dy structure, and this is taken as proof of the operation of the Jahn- 
Teller effect. However, extreme caution is needed in the interpretation. 
As mentioned, Coulombic forces having nothing to do with the Jahn-Teller 
forces may also cause a distortion. 

Calculations show’ that, assuming an ionic bonding scheme, one should 
expect the compressed octahedron to be stable, in contrast to what is found 
in the majority of cases. Only one example of a compressed octahedron is so 
far known,?! and that is the case of K;CuF,. This is, of course, a compound 
which would be likely to possess a high degree of ionic bonding. 

The tetrahedral molecule Cs;CuCl, is, on the other hand, an example of a 
“distorted” Cu** complex*? in which the distortion is unconnected with the 
Jahn-Teller forces. The orbital ground state would be of T: symmetry, 
but the spin-orbit coupling removes this degeneracy and leaves the com- 
plex in a Jahn-Teller resistant Kramers doublet. The observed distor- 
tion must then be connected with the Coulombic repulsion between the 
chloride ions.?? 

The MnF; compound should possess an E, ground state if the complex 
had a regular octahedral structure. Again in this case a lower structure is 
found. As for the copper complexes, we should expect three equivalent 
ions per unit cell, corresponding to the three possible minima in the molec- 
ular potential. From perusal of the wave function for the lower potential 
surface we see, however, that it is impossible to specify the d orbital the 
electron should bein. This prediction is borne out by the nuclear magnetic 
resonance experiments reported by Shulman and Jaccarino.** 

It may happen that the theory demands a distortion take place but that 
the structural measurements fail to reveal it because of the very nature of 
the method.** This is, for example, demonstrated in the case of the VCl, 
molecule. * 

2. Resonance Methods. The only well-documented case for the 
existence of a Jahn-Teller effect is found for the Cu(H2O).SiF’s complex.®:87—% 
Paramagnetic resonance measurements revealed that the g factor was iso- 
tropic at room temperature but anisotropic at low temperatures. The 
explanation of this effect is found in the form of the wave function (8-64) 
for the lower potential sheet. The discussion of this phenomenon is given in 
Chap. 10 under the section dealing with Cu(II) complexes. 

The possibility that the nuclei may “tunnel” through the potential 
barriers also affects the value of the coupling term between the electronic and 
nuclear spins. This effect has been treated in some detail by Avvakumov.*° 

Contrary to what is usually believed, octahedral Co** complexes should 
not experience a Jahn-Teller configurational instability, because the ground 
state is a Kramers doublet.®*! The possibility exists, however, that a small 
“pseudo” Jahn-Teller splitting may take place, since the nearest level with 
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which the ground state may mix under a vibrational perturbation is only 
placed some 400 cm~! above. 

In octahedral Fe** the inclusion of the spin-orbit coupling yields a three- 
fold degenerate ground state.?? Some Jahn-Teller splitting must then occur. 
However, Van Vleck has shown® that the spin triplet should only give a 
splitting of about one-tenth of the value one would get for an orbital triplet. 
This indicates that the Jahn-Teller stabilization would be a hundred times 
smaller, and hence virtually inoperative. 

3. Vibrational Analysis. The study of infrared spectra, as well as the 
study of fine structure found in the ultraviolet absorption spectra, may 
yield significant information concerning the Jahn-Teller effect. By com- 
paring the infrared spectra of Jahn-Teller resistant acetylacetonate com- 
plexes with the spectrum of manganic acetylacetonate, Forman and Orgel’? 
concluded that a Jahn-Teller effect was operative in the manganic compound. 

Similar indirect evidence has been accumulated by Weinstock et al.!3:14.94 
for the complexes ReF’s, OsF,, and IrF,. The theory concerning the 
influence of the Jahn-Teller mechanism upon the ordinary selection rules for 
vibrational modes has been given by Thorson. 

The vibrational fine structure of the absorption bands of V** in a corun- 
dum lattice has been studied by Pryce and Runciman.*® Similar studies on 
Cr?* have been reported by Ford and Hill.” In both cases the first allowed 
absorption band showed a simple progression in a doubly degenerate mode. 
This leads to the conclusion that the excited state is distorted in such a way 
that the formerly degenerate vibrational mode in the lower symmetry trans- 
forms like the totally symmetric mode. The presence of such a progression 
in single quanta is therefore clear evidence of a strong Jahn-Teller distortion 
of the excited state. 

4. Absorption Spectra. Neglecting x bonding, we have that in octahedral 
symmetry the tz electrons are nonbonding, whereas the e, electrons are 
highly antibonding. A violent Jahn-Teller distortion would then be 
expected to take place for E, states, but only a relatively small configura- 
tional instability should occur for electronic states of Ta or T1, symmetry. 

Consider, for instance, the absorption spectrum of Ti(H;0)4** being due 
to the transition Tz, —> E,. With a Jahn-Teller configurational distortion of 
the E, state we would expect the spectrum to exhibit a double peaked band. 
Such a band is indeed also found,” but a closer analysis is at present 
impossible. 

The analysis of the band envelopes of the absorption spectra found in 
inorganic complexes is usually a nearly impossible task, since all the absorp- 
tion bands are due to transitions between states at least one of which is 
subjected to a Jahn-Teller distortion. Furthermore, we see the enormous 
difficulties if we remember that, because of the parity restriction, a vibronic 
scrambling of an odd and even electronic state must take place in order to 
make the electronic transition allowed for a molecule possessing & center of 
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symmetry. Consequently, apart from very qualitative suggestions, very 
little work has so far been done. 
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CHAPTER 9 


Some Further Aspects 


9-a. The Faraday Effect 


If we apply a magnetic field parallel to the direction of propagation of an 
incident plane-polarized light wave traveling in some medium, the plane of 
polarization will be changed. ‘This is the so-called Faraday effect. The 
theory of Maxwell tells us that a plane-polarized light wave may be regarded 
as a superposition of a right and a left circularly polarized wave of the same 
frequency. Under normal circumstances these two waves would travel at 
the same speed, but in the presence of a magnetic field this will no longer be 
true; as & consequence the resultant vector, though still plane-polarized,! 
will be rotated through some angle 0. 

The derivation of the appropriate formula is not difficult; it follows once 
the expression for the dispersion of light is known.** However, since this 
formula can be derived only by the use of time-dependent perturbation 
theory, with which we have not so far been concerned, and since an excellent 
exposition of the theory behind the Faraday effect is given by Born and 
Jordan,? we shall refer to their monograph for a strict derivation. 

As first shown by Kramers, we have the following expression for the 
rotation 9 of the plane of polarization per unit length: 


a = SP y ledio as (rr (9-1) 


s ħcñS V? — ys! 


where v is the frequency of the incident light, N is Avogadro’s number, 7 is 
the average refractive index, and S is the partition function. (g|X|n) and 
(n|Y|g) are the components of the total electronic dipole moment along the 
z and y axes, respectively, in the presence of the magnetic field, and the square 
brackets have the meaning of a vector product: 


(gl X|n) (n]Y1g)] = (g|X|n)(n] Ylg) — (gl Y1n) (n] X]g) (9-2) 


The summation g goes over all the occupied states, each of which is weighted 
with its appropriate Boltzmann factor, and the summation n is over all 
excited states, Fig. 9-1. 
Suppose now that the situation is as pictured in Fig. 9-la, where the 
ground state is a Kramers doublet split under the influence of the magnetic 
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field. If all of the ions were in the state gi, the rotation of the plane of 
polarization would be p, and, similarly, if they all were in the state gs, the 
rotation would be —p.. The assumption is now made that we cannot 
resolve spectroscopically the difference in energy separation between the two 
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(b) 
Fia. 9-1. Energy-level diagrams giving rise to (a) paramagnetic and (b) diamagnetic 


Faraday rotation. 


ground states and the excited states. Weighing each of the two states with 
its appropriate Boltzmann factor, we get for the observed rotation 


puch EIET A pue EIT AE 
O = CAERTI gamer = Pw tanh py (9-3) 
Since 
2AE = gusH (9-4) 


‘where g is the spectroscopic splitting factor and us the Bohr-magneton, we 
get approximately‘ by an expansion 


_ PoJ KB 
8 = Ser # 
where 
4r Ni y? 
aed m eq Gil XIn)(n]Y1g:)] (9-5) 


The above expressions are valid for the paramagnetic Faraday effect, so 
called because it depends upon the temperature in the same way as does the 
paramagnetic susceptibility. 

On the other hand, if the situation is as pictured in Fig. 9-15, it is necessary 
to consider the different frequency dependences of the multiplet components. 
Writing 

Yon = vo + Hy? (9-6) 


because the splitting of the levels in a magnetic field (the Zeeman effect) is 
proportional to the field, we get for the so-called diamagnetic part of the 
Faraday rotation 

_ 8rNi vvo 


OF an Gr vey (al Xl) (rl Flo) (9-7) 
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The diamagnetic part of the Faraday rotation is seen to be temperature 
independent. The distinction between the diamagnetic and paramagnetic 
parts of Eq. (9-1) is due to Rosenfeld,* who developed the theory of the 
Faraday effect for atoms. Usually the situation is of course a mixture of 
the two cases a and 6. However, for molecules a third kind of frequency 
dependence may also appear as has been shown by Serber.? 

The rotation O in a cell of length / is in general seen to be given by a 
formula of the form € = V HI, where the factor of proportionality is called 
the Verdet constant. It can be shown! (as is indeed trivial in the above 
simple case) that, calling the paramagnetic susceptibility x, we have in many 
cases 

V=Ax+K (9-8) 


Use has been made* of this relation to connect the magnetic and rotational 
data for tysonite, a rare-earth mineral containing Ce*+. 

The application of Eq. (9-1) to calculate the rotational properties of com- 
plexes using a crystal field level scheme is seen to lead to a value of zero for 
the contribution of the ''erystal field bands" to the rotation. The reason for 
this is of course the same as found in the band intensity calculations: nonzero 
values of the matrix elements appearing in Eq. (9-1) require transitions 
between even and odd states. Nevertheless, experimentally the crystal 
field bands are seen to yield a contribution. Hence, once more we need to 
consider the mixing of even and odd states if we want to do a thorough 
calculation. We may, however, also set up a semiempirical theory as 
follows. 

As shown by Stephen? among others, Eq. (9-1) can be put in a more con- 
venient form for calculation by using the commutation relation 


L,X — XL, = ihY (9-9) 


Substituting (9-9) into (9-1) we get, assuming L to be a good quantum 
number: 


o = Rr y lela {(njL,|n) — (g|L.lg)] exp s) (9-10) 


— pn 


Strictly speaking, L is of course a good quantum number only in the weak- 
fieldlimit. However, as discussed by Stephen,? Eq. (9-10) is a good approxi- 
mation in nearly all cases of interest. Furthermore, neglecting the influence 
of the static magnetic field upon the amplitudes of the matrix elements 
(g|X|n) and assuming isotropy for the transition g — n, we have for the 
oscillator strength’? f, ,,: 


Sian = 


or mc 


vag|(g| X |n)|* (9-11) 


where v4, is the frequency of the transition g — n and m is the electronic 
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mass. By substituting (9-11) into (9-10), we finally get 


2x» N fiza 
henmS en Vag(v* — Pag?) 


(eL) — (lL) exp (Sr?) Gm 


This formula has been used by Stephen? to calculate the Faraday rotation 
for a solution of Co(H;O),**. The agreement between the theory and the 
experiments was seen to be quite satisfactory, and a similar conclusion was 
reached by Stone*! in his work on MnO, and TiCl,. 

Measurements and calculations of the Faraday effect for complexes had 
previously, before the advent of paramagnetic resonance methods, been used 
to investigate the zero-order field splittings of the electronic ground states. 
Examples of such calculations are the Van Vleck and Penney!! investigations 
into the paramagnetic rotations of manganous and ferric salts and the 
similar work of Becquerel and Opechowski!? concerned with the behavior of 
Ni(H;O),SiF,. The latter authors found that the zero-order field splitting 
for the nickel fluosilicate was 0.301 cm~? with the singlet placed above the 
doublet. This result is in excellent accord with the results obtained from 
paramagnetic resonance. By the use of a crystalline field with a trigonal 
component included, they could further deduce a Dg value of 1069 cm~? from 
their measurements of the paramagnetic rotation. However, even if these 
results were very good, more direct evidence produced by resonance and 
spectral measurements have made these ingenious methods obsolete. 


9-b. Optical Rotatory Dispersion 


The theory for the optical rotatory dispersion of complex ions has been 
given by Moffitt,'? and we shall follow his exposition of the subject. As is 
well known!* a fundamental requirement for optical activity is that the 
molecule possess neither a plane nor a center of symmetry. This condition 
is fulfilled for complexes whose ligands consist of three symmetrical bidentate 
groups as exemplified by the complex ions Co(en);?** and Cr(ox)3?-, whose 
ligands are respectively ethylenediamine and the oxalate ion. The study of 
these ions is simplified by the fact that they possess one threefold axis and 
three twofold axes, their point group symmetry being D3. 

When the ground states g of our systems are separated by an energy large 
with respect to kT from their first excited states, then the optical activity of 
their solutions is given by the molecular rotation’ 


[M] = yim a] (9-13) 
w- (REH) em 


where the excited states have been labeled n. 
If a marked dispersion is present, one can then separate out the partial 
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rotation [M .] due to the nth absorption band and then, by means of (9-14), 
calculate Ran, the rotational strength. 

The quantum-mechanical expression for R, has been given by Condon; 
it is 


2 
Ra = y— Im (Pon Lng) (9-15) 
where the vectors 
P, = JYRY, dr (9-16) 
Lyn = fVfLV,dr (9-17) 


represent the electric and magnetic dipole moments associated with the 
transition g — n occurring at vz, wave numbers. Finally, Im stands for the 
imaginary part of the dotted product. The aim of any electronic theory is 
therefore the calculation of R,. 

In the point group D; the parallel components of both the electric and the 
magnetic moment operators transform under A2, whereas the perpendicular 
components span the irreducible representation E. Taking the direct 
product we then have the polarizations for the electric and magnetic transi- 
tions given below. 


A; Ar E 
Ai|— d 4 
As| | — L 


The fact that the magnetic dipole and the electric dipole vectors both have 
the same transformation properties in D; can be used to give a simple rela- 
tion between the rotational strength R., of a transition, its intensity, and its 
magnetic moment. This is useful, because the magnetic moment of a 
transition using the crystal field theory is easy to calculate, whereas the 
caleulation of the corresponding electric moment, as seen previously, is 
difficult. 

We are interested in calculating the rotational strengths for tris-ethyl- 
enediamine Cr?* and Co?* complexes. Now, although these complexes have 
symmetry D;, their absorption spectra show that their "effective" sym- 
metry approximates Oa. "This is interpreted by saying that the Hamiltonian 
consists of two terms, the usual Uo term spanning the identical representa- 
tion in O, and a very small term Up which is invariant under those symmetry 
operations of O, which survive in D;. The first-order corrections arising 
from 'Up enable us to write the perturbed octahedral wave functions as 


y = X, Xe + e) (9-18) 


We want to calculate the rotatory strength R, to the first order in A. Our 
zero-order wave functions y? are all even wave functions, and the electric 
moment operator transforms under 7, in Oa, whereas the magnetic moment 
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operator transforms under T;,. Hence if a given transition is magnetically 
allowed, its rotational strength appears in first order of A. If, on the other 
hand, it is forbidden in magnetic dipole radiation fields, R, will be of order À?. 

Turning our attention back to Cr(en);** and Co(en);?* once more, we see 
that for the chromium complex which has a ‘As, ground state only the 
*À s, — tTa, transition should be optically active to the first order and that 
the cobalt complex should show optical rotation only in the !4,, — !T', 
transition. 

It is found that the magnetic moments of the allowed transitions are 
essentially isotropic. This is, of course, due to the fact that they are 
evaluated by using cubie wave functions. On the other hand, the electric 
moments evaluated with the perturbed wave functions will not share this 
property and will differ in magnitude as well as in direction. 

Since the molecule does not possess a center of symmetry, there will be an 
electronically allowed part of the transition g — n. Calling this contribu- 
tion of the oscillator strength f,,(?, we have as usual 


2, 
foi = FE pag Y Peal? (9-19) 
if the upper level is r-fold degenerate. 

As pointed out by Moffitt,!? it is very important to distinguish between 
the “electronically allowed” part of the oscillator strength and the total 
oscillator strength. The reason for this is straightforward. We have seen 
that the main part of the intensity of an absorption band in the crystal field 
approximation is due to a vibronic transition gx, — nx,, where the vibra- 
tional states x, and x, differ by 1 quantum. On the other hand, the 
magnetic dipole transition takes place between two states having the same 
vibrational state. Since for R, we are then forced to use 


R, = Im (9xelt|nx») (nxlllgx») 


we see that in order for the summation over the excited states n to be 
different from zero, only the electronically allowed part of the electric dipole 
transition will make a contribution to R,. Hence we only consider the 
intensities of the 0-0 band and totally symmetric progressions as contribut- 
ing to the fpa? curve. 

A possible way of obtaining an upper limit of the value of f,,“ for the 
iris-ethylenediamine complexes would be by comparing the measured total 
oscillator strength for a certain transition with the measured oscillator 
strength for the hexammine complex. The intensities of the latter are 
entirely due to asymmetric vibrational modes and solvent fluctuations. 
Hence we may tentatively estimate, by taking the difference of the inten- 
sities, how much the presence of the static dissymmetry due to the presence 
of the ligand bridges gives in intensity. This difference ought then to be a 
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very rough measure of f,,. It is found, however, that the values of f,,@ 
obtained in this way are much too large (vide infra). 

We are now able to make an order-of-magnitude calculation of R, for a 
magnetically allowed transition. For the transition ! 41, — !T;, in Co(en);*+ 
we found in Chap. 8, for instance, Z|L|* = 24h?. We then get for |R,| with 
n = !T,, and by using (9-19): 


e? she fan? cs 
PP is | = Sen fa d m ^n. m 
Lu 2mc [Pon] Lon] \V32rmc N vn, Vv 24h? (9-20) 


Using the “reduced” rotational strength Rn defined by Moffitt!® by measur- 
ing P in Debye units and L in Bohr magnetons, we obtain 


penam 2 (e 
Rl = 3 x 10% NUES JE (9-21) 


— (e) 
(Rel e 7.1 x 102 In (9-22) 


ng 
where vz, is expressed in centimeters-!. 

Experimentally, the transition 14,,— !T;, in Co(en);*+ is found at 
21,000 cm~! and the value of |R,| is estimated!5 to be of the order of magni- 
tude of 107?. Using these numbers, we can then get fy, ~ 4X 1075. On 
the other hand, the estimation of f,, directly from the absorption spectra 
as of above yields f,,@ œ 1074, The "inherent" dissymmetry produced by 
the bridges is thus found to have very little influence upon the intensity of 
the spectral transition, most of which must be due to a vibrational progres- 
sion. This result is strangely enough not in agreement with the measure- 
ments of the dichroism of these complexes, as outlined in Sec. 8-c. We 
emphasize, however, that the above considerations have value only as an 
order-of-magnitude calculation. 

Moffitt!* tried further to compute the rotational strengths from first 
principles by using a specific potential for Up. However, Sugano!* has 
shown that this model is incorrect, since the complexes cannot attain optical 
rotatory power using Moffitt/s expression for the potential. 

The approximate selection rules telling us the orders of magnitude to be 
expected for rotational strengths are, then, the most important of Moffitt's 
work. Constructed as they are upon which states combine magnetically, 
they should be very general. Also, all existing experiments have so far 
substantiated them; even Ni** placed in an asymmetric lattice obeys‘? 
Moffitt’s simple selection rules. It is, however, obvious that the inclusion 
of such refinements as spin-orbit interaction and configurational interaction 
may impair their validity slightly. 


9-c. "Sandwich" Compounds 


On the border line between inorganic and organic chemistry stand the 
metalloorganie compounds. Especially in recent years, à vast number of 
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such complexes have been made; see for instance Fischer!” and Wilkinson 
and Cotton.!5 The bonding between the metal and the organic ligands is 
mostly due to the donating properties of the x orbitals found on the unsatu- 
rated hydrocarbons.? Usually, the molecular symmetry of these complexes 
is rather low and thus not well-suited to a theoretical treatment. However, 
a special group of metalloorganie compounds, the so-called ‘sandwich 
compounds,” forms an exception to this rule, and it is with this group that we 
shall be especially concerned. 

A typical example of a sandwich compound is 
ferrocene. This is the trivial name for the com- 
pound Fe(C4H;);; iron di-r-cyclopentadiene, usually 
written Fe(Cp); The structure is known?9?! to 
consist of two planar C;H; rings with an iron atom 
sandwiched in between. The two rings have a 
staggered configuration; the molecular point group 
symmetry is Ds, Fig. 9-2. 

The electronic structure of ferrocene and the 
similar compounds which can be made with other 
transition metals has been discussed many times in 
the literature; for an excellent survey of the existing 
theories the Wilkinson and Cotton paper!® ought to 
be consulted. It is here sufficient to mention that 
the basic features of the bonding present in these 
compounds have been given by Moffitt? and 
Dunitz and Orgel, while more quantitative calculations have been per- 
formed by Shustorovich and Dyatkina?*-?* and Dahl and Ballhausen.?'* 

All of the investigations so far performed have made use of the molecular- 
orbital theory. "The reason for this is clear; consider ferrocene, for example. 
With only 18 valence electrons (10 from the rings and 8 from the iron atom) 
we must in a valence-bond theory make 10 equivalent bonds from the metal 
atom to the 10 carbon atoms. Ferrocene is therefore an electron-deficient 
compound, and it is consequently best treated in & molecular-orbital 
scheme. The basic features in the bonding theory for sandwich compounds 
are obtained by writing down the linear combinations of ring r orbitals 
transforming correctly in the point group symmetry Dsz and combining 
these with the appropriate metal orbitals. 

Consider first ring A only, Fig. 9-2. Denoting a carbon 2pr orbital r, 
with r = 0,1, . . . 4, we can construct the following five orbitals: 


pala) = S36 (ro + mi +r: ts +r) 

galet) = N16 (ro + emi + ors + wrs + wiry) 

paler) = VIS (vo + wml + we + wm brs + wry) (9-23) 
palet) = VIE (ro + tmi + otra + trs + wtr) 

paler) = VIE (xo + chri + otr: + wtr + wra) 


w = etris 


Fic. 9-2. Molecular 
geometry of ferrocene. 


SOME FURTHER ASPECTS 219 


A similar set of linear combinations exists, of course, for ring B. The 
symmetry orbitals for the two rings together are then simply given as 


plai) = 1 [ea(a2) + en(as)] plau) = VA loa la) = psla:)] 
plet) = V/Y$ [valer*) + prle:+)] e(es*) = V35 [va(er*) — esn(ei)] 


e(es5*) = W346 [ea(es*) + en(est)] plent) = WY [ea(es) — en(ex£)] 
(9-24) 


Let us next look at the metal orbitals. In the point group Ds we easily 
find the following transformation properties: 


3d, 3d4i 3d4s 4s 4po 4p4i 
Arg €1g Ezg aig Au Ciu 


The bonding molecular orbitals for the ferrocene molecule are then made 
up of linear combinations of the type 


Y (ai) = ex(3do) + ex(48) + exe(a1,) (9-25) 
Y (azu) = cal4po) + cse(aeu) (9-26) 


and so forth. The problem now consists in the calculation of the various 
mixing coefficients ci, . . . , cy. This is as usually done by a variational 
procedure. Because of the symmetry properties, we see that we obtain one 
three-dimensional, one one-dimensional, and four two-dimensional secular 
equations to solve. All in all, we will obtain 19 orbitals, some bonding, 
some nonbonding, and some antibonding. The 18 valence electrons occupy 
9 of these molecular orbitals, the remaining 10 orbitals being used for the 
construction of excited states. 

In order to gain some insight into the bonding capacities of the various 
orbitals, we first look at the overlap. Within themselves the metal orbitals 
and the ring orbitals are, of course, orthogonal to each other. On the 
other hand, there are overlap integrals, different from zero, between those 
of the orbitals which transform in the same way. Using Watson's?? self- 
consistent orbitals for iron, and a radial 2p carbon orbital with an “‘effective 
charge" t£ = 1.59 after Zener,?? we obtain?” with the Seibold and Sutton?! 
structural parameters. 


S(aig) —S(aj)  Sler) Slez)  S(a) Bler) 
0.527 0.030 0.148 0.079 0.236 0.468 


Here we have defined 
S(aio) = fV*(4s)e(ai) dr (9-27) 
S(a) = f¥*(3do)e(aig) dr (9-28) 


and similarly for the other overlap integrals. 

Taking the numerical values of the overlap as a rough and ready measure 
of the strength of the bonding in ferrocene, we would expect the strongly 
bonding orbitals to be aig, eiu, aru, and ei, followed by the weakly, or non- 
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bonding, orbitals ez and aj,. "This is also found by explicit calculations.? 
The electronic structure for the ground state of ferrocene using 18 valence 
electrons can then be written 


TAig: (Gig)? (€ru)*(@2u)?(€1g) *(€29) *(a1,)* 


By the solutions of the secular equations for the orbitals in question we 
obtain, of course, the energies of the antibonding orbitals as well?" The 
lowest empty orbitals in ferrocene turn out to be (ezu) and (e$). We can 
then construct low excited states for the molecule by the excitation of the 
(e10) or (ex;) electrons to the (ezu) or (ež) antibonding orbitals. Using the 
nomenclature (a — b) to indicate that an electron has been excited from 
orbital (a) to orbital (b), it is easy to see by means of the group characters 
that an excitation (ez) — (es,) will produce the excited states !A iu, !As,, 
and !E,. With the ground state transforming like 'Ai,, and with the 
electric dipole vector transforming like As,(|) and Ei,(.L) with respect to 
the fivefold symmetry axis, the excitation (ez) — (ezu) should produce two 
"allowed" bands: 'Ai,— !As, (||) and Ai — "Hiv (L). Numerically,? 
these transitions are found to be placed at 7.06 ev and 5.75 ev, respectively. 
The agreement with experiment is as good as can be expected. 

If one is allowed to extrapolate the results gained for the ground state of 
ferrocene to the other sandwich compounds, one obtains the following 
picture. The neutral dicyclopentadienyl metal complexes possess a closed 
electronic system of 12 electrons, (a15)?(e1,)*(a24)?(e1,)*. The "sandwiches" 
of the first transition series then differ only in the occupancy number of the 
aig and es, orbitals. Further use of the ezu (or ež) orbital allow one to 
write down the electronic ground state for the Co and Ni compounds and to 
account for the spectral features. For the various ground states we then 
have the following electronic structures, consistent with the magnetic data: 


Ti(Cp): (12) (a1,)* S= 

V(Cp)s (12) (a1,) (e29)? S = 3$ 
Cr(Cp)s (12) (a1)? (e29)? S= 1 
Fe(Cp); (12) (a1,)*(es,)* S20 
Co(Cp): (12)(a1,)?(e3,)(e:)) — S — 1$ 
Ni(Cp)s (12) (aip)? (e20)* (ezu)? S=1 


The reason for the sudden jump to three unpaired electrons in going from 
Ti(Cp): to V(Cp)2 has been explained by Orgel!’ as due to the great gain in 
exchange energy for this configuration. The argument is then the same as 
the one used previously to explain the change in the magnetism of octa- 
hedrally coordinated Co*+ complexes. 

It has been pointed out that the orbitals in a sandwich compound resemble 
to a great extent those of an octahedral complex with a trigonal distor- 
tion.!9?! Since the d orbitals in a Ds; molecular point group transform as 
Qio, €15, and es, and in the point group Dza as diy, e1,, and é1,, this is hardly 
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surprising. "This similarity between the sandwich molecules and the 
octahedral complexes has been used in an attempt to calculate the electronic 
levels of the cyclopentadienyl complexes using a crystal field model for the 
compounds.? With the exception of the placement of the antibonding 
orbitals such a model proved quite successful. 

Whereas in a “normal” sandwich compound the two rings will be parallel 
to each other, there are good reasons to expect that the making of a pro- 
tonated species as, for example, (C;H;);FeH* will alter this structure.!* 
(See, however, Ref. 42 for a different view upon this compound.) If the 
two Cp rings are twisted in such a way that the radius vectors from the metal 
atom to the centers of the rings make an angle less than 180°, the six prin- 
cipal bonding molecular orbitals will, of course, be changed. However, the 
total bonding energy is supposedly only very slightly affected. It is then 
possible to construct three nonbonding hybrids, sticking out in between the 
rings. These orbitals can then be used for bonding purposes, for example, 
the taking up of protons or hydrogens. The agreement between experi- 
ment and theory is most satisfactory.?* 

Another class of sandwich compounds has two benzene rings instead of 
the cyclopentadienyl rings. The best characterized complex of this type is 
Cr(C,H4)s. The absorption spectrum and the bonding of the compounds 
of chromium and benzene have been elucidated by Berry.**:s$ 


9-d. Stability of Complex Ions 


A question which has occupied many authors is the following: Is it 
possible to correlate the available thermodynamic data for the complex ions 
such as complexity constants and heats of formation with the spectral and 
magnetic data for the same complexes? Usually, this is not an easy thing 
todo. What would, for instance, be more natural than to suppose that the 
spectrochemical series, being as it is a measure of the "crystal field strength,” 
would also be the series one would arrive at if the ligands were arranged in 
order of increasing complexity constants?  Yetthisisnotso. Such a series 
can indeed be constructed, but it will differ not insignificantly from the 
spectrochemical series. In order to treat this question, let us for the 
moment return to the absorption spectra of the complexes. 

As pointed out earlier, it is nearly always found that in order to fit the 
absorption bands of the complex ions to the various theoretical level schemes, 
we need to diminish the Condon-Shortley-Slater parameters Fz and F, from 
the values obtained from atomic spectroscopy. This corresponds to a 
reduction of the term distances found by extrapolating the crystal field 
strength to zero. If a sufficient number of bands can be identified, we then 
have the possibility of calculating Dg as well as the apparent term distances. 
We now want to arrange the ligands in a series which is based upon their 
power of diminishing the term distances. For instance, we find for 
Cr(III) that E(P — tF) = 15(F, — 5F,) = 14,200 cm~. By calculating 
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the apparent term distance x = (‘P — *F) from the absorption spectra and 
forming the ratio 8 = z/14,200, we get the following series?? in order of 
smaller values of f. 


F- > H:0 > NH; > en > ox“ > SCN- > Ci- > CN- 


This series, which is seen to differ appreciably from the spectrochemical 
series, is called the nephelauxetic series. It is found to be valid for many 
metal ions. The remarkable thing is that this series is very close to the one a 
chemist working with complexity constants would draw up in order to 
illustrate the increasing power of the ligands for complexing. Why this 
should be so is still an open question. 

Other factors influencing the stability of transition metal ions are (1) the 
decrease of the ionic radii expected within a period parallel to the contrac- 
tion found for the rare earths and (2) the crystal field stabilization. This 
latter stabilization can really be divided into two effects, the first one being 
the influence of the crystalline field upon the “‘ionic radii" of the cation as 
explained in the Jahn-Teller section in the preceding chapter. 

The second manifestation of the crystal field stabilization is simply given 
by the energy gain in units of Dq for the ground state. An energy gain of 
magnitude 4Dq is, for instance, obtained by making an octahedral Ti** 
complex. The corresponding stabilization energies for other octahedral 
systems are given in Table 4-4 in the weak-field limit. The strong-field 
limit stabilization can be seen from Table 4-7. 


TABLE 9-1. CRYSTAL FIELD STABILIZATION 


Stabilization energy for 
Atomic octahedral complexes 
configuration 

Weak field Strong field 
d! 4Dq 4Dq 
d* 6Dq 8Dq — (3F; — 15F4) 
d? 12Dq 12Dq 
d* 6Dq 16Dq — (6F 2 + 145F4) 
as 0Dq 20Dq — (15F; + 275F4) 
d* 4Dq 24Dq — (5F2 + 255F 4) 
d! 6Dq 18Dq — (7F2 + 105F4) 
d* 12Dq 12Dq 
d? 6Dq 6Dq 


After correction for ligand field stabilization, we should then expect, for 
example, the heat of formation to follow & smooth rising curve inside & given 
period of the periodic system, Fig. 9-3. 

The above expected behavior is in fact also observed; it was first theo- 
retically explained by Penney“ and later elaborated upon by Orgel.* If, 
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however, one tries to correlate the above phenomena with values of the 
complexity constants or the kinetie behavior of complexes, difficulties 
appear. It is quite clear that for a single molecule the bonding energy is 
equal to the total gain in the electronic energy. Consider now the two 
complexes Cr(NH;)s** and CrF,*-. The gain in crystal field stabilization 
is given by 
12(Dq(NH3) — Dq(F-)) 

but if we use this energy difference to calculate the difference in complexity 
constants by means of the well-known thermodynamic formulas, we will 


arrive at quite incorrect results. The reason is straightforward: the 


-AH 


Sct pjt vit Crêt Mn?* Fe?* 


Fia. 9-3. Heat of formation for trivalent complexes of the first transition series. Straight 
line: expected heat of formation due to contracting effects. Dashed line: above function 
corrected for crystal field stabilizations. 


difference in the relative bonding energies exemplified in the electronic 
configuration for the ø bonding electrons (a;,)?(tiu)®(e,)* for the two com- 
plexes has not been taken into account. 

This difference is by definition connected with the concept of electro- 
negativities of the ligands or, what amounts to the same thing, the electron 
affinities of the metal ions. It is clear that a "complete" calculation of the 
electronic structures could answer questions as to the relative gain of energy 
going from one ligand to another. We have seen, however, that this is very 
difficult. We are then forced to use semiempirical ideas such as electron 
affinities and thelike.55 Another difficulty is, of course, that the calculation 
of complexity constants and kinetic behavior** from ''first principles" 
requires the theory of statistical mechanies. Such an analysis has not been 
performed as yet for any but the most simple of gas phase reactions. 

Even though the above questions are of the greatest interest for the 
chemist working with the reactions of the complex ions, we shall not have 
anything further to say about this topic. We leave it reluctantly, however, 
and only because a great many excellent books and review papers!?35-*? have 
dealt very exhaustively with the above aspects of the ligand field theory. 
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CHAPTER 10 


Electronic Structures of Selected 


Inorganic Complexes 


In this last chapter we shall try to discuss the most important features of 
our knowledge related to the electronic structures of inorganic complexes. 
For reasons stated earlier we shall not treat complexes of the rare earths or 
actinides, but shall deal only with the transition metals. To try to cover 
all work done here is, of course, impossible and perhaps even undesir- 
&ble. For instance, the number of papers dealing in some way with the 
absorption spectra of Ni*t* complexes would alone require about 1000 
references. Clearly, & quotation of this order is out of the question in & 
book of this size. 

Each element will be treated separately, and the various oxidation steps 
of an element will be found under the heading of the element in question. 
We have not attempted a uniform classification of the sundry phenomena; 
rather we do not hesitate to digress a bit if we feel that this would clarify a 
certain point. 

We are indebted to the following six volumes of references. 

For the paramagnetic resonance measurements: 


K. D. Bowers and J. Owen: Paramagnetic Resonance II, Repts. Progr. 
Phys., 18:304 (1955). 

W. Orton: Paramagnetic Resonance Data, Repts. Progr. Phys., 22:204 
(1959). 

W. Low: Paramagnetic Resonance in Solids, in “Solid State Physics," 
suppl. II, Academic Press, Inc., New York, 1960. 


For the spectral measurements: 


W. A. Runciman: Absorption and Fluorescence Spectra of Ions in 
Crystals, Repts. Progr. Phys., 21:30 (1958). 

D. S. McClure: “Solid State Physics,” vol. 9, p. 399, Academic Press, 
Inc., New York, 1959. 

T. M. Dunn: The Visible and Ultraviolet Spectra of Complex Com- 
pounds, in ‘‘Modern Coordination Chemistry,” p. 229, Inter- 
science Publishers, Inc., New York, 1960. 
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COMPLEXES CONTAINING 3d ELECTRONS 


10-a. Scandium 


Scandium has the electronic structure [A](3d)(4s)?, where [A] stands for a 
closed argon configuration. Sc** has the electronic configuration [A](3d), 
but no compounds of scandium with this oxidation number are known. 


10-b. Titanium 


Titanium has the electronic structure [A](3d)*(4s)*. Divalent titanium 
complexes can be made, but they are very unstable. Of greatest interest is 
the oxidation number 3, where the electronic configuration is [A](3d). 


10Dg 


(a) (b) 


Fig. 10-1. Electronic states of Ti** complexes. (a) Octahedral field; (b) trigonal field 
of Di, symmetry. 


Ti** forms octahedral complexes. In water solution we have the violet 
ion Ti(H;O)&4* possessing a crystal field absorption band}? at 20,300 cm~? 
with a shoulder at 17,400 cm-!. The maximum at 20,300 cm-! is also 
found? in the crystal CsTi(SO4),12H;O at room temperature. No dis- 
placement is found to occur by cooling the alum down to —192?C. "The 
absorption band is interpreted as the crystal field band ?T;, — *H,. Since 
the energy difference of this transition is equal to 10Dq, we get Dg = 2030 cm~! 
for the Ti(H;O),** complex, Fig. 10-1. Further spectral studies of Ti** in 
various solvents have been made by Hartmann‘ and Jørgensen.’ 

The appearance of the double peak has been identified* as the manifesta- 
tion of a Jahn-Teller effect in the excited ?E, state, since Van Vleck’ has 
proved that the ground state ?7., of Ti** is only slightly split under Jahn- 
Teller distortions. The oscillator strength? of the band, Fig. 10-1,?72, — ?E, 
is 1 X 10-4, This value has been shown by Liehr and Ballhausen? to be 
consistent with a vibronic intensity mechanism. 

Measurements of relaxation phenomena,*!® paramagnetic suscepti- 
bility,1!-12.51 and spectroscopic splitting factors!*7!* show that a trigonal 
field is superimposed upon the octahedral field in the titanium alum. This, 
together with the spin-orbit forces, causes a splitting of the ground state 
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into a low-lying orbital singlet and a higher-lying doublet. As to the value 
of this splitting there is some doubt.  Bleaney et al.!* favor a value of some 
30 cm^7!, whereas Dutta-Roy et al.!? point out that the susceptibility values 
can be fitted with any value of A from 200 to 30 cm-!. 

The values of the g factors are!* g; = 1.25 and g, = 1.14. The theory 
of the splitting factors is given in Sec. 6-f. It is worthwhile to point out 
that the actual values can be fitted with some success to the formulas given 
there if a covalency factor k ~ 0.7 is assumed. 

The paramagnetic resonance spectrum has also been measured!* for the 
brownish-red compound KTi(C;,0,),2H;O. It is found that gy = 1.86 and 
gı = 1.96. The complex cannot, however, possess a regular octahedral 
structure, and with an unknown structure no interpretation of these values 
is possible. 


10-c. Vanadium 


Vanadium has the electronic structure [A](3d)*(4s)?. We are here 
interested in tetra-, tri-, and divalent vanadium with respectively one, two, 
and three 3d electrons. 

Tetravalent Vanadium. The tetravalent vanadium ion is isoelectronic 
with the trivalent titanium. The best-known compound is probably the 
brown VCl, possessing a tetrahedral structure.1?7 Assuming only e bonding 
to be present, the ground state will be a nonbonding ?E state. As shown in 
Chap. 8, this molecule is subjected to a Jahn-Teller distortion, and an 
interesting comparison between VCl, and TiCl, can be made.’* The 
ground state is, because of the Jahn-Teller effect, an orbital singlet. It 
is now found that the molecule is stabilized by some 0.7 kcal/mole and that 
the stable molecular configuration at low temperatures corresponds to an 
elongated tetrahedron. At higher temperatures the molecule can inter- 
convert through a series of configurations.’* It is, however, rather odd that 
no splitting“? of the vibrational levels due to the symmetry lower than T, 
is observed for VCl,. 

The molecule has an absorption!? band at 9000 cm-! with a maximum 
molar extinction equal to 110. If this band is attributed?’ to the transition 
2E — ?T, we get Dq = 900 cm-!. Since in the ionic approximation 
Dq (tet.) = —464 Dq (oct), we would expect a hypothetical Dg for an 
octahedral V** compound to be about 2000 em-!. 

Tetravalent vanadium in an octahedral configuration is found in the blue 
VO.. The structure?” is very much like the rutile (TiO?) structure but 
highly distorted, with one V — O bond much shorter than the rest. This 
seems to have some significance if we compare the tendency of V(IV) to 
form VO** ions. V(IV) ions can replace titanium ions in rutile, and the 
paramagnetic resonance of the ion can be measured?! in a diluted crystal. 
Each V(IV) ion is probably here subjected to a crystalline field of a com- 
pressed tetragonal character. 
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'The g values are found to be 
gı = 1914 gi = 1.957 


With a spin-orbit coupling factor a = 248 cm~! found from atomic spec- 
troscopy”? but reduced to & = 150 cm~! after Owen?* we find, using formulas 
(6-82), that A, the tetragonal splitting of the lower triplet, is of the order of 
magnitude of 5000 cm-!. This means that it will be incorrect not to 
consider the mixing between tz and e, Assuming A’ > A> &, (see 
Fig. 10-1), we then get 


2 _ 48% 2 _ § 
n-3( e) a= 2(1 E) 


By solving the equations for A’ and A and using the above values of gy, g;, 
and £j, we get A’ = 28,000 cm-! and A = 3500 em-!. 

Tetravalent vanadium is also found in the blue vanadyl ion VO**. 
This ion, and the complexes which can be made from it, also contains one 
unpaired electron. Some results from measurements of paramagnetic 
resonance can be found in the review paper by Bowers and Owen.!5 The g 
factors are all very close to 2, and measurements of the magnetic suscepti- 
bility?*?5 likewise indicate that the odd electron is in an orbital singlet. 

An average g value of 1.962 has been reported? for solutions of VO** but 
the spectra show small anisotropy in both the g tensor and in the hyperfine 
interaction. This indicates that the complex should be written VO(H,O),?*. 
As pointed out by Lundgren,?* the metal ion in VOSO,(H;O); seems to form 
VO, octahedra, and hence we take n = 5. 

The spectrum of the blue solutions of VO(H;O);** has been measured 
many times.*29-31 There is one band system in the visible with a maximum 
at 13,000 cm~? and a shoulder at 16,000 cm—!. In the near ultraviolet a 
second band system appears with a shoulder at 41,700 cm-!. The inter- 
pretation of the.first band system has been considered by Jgrgensen,* who 
treats the molecule as a strongly tetragonally distorted octahedron, and by 
Furlani,?! who considers only Ce» point group symmetry. Of these two 
suggestions it seems to us that the point of view adopted by Jgrgensen is by 
far the more realistic. 

The bonding scheme will in our opinion probably look as follows,*!? 
Fig. 10-2. A very strong « bond will be formed between the (2p, + 2s) 
hybrid of the oxygen and the (3d4 + 4s) hybrid of the vanadium ion. 
Since, furthermore, the 2p. and 2p, orbitals on the oxygen will make a 
strong x bond with the 3d,,, 3d,, orbitals on the metal ion, we need not 
wonder why VO-** is such a stable complex. The (3d4 — 4s) hybrid, 
together with the orbitals 3d.:_,: and 4p,, 4p,, and 4p,, are then just capable 
of five e bonds directed in a tetragonal pyramid with the V** ion located at 
its base. 
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The first band system in VO** is in our opinion due to the transitions 
b,— ež and b;— bf. This is supported by intensity calculations!® and 
band polarization measurements. The first intense ultraviolet band is 
further due to the transition e,^ — b,. It is seen to be a perpendicularly 
polarized charge transfer band.*!**! This is borne out by experiments. 
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Fig. 10-2. Bonding diagram*!* for VO**. In Cy, the o orbitals from the water ligands 
transform as 2a;, bi, and e. Of the oxygen orbitals the « orbital transforms as a; and the 
x orbitals as e. The vanadium orbitals transform as 3d (a1,b:,b3, and e), 4p (ai,e), and 
4s (ai). 


Trivalent Vanadium. The electronic configuration of V(IIT) is [A](8d)*. 
The triplet terms are *F and *P. The various levels in a cubic crystal field 
can be seen schematically in Fig. 10-3. 

The best-investigated system containing (3d)? in an octahedral coordi- 
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nation is undoubtedly vanadium corundum, made by substituting V** into 
Al,03. The absorption spectrum of this complex has been investigated by 
Low* and by Pryce and Runciman.?* Low found three strong bands 
located at 17,400 cm-!, 25,200 em-!, and 34,500 em-!, which he inter- 
preted?*5 as the transitions *T' 19 — *7'2,, *T1, > ‘Tig, and *T1, > °A u, that 
is, the strong-field assignments. In addition he also reported?? weak bands 
at 21,000 em-!, 25,400 cera-!, 29,300 cm-!, and 30,150 em-!. These were 
assigned as transitions from the ground state 3T., to the split components of 
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Fia. 10-3. Triplet terms of (3d)? in O, field. To the left, the weak-field ordering of the 
levels; to the right, the strong-field levels. 


the singlet states. In other words, they correspond to spin-forbidden 
transitions. 

In order to fit these latter bands to a theoretical crystal field scheme, 
Liehr and Ballhausen?* performed a “complete” calculation of the energy 
levels including spin-orbit coupling and with full configuration interaction. 
The agreement between theory and experiment was found to be quite good. 

The mechanism by which the “third” band ?T, — *A;, acquires intensity 
is treated by Ballhausen.** In the strong crystal field approximation this 
transition corresponds to a two-electron excitation and therefore ought 
(apart, of course, from parity restrictions) to be forbidden. However, it was 
shown that the presence of a trigonal field makes a configuration inter- 
action possible with the result that the transition in question may “borrow” 
intensity from the T'is > ?*T', transition. 

The excellent work of Pryce and Runciman*? modifies the above assign- 
ments somewhat. Whereas the previously mentioned authors used a 
crystal field of O, symmetry in their calculations, Pryce and Runciman 
included an additional trigonal component. Neglecting the spin-orbit 
coupling, they were able to account for the observed bands with reasonable 
accuracy. The presence of the trigonal field, of course, causes some of the 
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crystal field levels to split up further. Let us for instance look at the 
ground state, Fig. 10-4. The trigonal field causes a large splitting of about 
1200 cm~! between *A; and *E. The combined action of the trigonal field 
and of the spin-orbit coupling will split *A, further up into two components 
with a separation of some 8 cm-'. The presence of a magnetic field will 
finally split the upper doublet some tenths of a wave number. Pryce and 
Runciman** were able to measure directly the separation of the levels 
M = 0 and M = +1, Fig. 10-4, in the absorption spectra, and a value of 
about 8 cm~! was found. The polarization of some of the bands was also 
studied.**! 5 Furthermore, a g value slightly less than 2 was found for the 
level M = +1. The paramagnetic resonance measurements of Zverev 
and Prokhorov?” have confirmed that g = 1.92 and that the separation of 
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Fig. 10-4. Splitting of ground state of (3d)? in a trigonal field. (a) Trigona! splitting; 
(b) trigonal splitting with spin-orbit coupling included; (c) splitting in a magnetic field. 


the levels M = 0 and M = +1issome 10 ecm-!. The theory for the para- 
magnetie resonance in the V(III) complexes is given by Abragam and 
Pryce.9? 

The only other vanadium(III) compound which has been thoroughly 
investigated is the vanadium alum. The absorption spectrum of the blue 
ion V(H3O),?* has been extensively investigated by Hartmann et al.**-”? 
The first two spin-allowed transitions corresponding to the excitations’ 
3T S, — "Tog and ?T,, — ?T,, were found at 12,400 cm~? and 26,200 cm-^!, 
respectively. With a term separation *P — ?F equal to?? 13,200 cm~! we 
calculate? Dg = 1785 em-!. The third spin-allowed band should then be 
located at 34,100 cm-7!. It is not seen, however, owing to the strong charge 
transfer in the ultraviolet part of the spectrum. The values of the intensi- 
ties for the absorption spectrum have been calculated by Ballhausen and 
Liehr.*? 

The magnetic properties of V(III) alum have likewise received some 
attention.!?.9—1951 Mostly because of the difficulties of preparing and 
measuring the susceptibility of the vanadium alum, the exact values of the 
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parameters occurring in the theory are still in some doubt. With a level 
scheme as given in Fig. 10-4 we will have (6-137) 


.N82g?(, | D 
xi = Tu 4 T xm 


for the temperature-dependent part of the susceptibility. The separation 
D between the levels M = 0 and M = +1 is fitted with D = 4.8 cm~. 
There is also considerable doubt concerning the value of the temperature- 
independent term. The separation between *# and *A;, Fig. 10-4, appears 
to be some 1500 em-!. 

Absorption spectra of other V(III) compounds include*? V(CON;H)4**, 
V(C3H.O,)3*-, and some vanadium(III) fluorides.* In this latter case it 
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Fic. 10-5. Quartet terms of (3d)* in O, field. 


was found necessary to include a trigonal field in order to account for the 
spin-forbidden band ?7;,— !E, found for VF,- at 10,200 cm-!. The 
spectrum of V*+ in a tetrahedral configuration is given by Gruen and Gut. 

Divalent Vanadium. The electronic structure is (A](3d)*. The quartet 
terms are *F and *P. In a cubic crystal field the various levels can be seen 
schematically in Fig. 10-5. The ground state is seen to be an orbital 
singlet. In the octahedral double group it will transform as T's. However, 
because of the combined effect of the spin-orbit coupling and a small trigonal 
field component, it will split up in two Kramers doublets characterized by 
S, = +34 and S8, = +. 

The paramagnetic resonance of the violet V(NH,)2(SO.)26H20 has been 
measured by Bleaney et al. The Tutton salt was diluted with the iso- 
morphous Zn(II) salt, and the electronic parameters were fitted to a spin 
Hamiltonian 


X = g8HS + DS — SS + 1)) + ES? — Sy?) 


gJ: was found to be 1.951 with D = 0.158 cm~! and E = 0.049cm-!. The 
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g factor in a cubic field is given by 


-2[1— EN 
g 10Dq 
With?? the spin-orbit coupling parameter A = 55 cm~! we get 10Dq œ 


9000 cm-7?*. The magnetic susceptibility for the field parallel to the z axis, 
Fig. 10-6, is given by 


98'9* | par 189i? pnr 
Mr deberi dk 
xi = 2eg-DIkT F 2gDIkT 


Neg. | 4D 
9b xi = 7agp A? — ET 


For V** dissolved in MgO Low** found g = 1.980. 
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Fic. 10-6. Splitting of ‘As, in a magnetic field. 


The absorption spectrum of the violet ion V(H;O)4** has been studied 
by Holmes and MeClure,55 Jgrgensen,7* and Bennett and Holmes.!** 
Holmes and MeClure showed that the previous interpretation of the 
spectrum by Owen?! based upon older measurements was wrong. Two 
bands with extraordinarily small extinction coefficients (~0.5) were found 
at 11,800 cm~! and 17,500 cm~. 

'The energies of the states are easy to find by the methods of Chap. 4. 


E(*As,) = 3(—4Dq) = —12Dq 
E(Ty) = 2(—4Dq) + 6Dq = —2Dq 
Ta (F) |6Dq— E 4Dq | a 
‘T,(P) 4Dq r— E 
where x is the separation between *F and ‘P. Taking the first band to 
represent the transition *A,, — ‘T2,, we get 10Dg = 11,800 cm-!. This 
value is of the same order of magnitude as found from the magnetie measure- 
ments. The transition ‘A,,— *T,,(F) is then calculated to occur at 
18,100 cm~! if z = E(*P) — E(*F) is taken to be?? 11,300 cm—!. 
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The transition ‘A,, — *T',(P) is thus expected to occur at 28,500 em-!. 
This was not observed because of charge transfer. Study of the crystal 
VSO,7H;0 revealed, however,!** that for this system Dg = 1200 cm-! 
with E(*P) — E(*F) equal to 10,000 cm-!. The third band *4;, — ‘T1,(P) 
was observed at 27,800 cm-. 


10-d. Chromium 


Chromium has the electronic structure [A](2d)*(4s). By far the most 
interesting oxidation state is Cr(III) possessing the electronic structure 
[A](3d)*; indeed, the amount of work done with this ion is quite staggering. 
Let us first consider the absorption spectra of Cr(III) with various ligands. 

Trivalent Chromium. Assuming a cubic octahedral field to be present, 
the electronic ground state will be a *A5, state arising from the strong-field 
configuration (t2,)*. Other states springing from this configuration are 
2B, Tio and Ta. The next strong-field configuration is (¢2,)*(e,), produc- 
ing the quartet states *T';, and *Ti,. The energies of these states are easily 
calculated to be 


(£5)? ‘Azo 3F, — 15F, — 72F, — 12Dq 
(t29)? 2E;, 2T 1, 3F, = 6F, v 12F, = 12Dq 
(tog)? Tag 3F, + 28F, — 12Dq 


(tag)? (ej) Too  3Fa — 15F; — 72F, — 2Dq 
(t20)? (e) ‘Tios — Fs — 3F; — 132F, — 2Dq 


The energy scheme of the quartet levels is pictured in Fig. 10-5; it is, of 
course, equivalent to that of the isoelectronic V(II) ion. 

The absorption spectrum of the violet hexaquo chromium(III) ions 
shows** two "strong" absorption bands with « œ 15 placed at 17,400 cm~! 
and 24,500 cm-!. Interpreting these as the transitions *A;, — tTa, and 
*As, — Tip, we get 


AE(*T,, — tA) = 10Dq = 17,400 cm~? 
AE(*Ti, — Aa) = 10Dq + 12(F2 — 5F4) = 24,500 cm~! 


and we have immediately that for Cr(H;,O0),;* Dq = 1740 cm™ and 
F: = 5F, = 590 em-!. 

The measurements by Spedding and Nutting95* on the absorption 
spectrum of the violet chrome alum KCr(SO4&12H;0 showed further 
two series of sharp lines at low temperatures. One series was placed at 
15,000 cm-!, the other at 22,000 cm-!. These lines [the first set of which 
can also be seen in an aqueous solution of Cr(III)] are taken to represent the 
spin-forbidden transition 14;, — ?E,, *T,, and *A;s, —^ *?T4. With 


AECE, *Ti, — *As) = 3(8Fs + 20F4) = 15,000 cm~! 
and AECT — *As) = 5(3F; + 20F)) = 22,000 cm! 
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we get respectively 
3F; + 20F, = 5000 cm~! 
3F, + 20F, = 4400 cm7! 


1 


The results are seen to be fairly consistent. By taking an average value 
of 3F; + 20F, = 4700 em-! together with the value of F; — 5F, = 590 cm~! 
we obtain the numbers F} = 1000 cm~! and F, = 80 cm—!. We have here 
only considered the diagonal elements in the strong perturbation matrix of 
(3d). The inclusion of the nondiagonal elements will alter the above 
numerical estimates somewhat, though not significantly. The complete 
perturbation matrices for (3d) in Oa have been given by Finkelstein and 
Van Vleck.5? This paper is remarkable because it was the first attempt to 
explain the absorption spectrum of a complex ion by using a crystal field 
model, and it was just the spin-forbidden transition found at 15,000 cm^ 
which was discussed. Preceding this paper Van Vleck considered® the 
Zeeman effect of these lines, using the data provided by Spedding and 
Nutting.5 Van Vleck showed conclusively that the lines observed by 
Spedding and Nutting were due to quartet-doublet transitions. 

In the pure strong O, crystalline field we notice that *E, and ?T, are 
degenerate. This, however, does not hold true when we consider that 
spin-orbit forces, not to speak of lower crystalline fields, are present. At 
low temperatures KCr(SO,); 12H50 shows®?-58 three strong absorption lines 
placed at 14,926 cm-!, 14,932 em, and 14,858 em-!. The number of lines 
changes both with temperature and with the composition of the alum; the 
RbCr(SO4)$ 12H30 possesses, for example, only two sharp lines. 

The theoretical explanation of these facts is by no means clear. The 
states *E, and ?T yield five Kramers doublets, all presumed to occur around 
15,000 cm-!. In an electric dipole field we would then expect fifteen lines 
if the transition was made allowed by exciting a quantum of the three odd 
vibrations Tiu, Tiu, aNd Tzu. Since no such number is observed, we must 
conclude that the lines are either allowed electric dipole transitions or 
magnetic dipole transitions. 

Assuming that the transitions to ?E, and ?T,, "steal" all of their intensity 
from the first spin-allowed transition *A5, — ‘Ta, we get, using (8-48), 


This calculation has utilized the strong-field wave functions. We therefore 
expect® that the ?E, levels would be about twice as strong as the ?7, levels 
in case they lie close together. 

Hartmann and Schmidtke® have tried to explain the chrome doublets as 
due solely to the splitting of ?T;,. However, since their calculations are 
dependent on their choice of the “weak” wave functions for ?7,, and ?E,, 
the validity of their results is open to question. 
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To add to the confusion, the Zeeman splitting of the three levels, as 
reported by Spedding and Nutting,** yields an isotropic g factor close to 2. 
This cannot be explained"? by assuming the levels to be *E,. We have thus 
apparently arrived at a dead end. 

The way out is, however, nearly certain to be a consideration of the 
vibronic problem.5 Hence, in order to connect the Jahn-Teller effect of 
the excited states with the optical transitions to said states, one must treat 
the dynamical Jahn-Teller problem as described by Longuet-Higgins 
et 81.71152157251 This is not going to be an easy task. 

If next we look at the quartet energy levels as seen from the intermediate- 
field point of view, we get the following expressions for the energy levels: 5? 


E(*As) = —12Dq E(*T) = —2Dq 
(4 = = 
E( Tio) 4Dq r— | 0 


where z is the separation of the *F and *P levels within the Cr(III) complex. 
Dq for the complex Cr(H;,O)4?* is, of course, still 1740 cm-!, and by using 
this value together with the value of 24,500 cm-! for the second band, we can 
calculate z. This has been done by Owen,?* who finds z = 10,200 cm7?. 
This is considerably less than the value of a some 13,800 cm~?! found by 
atomic spectroscopy” for the gaseous ion. This reduction of term distances 
is very charaeteristic, and, as shown in the preceding chapter, has been 
interpreted as due to the presence of some degree of covalency.?*.5! 

The “third” spin-allowed transition due to the transition *A;, > 'T3,(P) 
can now be calculated. It should occur at some 38,000 cm-!, and experi- 
mentally it is found® at 38,000 em-!. This fact is thus a very good con- 
firmation of the theory. 

The variation of the band intensity with temperature for the spin-allowed 
bands in chrome alum has been investigated by Holmes and McClure.** 
The effect of substitution of D:0 for H.O in Cr(H;0)4?* has been considered 
by Halpern and Harkness® and Bigeleisen.* Both the position of the 
maxima and the intensity of the spin-allowed bands are found to undergo 
minor changes. These are explained*! by the change of the vibrational 
levels due to the heavier ligand. The attempts which have been made to 
calculate 10Dq from first principles for chrome alum have been described in 
Sec. 7-b. 

'Turning our attention toward the magnetic features of chrome alum, we 
get of course the same g factor formulas as found for V**, again assuming a 
crystal field of symmetry Or: g = 2(1 — 44/10Dq). The ‘Ae, ground state 
will likewise split under the combined effect of a spin-orbit coupling and a 
small trigonal field component into the pairs M, = (X14) and (+34). 
This effect has been treated in some detail in Sec. 6-g. The classic work 
dealing with the bulk magnetic susceptibility of chrome alum is that of 
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Schlapp and Penney.55 For the paramagnetic resonance features reference 
is made to Davis and Strandberg. * 

The absorption (and emission) spectra of Cr*+ dissolved in AlO; and 
MgO have been investigated very thoroughly.9779.72-33 In these lattices 
Cr?* is surrounded by six O~ ions. The color of the crystal is red. The 
field is predominantly octahedral, but a strong trigonal field component is 
present. The absorption spectrum of ruby (Cr?*, Al;0;) is therefore quite 
similar to that of the Cr alum. Two broad bands found” at 18,000 cm-! and 
25,000 cm! are attributed to the transitions 14», —> 472, and ‘Ax, — ‘Tig, 
respectively. These bands are remarkably anisotropic; spectral measure- 
ments using polarized light showed* that each band is composed of two 
broad bands, one of the components being perpendicularly polarized with 
respect to the trigonal axis. 

The polarizations show that the ‘Tı; and *T5, bands each are split into a 
*E and a ‘A state; the ‘A state is in both cases found at the shorter wave- 
length side of the corresponding perpendicular transition./? The splitting 
amounts to some 500 cm-!. The polarizations of these bands show that a 
static asymmetric field of Tiu symmetry is the main intensity-giving factor.”? 
The ‘Tz; state shows further evidence for a vibronic coupling. Both 
Greschushnikov and Feofilov®® and Ford and Hill'5 have found a simple 
progression of the e, vibrational mode of the corundum lattice super- 
imposed upon the *E band. This is a clear indication of a Jahn-Teller 
distortion of the *E state of Cr+ in ruby. 

Sharp lines are found in the ruby spectrum at 24,418 em-!. The first 
doublet is interpreted??? as the *A,, — ?E, transitions, the second group of 
lines being assigned to 145, — ?T;,. "These assignments were made certain 
by the calculations of their intensity ratios as well as their Zeeman features.” 
The 54, — °7\, transition is very illusive. It is calculated to appear 
around 15,000 cm-!, but Ford," among others, could find no evidence for 
such a transition; the lines which are observed in this region of the spectrum 
were assigned to be vibrational satellites of the ?E, state. This opinion is 
not shared by Low,®! who identified the same lines as the missing +A 2,  ?T',. 
Some of the lines may also be due to a spin-spin coupling between the 
Cr**ions.^ Clearly, more work is needed in order to clarify the situation. 
The spectral shift toward the blue found in ruby as compared to the spec- 
trum of chrome alum has been interpreted by Orgel’? as due to the compres- 
sion of the Cr*+ ion by the corundum lattice. 

Direct measurements of the g factor of the ?E, state in ruby have been 
reported by Geschwind et al.88 The transition probabilities between the 
Zeeman components of this state have been treated by Clogston.?? 

The absorption spectrum of Cr?* in a MgO lattice shows much the same 
features as the ruby spectrum.** The three spin-allowed bands are found at 
16,200 cm-!, 22,700 em-!, and 29,700 cm~}, with a spin-forbidden line at 
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some 14,819 cm-*. This line has been shown?* to be due to a magnetic 
dipole transition. Both the paramagnetic resonance spectrum and the 
absorption spectrum of Cr*+ in a spinel structure have likewise been 
investigated. 55.57 

Turning our attention to the absorption spectra of Cr?* complexes in 
solution, both Scehláfer?? and Schäffer’! have collected appropriate refer- 
ences. We quote?? that for the yellow Cr(NHs3).*+ the “doublet” band is 
found at 15,300 cm~? with the first two spin-allowed bands located at 21,500 
cm~! and 28,500 cm-!. The g factor is found to be? g = 1.97. 

Cr(en);**, where en stands for ethylenediamine, is yellow and has% two 
spin-forbidden bands at 15,100 em-! and 15,600 cm-!. The first two spin- 
allowed bands occur at 21,880 cm~! and 28,490 em-!. The g value of the 
complex?? is very close to 2, the zero-field splitting being ~0.3 cm-!. The 
dichroism has been measured by Yamada and Tsuchida.** As discussed in 
Chap. 8, this is consistent with the assumption of a crystalline field of D; 
symmetry. 

For the reddish-violet ion Cr(ox);?- we find a pattern similar to that for 
Cr(en);*+. Dq is about?* 1750 em-!, and the small spin-forbidden band 
is located at 14,350 cem-!. The zero-field splitting is? ~0.9 cem-!. 
Cr(III) tris-acetylacetone is a very interesting compound. The g factor 
is found to be” 1.983, the zero-field splitting being some 1.18 em-!. With 
g = 2.002 — 84/10Dq and with?! 10Dq œ 17,500 em-! we get a value of 
A œ 40 em-!. Using the formula for the zero-field splitting given in Sec. 
6-f, we then find that the ‘T2, state should be split some 12,000 cm. This 
is a quite fantastic number, especially since measurements on a crystal using 
polarized light” indicate that the absorption band found at some 17,500 cm~} 
is split only some 900 cm-!. Obviously something is wrong since without 
doubt the band at 17,500 em-! is due to the transition *As, —> ‘T2,. The 
reddish-violet Cr(III) hexafluoroacetylacetonate has, finally, an even larger 
zero-field splitting? of 1.40 cm-!, but a g factor similar to that of Cr(III) 
acetylacetonate. Consequently, a closer study seems to be called for 
here. 

The absorption spectra of Cr(III) complexes with lower symmetry than 
O, have been investigated by Hartmann and Kruse.” Trans- and cis- 
CrX,4Y; complexes were considered. As noticed in Sec. 5-c, the symmetry 
groups of cis and trans complexes are both in practice Da, and we expect 
the splitting of a trans complex to be twice that of a cis complex. This is 
very nearly what the experiments show.190.101 

Divalent Chromium. The electronic structure of the ion is [A](3d)‘, and 
the ground stateis 5D. Thisis the only quintet state. 

In a weak octahedral crystal field this level will split into a *E; and a 
5T., state, the 'H,(t2,)3(e,) state being the lowest. However, in a strong 
crystalline field of octahedral symmetry the ground state will be *#71,(ts,).‘ 
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The energies of the two different ground states are 


E(E,) 
E QT) 


L| 


Thus for 10Dq < 6F, + 145F, we will have the quintet ground state, but 
if the reverse holds true, the *T;, will be lowest. This latter case has been 
realized?* in K,Cr(CN),3H;0. 

The blue complex Cr(H;O)47* shows one absorption band5*19* located at 
14,000 em-!. This is attributed to the transition 5E, — ‘T2, Fig. 10-7. 
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Fia. 10-7. Schematic energy levels of (3d)‘ in a weak field. (a) Gaseous ion; (b) cubic 
crystalline field; (c) tetragonal crystalline field; (d) spin-orbit coupling included. 


With the ground state an orbital doublet in O,, we would expect a strong 
Jahn-Teller distortion to take place. The evidence for this is also convinc- 
ing; Pecsok and Bjerrum!*? found that only two molecules of ethylenediamine 
could be taken up in aqueous solution. This was interpreted as due to 
a strong tetragonal distortion. The crystal structure of CrF, shows! 
also that the structure is highly tetragonally distorted, four Cr—F bonds 
being some 2.0 A and the last two being some 2.4 A. A rough calcula- 
tion of the Jahn-Teller splitting of the *E, state indicates? that it is some 
6000 cm-!. 

The magnetic features of various Cr(II) complexes have been studied by 
Asmussen.?® The effective number of Bohr magnetons in the dark-blue 
Cr(CN).* is, for example, found to be 3.22. ‘This is, of course, somewhat 
higher than the “spin-only” value of 2.83, but Kotani!*5 has shown that this 
is due to a large orbital contribution. The number of Bohr magnetons 
found in the high-spin complexes is, on the other hand, close to the spin-only 
value, since all of the orbital momentum is quenched. Thé susceptibility of 
CrSO,-6H30, for instance,!°* shows that the Weiss law is obeyed with an 
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effective Bohr number of 4.82. With a spin Hamiltonian of the form. 
x = D(S? — SS + 1) + (9HiS, + 91H48. + 9, H,S))8 
we get for the principal susceptibilities (putting N8?/3k = 14) 


-3a (1 TD EA A 
1 4T BET). ERO em TORT 

From measurements of the paramagnetic resonance spectrum of CrSO,- 
5H,O Ono!" found D = 2.24 cm^!, g, = 2.00, and gy = 1.96. The 
theoretical values for the g factors have been E 
given by Abragam and Pryce.9? 

The case of the red chromous acetate is 197 — — —— (9) 

extremely interesting. King and Garner!’ 
found that the compound contained no unpaired 
electrons, and they concluded from this that the eJ (2) 
Cr(II) ion was tetrahedrally coordinated. This ` 
was incorrect, however, since Van Niekerk and 
Schoening!? showed by X-ray measurements 3J = G) 
that chromous acetate monohydrate is a binu- (3) 
clear complex held together by acetate bridges, a) 
each Crt+ having sixfold coordination. The 
short Cr—Cr distance indicated the existence of Fre. 10-8. Schematic level 
a strong interaction between adjacent Cr atoms, scheme for a spin-spin inter- 
and an explanation along these lines was soon ction of the form K® = 

* :110 - . n l —J8i . Sí with Si - Ss = 2. 
given by Furlani | and Figgis and Martin. The numbers. give ihe de- 

With a spin-spin interaction of the form zeneracy of the levels. 
HY = —JS, - S, we have found the level 
scheme in Sec. 6-h. With S, = S; = 2 we get five levels placed as in Fig. 
10-8. The magnetic susceptibility calculated per Cr(II) ion is easily found 
to be 


On 


i „N2 1 —— 
X 7 2 3kT IF Ke" 


where g is the g factor for the first excited state (E — J) and where we have 
neglected all other excited states. This is permissible, since J is found to 
some 700 cm-!; i.e., with!!? x = 113 X 10-* at T = 300°K and assuming 
that to the first approximation g = 2, we get J = 770 cm™. 

Monovalent Chromium. The electronic structure of this ion is [A](3d)* 
with a ground state of 5S. Cr(I) presumably occurs in crystals of NaF 
where Cr?* ions have been added to the melt and irradiated. The ground 
state would be a *Ai, state.!!? Griffith, Lewis, and Wilkinson! have 
further made the bright-green compound K;[Cr(CN);NO]H;O. From the 
magnetic susceptibility, which corresponds to one unpaired electron, they 
concluded that the compound contains Crt and NO*. The optical spectrum 
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and the electron spin resonance have been measured by Bernal and Har- 
rison.!* The g value was found to be very close to 2. The absorption 
spectrum showed three optical transitions located at 13,700 em-!, 22,000 
cm~}, and at 30,000 cm-!. Their! assignments of these transitions differ, 
however, from what one would expect;!!5 a more realistic calculation indi- 
cates the following ordering of the bands in the Cy, symmetry 


>Bo(e)*(b2)! — *Bi(e)*(b1)! 14,000 cm~! 
*Bo(e)*(b2)! — *E(e)*(b:)! (b)! 22,000 cm-! 


There are several excited states which could account for the observed 
absorption at 30,000 cm-'; a possible assignment has been given by Gray 


atc) sez) 


(9,7) — ail) 
e*(7) > t3(9,%) 
vy 2 Vi 
t(7) z £(7) 
t,(c,oT) —À5Àde099— t,(¢,7) 
e(r) — dÀJ——— —Medcde-— f(T, T) 
tj(c,T) ee —a a (2) 
ai (e) ——————— ——décc—-  e*'(z) 
(a) (b) 


Fic. 10-9. Level schemes for the tetrahedral CrO,7 complex. (a) Proposal of Ball- 
hausen and Liehr;!? (b) proposal of Wolfsberg and Helmholz.!!* 


et a&l.5* The level scheme is identical to that of VO**, Fig. 10-2, only 
with ež placed above Ja*. This reversal is due to the presence of the empty 
antibonding x(NO) level. 

Tetrahedral and Binuclear Chromium Complexes. Tetrahedral chro- 
mium complexes are known only for chromium in the oxidation state six. 
The best-known compound is the yellow chromate ion CrO,7. The elec- 
tronic structure of this ion has been considered by Wolfsberg and Helmholz!!* 
and by Ballhausen and Liehr." Wolfsberg and Helmholz performed a 
simplified MO calculation and proposed the following electronic assignment 
for the ground state, Fig. 10-9: 


TAr: (6)*(6)9(21)* (t2) (t) 


The first excited orbital should be of symmetry (tz). 

This result has been criticized by Ballhausen and Liehr!! on the grounds 
that the stabilization due to x bonding of the e orbital is too great to be 
reasonable. Instead, they proposed the following electronic ground state: 


*Ar: (a1)? (ta) (e) *(65)*()* 
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The first excited orbitals in their level scheme are of (e) and (t) 
symmetry. 

The chromate ion exhibits two absorption bands in the visible placed at 
27,000 and 36,500 cm-'!, respectively.!!5 Since these bands are fairly strong 
with oscillator strengths f ~ 0.1, they must be assigned to the only orbitally 
allowed transition !4,— !T;. In both level schemes excited states of 
symmetry !T are available, and the calculation of oscillator strengths cannot 
decide between the possibilities, since both assignments lead to reasonable 
results. Experimental work on the isoelectronic complex MnO, shows 
however,!!? that by adding one electron to MnO;-, to obtain MnO;, the 
extra electron is accommodated in an estate. This makes it likely that the 
Ballhausen and Liehr level scheme is also the one found in CrO,7. The 
calculation of the band intensities shows in both cases that x bonding is of 
great importance for CrO,-. From a chemical point of view this is, of 
course, extremely reasonable. 

Level diagrams have likewise been given??? for CrO;F- and CrO;Cl;. 
The lower symmetry of these molecules, however, makes the assignments 
more tentative than is the case for CrO,7. 

We next turn our attention toward the binuclear chromium complexes, 
There are essentially two ways of describing the electronic features of these 
molecules. One is & molecular orbital description similar to the one given 
by Dunitz and Orgel?! for the complex anion [Cl;Ru—O— RuClg]*-. 


NH; NH; 
NH; NH; 
NH, Cr [e] Cr NH; 
ups | NH; | 
NH; NH; 


Fie. 10-10. Assumed molecular geometry for Cr;0(NH3)is**. 


Consider the blue complex [((NH;);Cr—O—Cr(NH;);]** called decam- 
mine-4-oxo-dichromium(III) or “basic rhodo chromium." Let us assume 
that the Cr—-O—Cr grouping is linear, Fig. 10-10. Each Cr?* is then in a 
crystal field of Cy, symmetry; using the o bonds from all six ligands, only the 
metal orbitals dzz, dyz, and dzy are nonbonding. In C4, these orbitals trans- 
form as E and Bs. With two chromium ions in D, we can then form the 
orbitals E,, E, Bs, Bou, and since the chromium atoms are rather far 
removed from each other, we would expect these orbitals to be nearly 
degenerate, pair by pair. 

However, interaction with the x orbitals on the oxygen which transform 
as E, removes this state of affairs for the E,, E, pair, and we get a strong 
bonding and antibonding E, orbital: 


GE) G5) (Bae) (Bou) ] (EF) 
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With 10 valenceelectrons (4from theoxygenand6from the two chromium ions) 
we would then expect an electronic configuration (£,5)*((£,)*(B3,)! (Bs.)!]; 
that is, the complex should have two unpaired spins. It is, however, found 
to be nearly diamagnetic at room temperature,9^122-1?4 "The susceptibility 
of the complex as & function of temperature shows, furthermore, an 
extremum point at some 80°K. Thisisa clear indication of the fact that the 
ground state is not the only occupied state, but that other states with 
energies comparable to kT are present. If this is the case, we cannot, of 
course, expect the susceptibility to follow a Curie-Weiss law. One of these 
low-lying states could, for instance, be (E£.*)4[(Z,)*(B2,)?(Bou)%}, but there 
are, of course, many other possibilities. Furthermore, we have assumed the 
complex to have Dy symmetry, and any deviation from this symmetry 
could also alter our level scheme. 
The other way of treating the magnetism of these compounds is to assume 
a spin-spin interaction of the form —JS, «Se, where S, and S; are the spins 
on the two chromium ions, respectively. If we take xm to be the molar 
susceptibility of the complex which con- 


(7) ————— S=3 E=6J tains two gram ions of Cr*+, we get very 
easily, (see Sec. 6-h) 
| (5) S-2 E-8J _ NB'g? 6x5 + 30r? + 84 
E a Edi eG XM = SET x* + 325 + 5r +7 
Q) 85-0 E-0 with z = eT, Putting g — 2 and 
Fie. 10-11. Spin-spin coupling with NB?/3k = Y$ we finally have 
Sı = S: = 3g. Numbers in paren- 1 325 + 15r? + 42 


theses give the degeneracies. XM = m SE dd Br p 

In order to account for the experimental results for the basic rhodo 
chromium, Kobayashi et a1.!?? found that J should be greater than 140 cm^!. 
This is a very large spin-spin interaction, since other single-bridged binuclear 
chromium compounds usually have!?* a value of J of about 20 cm-!. As 
suggested by Earnshaw and Lewis,!?* the small interaction may be asso- 
ciated with a metal-oxygen-metal bond angle of the order of 120°, rather 
than 180° as may occur in the basic rhodo salt. The main point in their 
argument is that a linear system, owing to stronger v bonding in the bridge, 
should exhibit a greater spin-spin interaction. 

The spectral features of binuclear chromium complexes seem to support 
the above point of view. Whereas the spectrum?! of the red compound 
((NH3)sCrOHCr(NHs),]5+ is quite analogous to the spectra of its constit- 
uents, the blue basic salt [QN H3);CrOCr(NH););]** shows?! four very sharp 
peaks in the ultraviolet region. Even though some of these peaks may be 
“hot,” i.e., originating from an excited state, the absorption spectra of the 
"acid" and ''basic" rhodo salt are quite different. Thus both the spectral 
and the magnetic evidence points to two different, structures for the com- 
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pounds under discussion, and the most likely interpretation seems then to be 
the nonidentity of the metal-oxygen-metal bond angles. 


10-e. Manganese 


Manganese has the electronic structure [A](3d)*(4s)?. We shall consider 
Mn**, Mn?*, Mn**, and Mn'*, the last oxidation state occurring formally 
in MnO--. 

Divalent Manganese. The electronic ground state of the Mn** ion is 
6S. No other sextet levels are present. In the weak-field limit, assuming 
octahedral configuration, the ground state will be (t2,)3(e,)2, possessing five 
unpaired spins. In the strong-field limit it will be (£5,)5 with only one 
unpaired spin. One could now ask if a configuration like (t:,)*(e,)! with 
three unpaired spins could be a ground state in some "intermediate" field. 
Explicit calculations, as reflected in the level diagram given by Tanabe and 
Sugano!?571?' show, however, that this will never take place. 

In a tetrahedral crystal field, the ground state will, of course, again be 
(e)? (t2)° in the weak-field limit, and in the strong tetrahedral field it will be 
(e)*(&)!, again possessing one unpaired spin. This latter situation has, 
however, not yet been reported. 

In a high-spin octahedrally coordinated Mn** complex the lowest con- 
figuration (f2,)*(e,)? gives rise to the ground state *A,,. Since this is the 
only sextet level present, all of the absorption bands must therefore be spin- 
forbidden transitions. This fact is reflected in the very low extinction 
coefficients observed for these bands. 

Consider for instance the absorption spectrum of®5:96.128~181.148 the pink 
Mn(H;O),*. Table 10-1 gives the measured and calculated values for the 
absorption peaks of Mn** dissolved in perchloric acid.!*! 

The assignments of the bands can, of course, be made only after the level 
diagram for d* has been calculated. The perturbation matrices for the 
various states are found to contain no diagonal terms, and the splitting of 
the various levels are therefore solely determined by the nondiagonal terms. 


TABLE 10-1. CALCULATED AND EXPERIMENTAL VALUES FOR THE ABSORPTION 
Banps or Mn(H;O),** 
(After Heidt et 21.1?!) 


State Calculated energy, cm~! Experimental energy, cm"! 
ATuCG) 19,400 18,870 
1Ta( tG) 22,800 23,120 
1E, 4A (tG) 25,200 24,960, 25,275 
‘T (4D) 28,200 27,980 
‘E(4D) 29,900 29,750 
‘Tif ‘P) 35,000 32,960 
*As (tF) 40,700 40,820 


STAGE) 41,900 
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This is not surprising if we remember that the d* electronic configuration is 
its own hole equivalent. Level diagrams have been given by Orgel?? and 
Tanabe and Sugano.!?5 

The complete level diagram is as usual a function of three parameters: 
10DqandtheSlaterintegrals F?;and Fy. For the gaseousion F: = 1327 cm7! 
and F, = 108 em-!. The absorption bands of Mn(H;O),** can best be 
fitted with F; = 1200 cm~! and F, = 106 cm“, together with a value of 
10Dq = 8480 cm-!. The assignments based upon these values differ 
somewhat from the assignments given by Jgrgensen!?* and Tanabe and 
Sugano.5 It was pointed out by Jørgensen that since the energy differ- 
ences *E,(*D) — *A,,(5S) and *A&,(*F) — *A,,(9S) are independent of the 
value of Dq, the corresponding absorption bands are particularly suited for 
the investigation of the values of F, and F, found in the complex. 

A study of the intensity to be expected in the optical absorption spectrum 
of hydrated Mn** salts has been given by Koide and Pryce.!?? The results 
seem very gratifying, but they are open to a number of objections as pointed 
out earlier. 

The absorption lines in the antiferromagnetic states of MnCl;4H;0 and 
MnBrz4H;O have been investigated by Tsujikawa.!4* These salts have a 
Neél temperature of 1.6°K and 2.2°K, respectively, and when the salts 
become antiferromagnetie, one would expect polarization and energy shifts 
of the absorption spectrum.  Tsujikawa looked at the violet doublet 
absorption band 541, > *E,, *A1,(*G) and found considerable shifts in the 
polarization properties. 

Besides the Mn(H;O),** ion the absorption spectra of the octahedrally 
coordinated pink compounds MnF;, MnCl;, and MnBr; have been exten- 
sively studied.!3??-!3$ "The conclusions are quite similar to those obtained 
for the hydrated complex, with, of course, appropriate changes in the param- 
eters. It is found that whereas the positions of the band maxima can be 
accounted for very nicely, other properties, such as the observed oscillator 
strengths,!?* do not agree with the theory of Koide and Pryce.!*? 

Both the electron paramagnetic resonance!?7-!3943 and the nuclear 
magnetic resonance! 4?.14! of MnF; have been looked into very closely. The 
reason for this is, as explained in Chap. 7, that these experimental techniques 
open the way for an elucidation of the form of the wave functions for the 
magnetic electrons. The related phenomenon of antiferromagnetism in 
KMnF; has among others been studied by Ogawa.!* Finally, Watson! 
has investigated the form of the wave functions for Mn** in a crystalline 
field of cubic symmetry and obtained a measure of the Dg value for a Mn** 
ion embedded in a crystalline lattice. 

Turning our attention toward the ground state °A1,, we find that the 
magnetic susceptibility at not too low temperatures is given with great 
accuracy by the spin-only value:!*? 

_ ANBIS(S +1) _ 30N6? _ 3.75 
B 3kT — ST T 
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"This is, of course, not surprising, since neither any crystal fields nor the spin- 
orbit coupling alone can remove the sixfold degeneracy of the ground state. 
However, since the highest degeneracy possible in the cubic double group is 
four, higher-order perturbations involving crystal fields and spin-orbit 
coupling simultaneously must be operative. A very small ground state 
splitting will then take place. So long as the temperature is high, this can, 
however, not be of importance in the measurements of the susceptibility. 

Paramagnetic resonance experiments have shown that in actual cases the 
ground state is split into three Kramers doublets!49.150 separated by some 
O.lem-!. This indicates definitely that the symmetry of the complex is less 
than cubic. The behavior of the energy levels in a magnetic field of 
arbitrary direction with respect to the axes is difficult to evaluate; an 
exposition of this subject is given by Low.!5! 

The elucidation of the exact nature of the zero-order field splitting is still 
needed. Van Vleck and Penney!*' did some order-of-magnitude calculations 
assuming only the spin-orbit coupling and a cubic field to be present. 
Meijer!*? introduced an additional field of trigonal symmetry and obtained 
an overall splitting of 0.15 cm~! of the three Kramers doublets. 

Pryce,5?155 on the other hand, considered in addition a spin-spin inter- 
action and argued that this latter mechanism could be the dominating factor. 
Some modifications of his theory were given by Watanabe,'*4 who listed 
some additional possibilities. The most recent paper dealing with these 
questions has been published by Powell et a1.!55 These authors pointed out 
that omitting the spin doublets of d5, as done by Watanabe, reduces the 
ealeulated splittings by almost two orders of magnitude and that spin-spin 
interactions are of considerably lesser importance than spin-orbit inter- 
actions. Evidence for the sign of the crystalline cubic field splitting param- 
eter for an S state has been collected by Low.!5!.15$ 

The paramagnetic resonance spectrum of many Mn** complexes has been 
investigated in great detail. Reference is here given to the review paper 
by Low.!5! The g values are always found to be very close to 2, but the 
coefficients D and E in the spin Hamiltonian have been found to be extremely 
sensitive to the surroundings of the Mn** ion. We quote here only some 
recent work: Low and Suss!5? considered Mn** in Al,O3, and Kikuchi and 
Matarrese looked upon Mn** in caleite.!9!$? Friedman and Low!* 
have again looked more closely into the resonance spectrum of Mn** in 
ZnSiF4,6H;0. 

Considerable interest is also connected with the behavior of the *T1,(4G) 
state. This is due to the fact that this is the state which is responsible for 
the fluorescence! found in many manganous compounds; especially 
beautiful fluorescence is, for instance, found in the yellow-green tetra- 
ethylammonium manganese(II) bromide.!? This complex is presumably 
tetrahedrally coordinated. 

Since the energy of the ‘7, state is highly sensitive to both the reduction 
of the term interval §S — ‘G and to the value of Dg, variations in the emitted 
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light from one phosphor to another may be considerable. This is clearly 
demonstrated in the work of Klasens et al.,!® who investigated the position 
of the emission of Mn** embedded in different perovskite crystal structures. 
The authors found that a linear relation existed between the maximum of the 
transition and the space available to the Mn** ion. This latter quantity is 
again expected to be proportional to the Dg value. Thus when Dg becomes 
greater, the energy difference ‘71, — *4,, decreases and the emission moves 
to lower wave numbers. 

The splitting of the twelvefold degenerate *T', state under the combined 
influence of spin-orbit coupling and interactions with higher states has been 
considered by Clogston.!55 Spin resonance observations in this state would 
be expected to be of considerable interest. 

There are only a few examples of tetrahedrally coordinated Mn** com- 
plexes. Besides the already mentioned (N(C;H;)];MnBr,, we know, for 
instance,!** that the manganese in Cs;MnCl; possesses a tetrahedral coordi- 
nation of chlorine. However, the balanee between octahedral and tetra- 
hedral coordination is extremely fine, as shown by the octahedrally coordi- 
nated manganese in Cs;MnCl,. The spectrum of the species MnCl," is given 
by Buffagnie and Dunn,?** and Cotton et 81.315:3?* have further published 
spectra of the manganous halides and phosphine oxide complexes. 

An example of a “low-spin’” complex possessing the ground state ?T,(t5,)5 
is the dark-violet K,Mn(CN)43H;0. No absorption spectrum seems so far 
to have been reported, but the magnetie features have been well docu- 
mented. Both Kamimura!® and F'iggis!** have given theoretical expressions 
for the variation of the susceptibility with the temperature. Kamimura 
assumed the crystal field, besides the cubic part, to have a component of 
trigonal or tetragonal symmetry comparable in magnitude with the spin- 
orbit interaction. In addition to these factors, Figgis, building upon the 
work of Bleaney and O'Brien,!*' also considered the delocalization of the to, 
electrons to the ligand orbitals, as discussed in Chap. 7. 

The splitting of the ?T;, due to a tetragonal crystalline field was called 
4 (= 3Ds — 5Dt). The orbital singlet was assumed to be lowest, and the 
magnetic moment operator taken to be (kL + 28)8. The measurements 
of Figgis!** of the magnetic susceptibility of KMn(CN)&43H;O then indi- 
cated that a very good fit of the experimental points could be obtained 
with k = 0.75, A = 400 cm-'!, and A, the spin-orbit coupling constant, 
equal to —200 cm-!. 

The values of the g factors found by Baker, Bleaney, and Bowers?! were 
2.624, 2.182, and 0.63. The value of k = 0.74 corresponds to an overall 
splitting of the orbital levels!" of about 500 em-!. The paramagnetic 
resonance measurements and the values of the susceptibility must therefore 
be said to support the proposed model. 

Trivalent Manganese. The ground state of the gaseous ion is 
5D[A](3d)*. Thisis the only quintet state present. Under the influence of a 
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weak crystal field of O, symmetry it splits up in the usual fashion, a low 5E, 
state and an excited *T^, state placed at 10Dg. The complex is seen to be 
isoelectronic with Crt* complexes and just as is the case for the latter, we 
would expect Mn?* complexes possessing four unpaired spins to be sub- 
jected to a violent Jahn-Teller distortion. The separation of the two 
potential surfaces is calculated® to be some 4000 cm-!. 

Evidence for the Jahn-Teller distortion is presumably observed in the 
asymmetry of the Mn*+(F-) octahedra!?!"! found in MnF;. It is, how- 
ever, well worth remembering that if a real Jahn-Teller mechanism is 
operating, it is impossible to specify the atomic orbital of the odd electron. 
The nuclear magnetic resonance measurements of Shulman and Jaccarino!?? 
on the red MnF; confirm this theoretical prediction. 

The absorption spectrum of the red ion MnF,~-* has been measured by 
Furlani and Ciana."* A single band is found to occur at 21,700 cm~. 
With the band assignment 5E, — #T2, we then get Dg = 2170 cm~. The 
red-violet alum CsMn(SO4)&12H;O0 has a similar band!/*5* placed at 
21,000 em-!. For the oxalate"* Mn(C;O 45^? this band is found at 20,050 
cm-!. In this latter complex a weak band is further found at 9600 cm-!, 
being presumably the 5E,-9?T,, transition. The effective magnetic 
moment of the red-violet compound Mn(C.0,)3K3:3H;0 is?5 4.96, a value 
very characteristic of high-spin Mn?* complexes. 

When the octahedral erystal field gets stronger, the ground state eventu- 
ally becomes ?T,,(b,)*. This state of affairs is found in KMn(CN),. The 
condition for a low-spin complex is seen from Table 9-1 to be 


10Dq > 6F, + 145F, 


From the term values? and Table 3-3 we get F: = 11.3F, = 1470 em-!. 
The inequality then yields 10Dq greater than 27,670 cm~? or Dg = 2800 cm}. 
The near-infrared absorption spectrum of the dark-red crystalline 
K;Mn(CN), has been measured by Jones and Runciman.!5 They recorded 
a number of parallel and perpendicular polarized lines at some 9500 cm-!. 
The absorption spectrum in solution was found!’ to have a weak peak 
located at 21,000 cm~? just before the charge transfer bands set in. 

The configuration (t2,)* gives rise to the ground state *7',, as well as the 
degenerate pair (LE, T) and !A,;, placed respectively at an energy 
2(3F;, + 20F,) and 5(3F; + 20F,) above the ground state. Allowing for a 
reduction of F, and F, due to complex formation and using the reasonable 
values F; = 1000 em-! and F, = 100 cm-!, we have 3F2 + 20F, = 5000 em-!. 
This places the transitions ‘Tie > (!T's,, !E,) at 10,000 cm~! and Tig — Ai 
at 25,000 cm. 

The next configuration (t2,)*(e,) gives rise, among others, to the following 
two low-lying levels; *E; placed at 10Dq — 6F2 — 145F, and ?*E, located at 
10Dg + 2F; — 45F,. With the above values of F; and F, and a tentative 
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value of Dg = 3000 em-'!, being a little more than the Dg value for Cr(CN),?7, 
we get E(5E,) = 9500 em-! and E(*E,) = 27,500 cm~! 

It thus seems impossible to make any definite assignments of the observed 
bands, since the low-lying absorption band may be due to ?T;,- 5E, 
equally well as to *T1; —^ (Ta, !E,). Also, the band at 21,000 cm~! may be 
due to either ?T,, — ! Aij or Tig —> *E,. However, both from an energetic 
point of view and from the low intensity, the first assignment of this band 
seems at the present time the most reasonable. 

The magnetic susceptibility of K;Mn(CN). has been studied by Cooke 
and Duffus!” and by Kamimura.!55 The spin-orbit coupling splits the 
ground state *7,, into three levels; the lowest level being a singlet. This 
level is diamagnetic, and consequently the magnetic moment will go to 
zero by cooling. This result is not altered by the inclusion of a tetragonal 
or trigonal field component.!55 

The variation with temperature of the effective Bohr magneton number 
can be described!" rather well with a value of the spin-orbit coupling factor 
A = 340 cm~}. The total width of the *7., spin multiplet is then 224 = 
510 cm~}. The inclusion of a lower field component equal to —200 cm~: 
in addition to a value of \ = 285 em-! improves the agreement with experi- 
ment. Since the ground state is a singlet, no paramagnetic resonance 
should occur for this state, and none is observed. 

Tetravalent Manganese. The ground state of the gaseous ion is 
*F[A](3d)?, with a *P state located at some 16,000 cm—!. The spectra and 
magnetic behavior of Mn(IV) complexes should therefore resemble these of 
Cr(III). The absorption spectrum of the yellow ion MnFE,- has been 
Studied by Jérgensen."? From the two spin-allowed bands *A;, — ‘Tas 
and *4;, — ‘Tıg he concluded that 10Dq = 21,750 cm~! and that 


F — 5F, = 600 cm7! 


Four weak spin-prohibited bands were further observed at 16,400 cm to 
15,800 em-!. These correspond to the “ruby” lines of Cr(III). 

The heteropolymolybdate complex of Mn(IV) has also been prepared, 5? 
and the spectrum has been measured. This and similar compounds are 
phosphors, and the absorption and fluorescence in Mn**(O7), have been 
studied by Kemeny and Haake.*?! 

Hepta-, Hexa-, and Pentavalent Manganese. Since heptavalent 
manganese has a closed argon shell with no outer electrons, its complexes are 
isoelectronic with the corresponding Cr(VI) compounds. As a result, 
MnO-¢ and CrO” exhibit exactly the same electronic features, and we shall 
therefore, as far as the theory is concerned, refer to what has already been 
said about CroO. 

The purple permanganate ion shows two absorption bands located at some 
19,000 cm~! and 32,000 cm^.!?! The assignments of these two bands are 
as in CrO,.7, Fig. 10-9a. The ground state is ! 41(£)5, and the two excited 
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configurations (&)*(e) and (t&)*(t;) both give rise to one !T,state. With 
the electric dipole vector transforming as T'; in Tait is natural to assign!” 
the two spin-allowed bands to the transitions 'A; — 'T3(1,2). 

The permanganate ion exhibits a weak temperature-independent para- 
magnetism with a value!5? of the magnetic susceptibility x equal to about 
58 X 10-*. Carrington‘?? has used Van Vleck's formula for the tempera- 
ture-independent paramagnetism (6-125) of a crystalline powder 


= ane Y pU 


to calculate x. By writing down the determinantal wave functions for the 
excited states using the orbitals shown in Fig. 10-9 and by making reasonable 
assumptions for the energy differences and the mixing coefficients in the 
molecular orbitals, he arrived at a value of x = 63.1 X 10-75. No attempt 
was made to calculate the diamagnetic part of the susceptibility. 

MnO," is made from MnO, by adding one electron to the molecule. 
This electron is expected to go into the first excited orbital of MnO,-. The 
question then arises: what is the symmetry of this orbital? As seen from 
Fig. 10-9, Wolfsberg and Helmholz!!* assumed this state to be of t; sym- 
metry, whereas Ballhausen and Liehr!" took it to be an e state. 

Using both assignments, the absorption spectrum! of the dark-green 
ion MnO, has been discussed by Furlani, Ciana, and Batticci..* How- 
ever, Carrington et 81.154155 gave a tentative explanation of the spectrum 
using the fact that electron resonance studies of MnO." quite unambiguously 
showed!!*35 the unpaired electron to be in a doubly degenerate e level. 
The magnetic moment of the complex has been measured by Jensen and 
Klemm.!88 

MnO,- has also been considered.!!8185.18§ As expected from the above 
results the ground state turned out to be a *As - > * (&)5(e)? state. The 
absorption spectrum is fairly complicated, and only qualitative suggestions 
have so far been given for the interpretation. 


10-f. Iron 


Iron has the electronic structure (A](3d)*(4s)*. We shall consider 
Fe**, Fe?*, and Fe**, the last oxidation state occurring formally in FeO,7. 

Divalent Iron. The electronic ground state of Fe** is *D. No other 
quintet state is present. In the weak-field limit, and with octahedral 
configuration, the ground state is then (é:,)‘(e,)?, with the spin quantum 
number S = 2. In the strong-field limit the ground state will be (ts,)® 
with S — 0. The criterion for low spin has been given in Sec. 4-f to be 
20Dq < 5(F: + 51F,). The schematic level scheme will look as shown in 
Fig. 10-12. From the usual rule of thumb we have F; = 10F, = 1000 em-'!. 
The crossover point is then expected to occur at 10Dq = 15,000 em-*. 
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The absorption spectrum of the pale-green ion Fe(H;O),** has been 
studied, among others, by Jgrgensen,** Furlani,!** and Cotton and Meyers.?*? 
A double peak is found at some 10,000 cm~}, with a number of very small 
peaks beginning at 20,000 cm—! and upwards. The double peak is identified 
as the transition *T';, — 5E, split, approximately 2000 cm-!, due to a Jahn- 
Teller effect.5 The small peaks are supposedly the transitions 5T, > Tio, 
3T, . . . . These have, however, not been identified with certainty. 
The absorption spectra of some other ''weak-field" Fet+ complexes as 
recorded by Furlani!*? are seen to exhibit quite analogous features. 

The complete matrices for the energy-level splittings of the d* configura- 
tion in weak octahedral and tetrahedral fields have been given by Low and 
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Fic. 10-12. Splitting scheme for (3d) in an octahedral field. (a) Weak field; (6) 
strong field. Crossover point of *T';; and !A 1; at 20Dq = 5(F: + 51F4). 


Weger.! The paramagnetic resonance splittings of Fe++ have also been 
theoretically!?! and experimentally investigated.!? The g value observed 
for Fet+ in octahedral coordination in MgO is g = 3.428. 

Bloomfield, Lawson, and Rey!?? have used a point-charge model and 
Slater free-ion orbital wave functions to calculate the crystal field splitting 
in Fe;ALl (SiO), the ferrous silicate garnet. Agreement with experiment 
was obtained by varying the charge distribution. The nuclear magnetic 
resonance of the white paramagnetic FeF; has been measured by Stout and 
Shulman,! and the hyperfine interactions found were used to evaluate the 
fraction of unpaired 2s spins in the F- orbitals. The magnetic anisotropy of 
FeF; has been considered by Moriya et al.'% 

The magnetic susceptibility of the green ferrous ammonium sulfate has 
been investigated by several authors.!99-!? With a trigonal distortion 
present the level scheme for the lowest levels will look as pictured in Fig. 
10-13. 

The splitting 6 is found!?' to be some 1200 cm-!, and eis equal to 10.9 cm™. 
On the other hand, for FeSiF,:6H;O « is evaluated to be??? — 10.4 cm-!. 
The g factors in this latter case are gj; = 2.00 and g, = 2.14. 
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In the strong-field limit the complex will be diamagnetie and the first 
spin-allowed transition will be due to the transition 1A;, — !T:,, Fig. 10-12b. 
The yellow Fe(CN).‘ shows one shoulder at 31,000 cm~! before the charge- 
transfer spectrum sets in. It thus seems reasonable to assign this band 
to the !A;,- !T, transition. The spectrum of the yellow-green ion 
[Fe(CN);NO]* containing divalent iron and NO* has been measured by 
Cotton et al.? and interpreted by Gray and Ballhausen.!!5 

Trivalent Iron. The electronic ground state of Fe*+ is *S. Since this 
metal ion is isoelectronic with Mn++, we shall refer to what has been said 
there concerning the general features of dë’. 
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Fic. 10-13. Splitting of ground state *T;, for (3d)*. (a) Cubic field; (b) trigonal field 
included; (c) spin-orbit included. 


The spectrum of the high-spin violet iron complex Fe(H.0),*+ has been 
measured a few times,**2°!.202 even though the presence of brown hydroxy 
complexes of the type [Fe(H.0);OH]** or even the formation of bimolecular 
complexes (vide infra) makes the spectrum hard to measure. The absorp- 
tion spectrum of Fe?* in beryl, where Fe?* is coordinated to six oxygens, has 
been investigated by Dvir and Low.? This spectrum seems to be the 
most reliable so far reported, and we give the numbers in Table 10-2 together 
with their likely assignments. It must, however, be realized that the 
assignments given here are by no means certain and that there exist, various 
opinions among the quoted authors. 


TABLE 10-2. SPECTRUM or FE'* COORDINATED WITH Six O7 


Ezperimental 
5A1, — *T ig toy) (eo) 12,300 cm~! 
14,200 cm~! 
Aio — §T 2g( bog) (ey) 17,500 cm~: 
20,000 cm~? 


541, > SE, ( tag) (e,)* } zi 
‘Aig > *A ig(ten)Xeq)*} 781000 em 
tA ig — *Tigltee) (ey)? 26,500 cm~: 
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The zero-order splitting of the ground 5$ level, owing to the combined 
influence of the spin-orbit coupling and the presence of lower fields, is exactly 
as found for Mn**. The early investigations by Meijer!®? and Kronig and 
Bouwkamp?** were especially concerned with the behavior of iron alum. 
More recent work includes the thermal and magnetic properties of ferric 
methylammonium sulfate at low temperatures as investigated by Cooke 
et al.2°° These authors concluded that the M, = + level was the lowest. 

Furthermore, Bleaney and Trenam?° have looked into the paramagnetic 
resonance of the ferric alums and have evaluated the various constants in the 
spin Hamiltonian. 

The electron spin resonance of Fe*+ in various surroundings has attracted 
some attention. Fe** in rutile was investigated by Carter and Okaya,*?? 
and Geschwind*?? looked at the resonance of the ion in both octahedral and 
tetrahedral sites in yttrium galium garnet. Finally, & test of the spin 
Hamiltonian for Fe?* in strontium titanate was carried out by Aisenberg, 
Statz, and Koster.??* Other Fe*t compounds which have been investigated 
by means of paramagnetic resonance methods include the colorless FeF 7, 
which was looked into by Helmholz,?*? and ferrihemoglobin.?107213 

The iron complexes so far discussed have all been octahedrally coordi- 
nated. From spectral measurements Friedman?!* has, however, concluded 
that a tetrahedral species FeCl,- is present in concentrated HCl with some 
added FeCl;. The absorption spectrum looks very complicated, and so far 
no assignments of the various peaks have been given. 

In basic perchlorate solutions of Fe*+ Mulay and Selwood?!§ have found 
magnetic and spectroscopic evidence for the presence of a brown diamagnetic 


dimer which they write as 
OH 


ZON 
(H.0),Fet+ Fet++(H.0), 
N S 
OH 


Another dimeric ferric compound is the brown 
OH 


34 IN 
[(phenen); Fe Fe(phenen);]Cl, 
Soe 
OH 


where phenen stands for o-phenantholine. The magnetism of this com- 
pound has been investigated by Earnshaw and Lewis!?**?* and by Elliott. 427 
The theory behind the magnetism of a dimer is given in the section dealing 
with the corresponding Cr?+ complexes. 

The best characterized of all low-spin complexes containing Fet is 
undoubtedly the red K;Fe(CN),. The ground state is ?7'2,(te,)§, and the 
behavior is analogous to that of the low-spin complexes of Mn**. The 
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principal magnetic susceptibilities of K;Fe(CN), were calculated by 
Howard?!* in a now classic work. The overall features of the susceptibility 
could be explained by using a cubic crystalline field with the superposition of 
a small rhombic field. Another set of parameter values for this complex has 
been given by Kamimura.'*§ As shown by Ohtsuka,?" there is a spin-spin 
interaction effect in K;Fe(CN).; the spins of S = 14 on two ions combine to 
give a total spinoflor0. This antiferromagnetic effect in the susceptibility 
was not taken into account by the former theories, and it may conceivably 
improve the agreement with experiment. Measurements of the g values 
in the undiluted K;Fe(CN), have been performed by Baker, Bleaney, and 
Bowers,!*?? but the interpretation is very uncertain. 

The absorption spectrum of Fe(CN),3- has been given by Kiss et al.?!8 
and by Jgrgensen.?!? An attempt toward a theoretical explanation has been 
published by Naiman.?? Using values of Dg = 3500 cm-!, F = 1190 em-'!, 
and F, = 94 cm^!, he was able to reproduce the crystal field bands. How- 
ever, the complex possesses in addition some extremely strong charge- 
transfer bands which make the identification rather uncertain. The color 
and electronic configuration of Prussian blue KFe(IID[Fe(II) (CN),] has 
been investigated by Robin.?5 The absorption spectrum is tentatively 
interpreted as due to charge transfer between the Fe(CN)4*- and Fe*+ ions. 

Hexavalent Iron. Hexavalent iron occurs in the red ferrate ion, FeQ,7. 
This ion is isoelectronic with MnO,?^, and the ground state configuration is 
thus *A2(t:)®(e)? (see Manganese). The resultant spin is S = 1, and this is 
confirmed both by measurements of the paramagnetic susceptibility??!22? 
and by the g factor.!5e 

The absorption spectrum of FeO," has been measured and interpreted by, 
among others, Carrington et 81.1545155:222 and by Furlani.!5 Two broad 
bands with some fine structure are observed at some 12,720 cm-! and 
19,600 cm-!. They are assigned to the transitions *A; — T, and 3A: — °T, 
respectively.!5* Their oscillator strengths have been interpreted!** as due 
mainly to electronic transitions among the ligand orbitals, and not to charge 
transfer from the metal orbitals to the ligands as suggested by Ballhausen 
and Liehr.!! 


10-g. Cobalt 


The oxidation states of interest are Cot+ and Co*+. Cott possesses the 
electronic structure [A](3d)? and occurs in both octahedral and tetrahedral 
coordination. Co?*, on the other hand, is always hexacoordinated, except 
for the case of heteropoly tungstocobaltate anions containing Co(II) and 
Co(III) in tetrahedral coordination.3* 

Divalent Cobalt. In octahedral coordination the ground state can be 
either ‘7'1,(te,)°(e,)? or ?*E,(t;,)*(e;) depending upon the strength of the 
crystal field. We get that the condition for low spin is 12Dq > 7(F2 + 
15F,), or, with Fz = 1000 cm~! and 10F, = F, Dg > 1500cm™.  Thisisa 


256 INTRODUCTION TO LIGAND FIELD THEOR: 


very high Dg value for a doubly ionized ion of the first transition series, and 
consequently we would expect only the cyanide complex to fulfill this 
requirement. 

Adamson?* has, however, shown that the violet species formed from Co** 
and KCN is K;Co(CN);, a diamagnetic solid. In excess of aqueous cyanide 
it turns paramagnetic corresponding to one unpairedelectron. Nevertheless, 
all evidence indicates that thision is Co(CN);?- rather than Co(H;0) (CN);?-. 
So far no truly hexacoordinated Co(II) complex with S = 14 has thus been 
reported. 

The gaseous Co** ion has the ground state *F with the excited state *P 
located at some 14,500 cm-!. Under the influence of a cubic field these 
levels will split up into *T1,(F), *T'4,(F), *As,(F), and *T1,(P) arranged in 
order of increasing energy. ‘This level scheme was first given by Abragam 
and Pryce?* and used by them to interpret the optical absorption of 
Co(H,0)4**. 

Located just a bit higher than the *P is a ?G state which, of course, is also 
split under the influence of a crystal field. One of the split components is 
the *E, state which eventually, at the limit of strong crystalline fields, 
becomes the ground state. As seen from the level diagram given by Tanabe 
and Sugano,!?5 the ?E, crosses all the quartet levels on its way down. The 
features connected with the crossing are, however, more complicated than 
indicated by the above authors, since spin-orbit coupling effects have been 
neglected in the calculation. 

The “visible” absorption spectrum of the pink Co(H;O),** consists of one 
band located® at 8350 cm~? and a band system found at some 20,000 cm-^!. 
Measuring at low temperatures, Pappalardo??* gave evidence for some 
narrow lines scattered from 19,000 em-! to 26,000 cm~! in CoCl1;6H3;0. 
The X-ray structure of the complex performed by Mizuno??? shows, how- 
ever, this complex to be trans-[CoCl,(H20),]. 

The absorption band found at 8350 cm~! is identified, with the transition 
^T, — T 3, and the one at 20,000 cm~! with *T,, — *T,,(P). The energy 
matrix for the two ‘7, levels is 


—6Dq— E  4Dq 
4Dq z- E 


with E(*T;,) = 2Dq and E(*As,) = 12Dq. 

To fit the two absorption bands, we use Dg and z = E(‘P — ‘F) as 
parameters and obtain Dg = 950 cm~! with z = 12,800 cm”. The 
absorption band corresponding to the transition ‘71, — ‘Ae, is then placed 
at 17,850 cm—'. Only a very small absorption is seen at this position in the 
spectrum 56 indicating that, if our theory is correct, the band ‘Tig — ‘Ae, 
can only possess a very small intensity. Fortunately, this is also found 
theoretically. As pointed out by Koide,?2’ the above transition corresponds 
to a two-electron jump, and as such should have an oscillator strength of 


=0 
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only f = 4.8 X 1075, while the ‘7,,— ‘Ti; transition should possess an f 
value of 1.7 X 10-*. 

The double peak found in this last absorption band is, after Koide,??' due 
to the spin-orbit splitting of the ‘7,,(P) state. A comparison of the calcu- 
lated and experimental absorption spectrum of the red CoBr,6H;0 shows 
very clearly that this is the case. The spin-orbit splitting of the ground 
state ‘T'i has further been observed by Newman and Chrenko,??* as already 
mentioned in Sec. 6-d. 

The variation with temperature of the intensities for the bands of 
CoSO,-7H:0 has been studied by Holmes and MeClure*55 and for CoO by 
Pratt and Coelho." The hyperbolic cotangent dependence found earlier 
seems to give a good fit of the experimental results. The transitions are 
thus vibronic in character. 

Some further work dealing with the spectra of the red octahedral com- 
plexes Co(NH;)s** and Co(en);** has been performed by Ballhausen and 
Jérgensen.! The work of Ferguson,“ who investigated the visible 
polarized crystal spectrum of the violet form of trans-[CoCl2(H20)4](H2O)2 
and Co(py)2Cle, where py stands for pyridine, is a good example of the type 
of spectral work which will gain greater and greater importance. The 
absorption spectrum of Co** in various lattices has been investigated by 
Low?32235 and that of CoO by Pratt and Coelho.?: 

The theory of paramagnetic resonance in cobalt(II) salts has been given 
by Abragam and Pryce? and Low.?** The ground state will, as mentioned 
earlier, be a Kramers doublet; the value of the g factor assuming cubic 
octahedral configuration has been given in Sec. 6-e. Experimental values 
of g for the red CoSiF,-6H.O and CoSO,7H30 can be found in the work 
of Bleaney and Ingram.?** 

The theory of the paramagnetic susceptibility of the red octahedrally 
coordinated Co(II) complexes has occupied many authors, starting with the 
classic work of Schlapp and Penney.** In order to account for the suscepti- 
bility of Co(NH,)2(SO.)26H.0, Schlapp and Penney were forced to con- 
clude that only rhombic symmetry was present in the crystal. However, 
the magnetic resonance behavior of the ions in this salt shows perfect axial 
symmetry. The anisotropy of the magnetic susceptibility must then be 
explained by assuming the presence of both a tetragonal crystal field and a 
magnetic coupling between the two ions per unit cell.??5 

The testing of the above idea was performed by Kambe et al." and 
Uryü.5* Using the wave functions of Abragam and Pryce,??* Uryd obtained 
an excellent fit of the experimental points by using a tetragonal splitting of 
1090 cm“ and a spin-orbit coupling constant of A = — 180 cm. Of great 
interest is also the work of Haseda and Kanda,?*?*' who studied the already- 
mentioned system CoCl1;:6H;O. Here an antiferromagnetic transition takes 
place at about 3?K. 

Chakravarty and Chatterjee?*? have further given a few magnetic data on 
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various Co(II) complexes, and Cossee?** has studied the magnetic proper- 
ties of Co(II) ions in the octahedral interstices of close-packed oxide lattices. 
General considerations as to the behavior of the magnetic susceptibilities of 
Co(II) complexes in various surroundings have been given by Figgis and 
Nyholm.?4¢ 
Tetrahedral complexes containing Co(II) ions are usually formed with the 
halogens, an example being the blue CoCl,-. Since the level order is 
inverted in going from octahedral to tetrahedral coordination, the ground 
state is here ‘A2(e)‘(f2)*. No low-spin complex of Co(II) can then occur in 
tetrahedral coordination. 
The energy-level diagram of the quartet states for tetrahedral Co(II) 
i i complexes will look as pictured in Fig. 
E NEU ONE 10-14. "Three quartet-quartet transitions 
should occur. Dg for Co(H;O)&* is 


t ‘T, equal to 950 em~!. Since CIl- is below 
E water in the spectrochemical series and a 
Ja gi ‘T, point-charge model of the complex yields 
SN iee Dq(tet.) = 46 Dq(oct.), we would expect 

x 4A, Dq for CoClrto be about 400 cm7. 


Experimentally, Dreisch and Trom- 
Fic. 10-14. Energy-level diagram mer?4! found a band at 6300 cm~! and 
for the quartet states of tetrahedral Ballhausen. and Jérgensen??! reported a 
Co(II) complexes. z 
very intense band located at about 15,000 
cmi, With a Dq value of 400 em-!, and using a weak crystalline field 
model, the transition tA: — ‘T, should occur at 10Dq = 4000 cm-!. The 
next transition *45 — *Ti(F) should be found at 18Dq = 7200 cm“, and, 
finally, the transition +A: — *T(P) should occur at 


12Dq4 + 14,500 cm~! = 19,300 cm7! 


Fitting the last two bands to the above transitions, and taking the con- 
figuration interaction between the two ‘T, states into account, we get 
Dq = 360 cm~! and E(*P — *F) = 10,400 cm-?. Some doubt has, how- 
ever, been raised as to the location of the infrared band,?** which we have 
taken to be 6300 cm-!. The whole question of spectral assignments has 
been discussed in a very detailed way by Cotton et al.352 

The intensity of the band *4;— *T(P) has been calculated by Ball- 
hausen and Liehr.!? It was found that a model of the complex using only c 
bonding gave an adequate description of the observed intensity. 

Magnetic moments of CoCl,-, CoBr47, and CoI,7 and values of Dg have 
been reported by Holm and Cotton.?*??*3 Their results are in excellent 
agreement with the measurements of Bowers and Owen!* of the g factors in 
the blue Cs;CoCl, The paramagnetic resonance of Co** with fourfold 
coordination has also been treated by Hall and Hayes.?** 

The erystal spectra of some tetrahedrally coordinated Co(II) complexes 
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have been obtained by Ferguson.?4* Using polarized light, he obtained the 
spectrum of, for example, the blue Co(py):Br;. All of these spectra show 
considerable dichroism due first of all to the symmetry of the complex but 
due also to interactions between the complexes in the crystal. 

Cotton and Holm?**?*" have postulated the existence of high-spin four- 
coordinated planar Co(II) complexes. Provided the crystal field is not too 
strong, this is, of course, possible, but & conclusive proof for such a structure 
has not yet been given. It is only with very complicated ligands that this 
situation should be observed, but this, of course, makes it difficult to con- 
clude anything with certainty. Nevertheless, the magnetic measurements 
make it highly probable that structural changes occur rather easily for 
Co(II) if the ion is complexed with large chelate ligands. 

Trivalent Cobalt. The Co?* ion is isoelectronic with divalent iron, and 
we shall therefore refer to the introduction concerned with this latter ion. 
The only paramagnetic complexes so far reported are the blue CoF4*- and 
CoF;(H;O); having an effective moment of g = 5.28 and 4.478, respec- 
tively.248 New measurements by Cotton and Meyers,?* however, gave 
somewhat higher values of 7. In order for the complex to be paramagnetic, 
we must have 20Dq < 5(F2 + 51F,). 

The absorption spectrum of CoF,?- should then consist of one broad band 
corresponding to the transition *T,, — 5E, (see Fig. 10-12a), and such a 
band has been observed by Cotton and Meyers?! placed at about 13,000 
cm~}, The absorption band is very broad and split into two distinct peaks. 
This has been taken as evidence for the operation of a Jahn-Teller effect in 
the excited 5E, state.* 

Two of the infrared vibrational frequencies are also known?*? for CoF4*7: 
v3 = 475 em-! and v, = 310 cm-!. These numbers are somewhat depend- 
ent upon the lattice parameters. 

The greater part of the Co(III) complexes do not, however, contain any 
unpaired spins, and the situation is then as pictured in Fig. 10-125. The 
absorption spectra of diamagnetic octahedrally coordinated Co(III) com- 
plexes should hence be made up of two strong bands corresponding to the 
transitions !A;, —> !T;, and !A,, — Ta. In addition, some singlet-triplet 
bands could appear. 

By using the descent-in-symmetry method, it is easy to find that in the 
strong-field approximation we have 


AECT — !Ay) = —35F, + 10Dq 
AECT = 144,) = 16F; = 115F, + 10Dq 


and for the singlet-triplet bands 


AEQT,, — 141) = —105F, + 10Dq 
AECT a — ! Ay) = 8F2 — 245F, + 10Dq 
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It is in this connection interesting to observe that Cr** complexes and 
diamagnetic Co*+ complexes exhibit the same spectral behavior. All other 
things being equal the only difference is that the distance between the first 
two principal bands for a given Co*+ complex will be some 44 times the corre- 
sponding distance for the equivalent Cr*+ complex. 

Let us for instance consider the spectrum* of the yellow “luteo” complex 
Co(en);'+. Two strong bands appear at 21,400 cm~! and 29,600 em-!, 
respectively, and & very broad spin-prohibited band can be detected?* at 
approximately 14,000 em-!. Identifying this last band with the first 
singlet to triplet transition 141, — *T,, and the others with the singlet- 
singlet transitions, we get Dg = 2510 em-!, F: = 975 cm-!, and Fy = 
105 em7?, 

All other Co** complexes with O, or pseudo 0; symmetry behave in the 
same way, and we shall give only a very few references: the dark-green 
Co(ox);*7, Ref. 95, and the yellow Co(NHs3).*+, Ref. 252, together with the 
extensive measurements of Shimura and Tsuchida.?5* The dichroism of 
Co(en);** has been measured by Yamada and Tsuchida.? 

Other features of the Co(III) compounds include the electronic dis- 
tribution within the complex. Kamimura et a1.?** have used the Thomas- 
Fermi equation, and by means of a trial function of spherical symmetry, 
they have calculated the charge distribution for the valence and core 
electrons in Co(NHj)4*. The residual paramagnetism of cobaltic com- 
plexes due to the high-frequency term in Van Vleck's formula has been 
considered by Ballhausen and AÁsmussen?55 and by Griffith and Orgel.?5§ 
With the matrix element |(14i,Z|!7,,)|? = 24h? we get, depending upon 
the energy separation E(17,, — !A1;), that the high-frequency terms yield a 
temperature-independent paramagnetism xas of the order of magnitude 
xas 7 200 X 107 eu. 

It should also be mentioned here that the variation of the chemical 
screening constant in the nuclear magnetic resonance spectra of Co(III) 
complexes can be explained in a way that is similar to the explanation of 
variation in the high-frequency susceptibility term.?56:257 

Owing to the fact that most of the substituted Co(III) complexes are 
very stable, many measurements have been made of the absorption spectra 
of Co(III) complexes with a lower symmetry than Oa. We have shown in 
Sec. 5-c that the splitting of the bands in a trans complex should be approxi- 
mately twice the splitting in a cis complex. The measurements of Basolo, 
Ballhausen, and Bjerrum??? show this to be approximately true for a variety 
of substituted Co(III) complexes. Similar results have been reached by 
Yamatera?*? and by Nakamoto et al.?6 

The dichroism of the green trans-[Co(en);Cl;]t as measured by Yamada 
et al.59? has been interpreted by Ballhausen and Moffitt?** as due to the 
selection rules imposed upon the complex by the vibronic couplings present. 
For further details reference is given to Sec. 8-c. 
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Binuclear Cobalt Complexes. Very few structures of complexes containing 
more than one cobalt atom per structural unit are known. The best inves- 
tigated complexion of this typeis undoubtedly [((NH;)&Co—0O;—Co(NH3)]5*. 
As is to be expected from its odd number of charges, it has one unpaired 
electron.?* Paramagnetic resonance absorption measurements have 
shown*** that the single unpaired electron interacts equally with both cobalt 
nuclei. Any formulation of the structure must therefore assume that the 
two cobalt atoms are equivalent. 

The complex structure does not seem to be established, however. An 
investigation by Okaya quoted in Ref. 


265 reaches the result that the structure oo; E 
is as shown in Fig. 10-15a, whereas (@) (NH;xCo Co(NH;); 
Brosset and Vannerberg?** obtained the 
result pictured in Fig. 10-15b. Struc- o 
ture b is in accordance with a proposal, (b) -i oe H 

E (NH3)sCo o(N 3)s 
based on the molecular-orbital theory, by E n 


Viéek.:? However, the structural ques- 


tion evidently needs further work in Fic. 10-15. Proposed structures for 
order to be settled. (NH3),CoO:Co(NHs)s]**. (a) Ref. 


The crystal spectrum of the deep-green 265; X6) Rel 498. 


{(NH3);Co—O.—Co(NHs3)s](NO3)s has been obtained by Yamada, 
Shimura, and 'Tsuchida,?5 together with the spectrum of the brown 
[(NH3Co—0;—Co-—(NH3).](NO;);2H;,0. As is to be expected, these 
show a strong dichroism, but no assignments of the bands have as yet been 
done. 


10-h. Nickel 


Nickel has the electronic structure [A](3d)*(4s)?. We shall consider only 
divalent Ni, possessing eight 3d electrons. The complex structure can be 
either octahedral, square planar, or tetrahedral, and we shall treat the 
possibilities in that order. 

Octahedral nickel complexes are by far the most common; indeed, it is 
only quite recently that the existence of tetrahedral nickel complexes was 
finally proved.?!! The ground state of nickel(II) in octahedral coordination 
is 3A z (toy)®(e,)?; it is seen from the level diagram in Fig. 10-16 that Ni(II) 
in octahedral coordination will always possess two unpaired spins. Three 
absorption bands corresponding to the transitions 34A, — Ta, *Ae— 
5T.,(F), and 2A2 > Tio (P) should then be observed.??:32627? In addition, 
some spin-forbidden triplet to singlet bands could appear. 

The observed spectra of octahedral Ni(II) complexes have indeed just the 
above features. We quote some results from the studies of Jgrgensen.?71:27? 
For the pale green Ni(H;O)4** the three spin-allowed absorption bands are 
located at 8500 em-!, 13,500 cm-!, and 25,300 cm-!, respectively, and for 
the violet Ni(NH;)g** they are found at 10,700 cm-!, 17,500 em-!, and 
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28,200 em^!. As seen from the diagram, the energy separation between 
T 4, (F) and *A2,(F) is equal to 10Dq, and therefore Dg for Ni(H;O)4** and 
Ni(NH3)e4** is 850 cm~! and 1070 cm, respectively. A great many more 
Dq values for various Ni(II) complexes may be found in the already- 
mentioned work of Jgrgensen. 

The usual phenomenon of the apparent reduction of the term distance 
3P — *P is again observed for Ni(II) complexes.?*?7 We shall not elaborate 
the argument that “‘covalency” may be responsible for this effect, but only 
observe that at least some of the reduction may be accounted for by calcu- 
lating the configuration interaction between the states coming from the 
configurations?* (3d)*, (3d)'(4s), (3d)*(4p)?, etc. 
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Fic. 10-16. Level scheme for the triplet states in octahedrally coordinated Ni(II) 
complexes. 


If the spectrum of Ni(H;O)4,** is compared with the spectrum of, say, 
Ni(NH3)é^*, it is noticed that the “second” absorption band, corresponding 
formally to the transition 342, — *7,,(F), is a double-peaked band in the 
former but not in the latter complex. Two different explanations have been 
put forward to account for this phenomenon.  Jérgensen?'! is of the opinion 
that the double peak is due to the closeness of a !E, state coming from !D. 
At just the Dq value of water the two states *7',,(F) and '#,(D) should be 
very close together; the spin-orbit coupling should then couple the two 
states, dividing the intensity between them. At other values of Dg the two 
states should be so far removed from each other that the mixing under the 
spin-orbit coupling can be neglected. 

In order to test the above theory, Liehr and Ballhausen?* calculated and 
solved the complete energy-level diagram for (3d)? with spin-orbit coupling 
included. The resulting energy-level diagram is seen in Fig. 10-17, the 
labeling being that appropriate to the double group. It is seen that the 
!E,(T;) level never does approach very closely to any ''triplet" Ty level, 
making the assignment of Jørgensen somewhat doubtful. It must immedi- 
&tely be admitted that the above conclusion is strongly dependent upon the 
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Fic. 10-17, Energy-level diagram for (3d)* with spin-orbit coupling included. The 
labeling is that of the double group. The hole formalism has been used. 
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initial choice of the values of F;, assumed equal to 14F,, and the spin-orbit 
coupling parameter à. This latter parameter was, however, taken from the 
paramagnetic resonance experiments,?* and the value of F: = 14F, was 
varied until the best overall picture of the spectrum of Ni(H;O)4** was 
obtained. Hence, some reliance can be put in the level diagram given in 
Fig. 10-17. 

Calculations of the band intensities*? using the wave functions calculated 
for the above parameters also indicate that the double peak is not due to a 
mixing with !E,. Since the values of the spin-orbit parameter ^ is depend- 
ent?! upon the crystal field parameter Dg, the energy calculations predict a 


Ti T, rs r 3 
| | | | Ni(H,0),"* 
413 cm^! 612 cm™! 235 em] 
Ty r 4 T 5 Is 


| | | | le NINH)” 


-T -i 
263 cm 372 cm 69 em"! 


Fic. 10-18. Predicted spin-orbit fine structure for the *T',,(F) level. For Ni(H:0).** 
we have taken Dg = 900 cm™, A = —275 cm^!, Fy = 90 cm™!, and F; = 14F,.. For 
Ni(NH;).*t, Dg = 1100 em?! A = —200 em^!, F, = 90 cm^!, and F: = 14F,. 


wider spread of the spin-orbit components of the ?7,, (F) state for Ni(H2O).** 
than for Ni(NH3;),**; see Fig. 10-18 for numerical results. We must now 
remember that the intensity is produced by means of a vibronic coupling, 
and since there exist no vibrational frequencies large enough to fill the 
612-cm—! gap appearing in the spin-orbit structure of #71,(F) in Ni(H;0)4**, 
a double-peaked band should appear. On the other hand, since there are 
vibrations? which may close the 372-cm-! cleft found in Ni(NH;)e**, this 
ion should possess a single-peaked band, at least at room temperatures. 
The calculated numbers for the oscillator strengths f of the relevant transi- 
tions turn out to be*? for Ni(H;0), 4f (CA2 > *Ti,(F)) = 4.8 X 10-5 and 
JCA — 1E,) = 0.1 X 10-5, again confirming that the mixing via the spin- 
orbit coupling of 1E, and ?T, is not strong enough to explain the appearance 
of the double peak. 

The variation of the band intensity of this “red band" of Ni(H,O)4** has 
been studied by Holmes and MceClure,5 who found that the intensity 
variation was indeed that of & vibronie transition. Further studies of the 
band intensities of Ni(II) complexes has been performed by Englman.?'5 

Very illuminating studies of the optical spectrum of the ion Ni(H;0)e** 
at low temperatures have been performed by Pappalardo,” Piper and 
Koertge,?"" and Hartmann and Müller.7* Specifically it was found?” that a 
series of weak bands at about 19,000 cm! were due to simultaneous elec- 
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tronic and vibrational excitations involving the H—O stretching vibration. 
This assignment was confirmed by the study of the isotopic shift upon 
changing the hydrogen to deuterium. 

The optical spectrum of Ni(II) in cubic MgO has been investigated by 
Low.?? As expected, it was found to resemble the spectrum of Ni(H;0),** 
a great deal. The effect of pressure on the spectra of several Ni(II) com- 
plexes was looked into by Stephens and Drickamer.?? Recently, Shulman 
and Sugano**5 have calculated the crystal field splitting parameter 10Dq for 
KNiF;, using molecular-orbital theory with atomic Hartree-Fock functions. 
Their results for this complex show that it is possible to calculate 10Dq from 
first principles. 

The magnetic features of Ni(II) complexes have been studied extensively, 
starting with the work of Schlapp and Penney.55 Their formula for the 
magnetic susceptibility of octahedral Ni(II) complexes has been given in 
Sec. 6-h, Eq. (6-133). The magnetic anisotropy of a number of hydrated 
Ni(II) salts such as the green NiSO,6H;O and Tutton salts of the com- 
position K;Ni(SO4),6H530 in the temperature range from 90 to about 370°K 
has been investigated by Bose, Mitra, and Datta?*? and by Haseda and 
Date. 283,284 

The green nickel salt NiCl;6H;O0 has received special attention. The 
structure is most likely?** £rans-[NiCl;(H,O0),]12H;O, and the magnetic 
properties indicate that an antiferromagnetic transition takes place at 
about 6°K.*83.284 Specific-heat measurements on the system NiCl;6H;0 
confirm the above point of view.?97 

It was mentioned in Sec. 6-h that Cu(II) acetate forms dimers and 
exhibits an antiferromagnetic coupling. For the sake of the record we 
mention here that the hydrated acetates of Ni(II) and Co(II) do not exhibit 
such a behavior.?88 

We next turn our attention toward the paramagnetic resonance found in 
octahedral Ni(II) complexes. The appropriate theory for this phenomenon 
was given in Chap. 6. A great many papers have dealt with this subject, 
some of the more important being the work of Holden et al.,?*?* Penrose and 
Stevens,?9°?9! and Griffiths and Owen.?*? The g factor for the octahedral 
Ni(II) complexes is given by the usual formula: g = 2 — 8\/10Dg. The 
value of the g factor and the zero-order field splitting?** of the ground state 
3A», (see Chap. 6) are of course the quantities the paramagnetic resonance 
experiments can reveal. 

Typical values are g = 2.25 for a number of Ni(H;O)s* complexes. 
Notice that & measurement of g, together with the position of the first 
absorption band, enables us to calculate A, the “effective” spin-orbit coupling 
parameter, within the crystal. It is for instance found?’ that Ain Ni(H,O),** 
is reduced from its free-ion value of —324 cm~! to a value of —270 em-!. 
This latter value was the one used in the "complete" calculation of the level 
scheme in Ni(II) previously referred to. 
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The value of the zero-order splitting is very dependent upon the crystal 
structure of the complex. It is, furthermore, pressure??? and temperature 
dependent.!* The values vary from a few wave numbers down to zero. 
Other ways of estimating zero-order field splittings include measurements 
of the Faraday effect?** and heat-capacity.??5 

By elongating one of the axes of an octahedral complex, the limiting 
structure of the complex will be a square planar configuration. It was 
earlier postulated that this structure automatically would produce a 
diamagnetic Ni(II) complex. However, as shown by Ballhausen?*??7? and 
Maki,?°7-29 this is by no means certain. A very weak square planar crystal 
field will still produce a paramagnetic complex. Similar conclusions have 
been reached independently by Hartmann and Fischer-Wasels.*°° Condi- 
tions for dia- and paramagnetism of square planar Ni(II) complexes have 
been given by Ballhausen and Liehr??! as seen from a “strong” crystalline 
field point of view. The relevant discussion of this phenomenon is given 
in Sec. 5-a. 

The absorption spectra of diamagnetic and paramagnetic square planar 
Ni(II) complexes are difficult to interpret. A beginning has been made with 
the work of Maki,??52*? but many details are as yet uncertain. One of the 
troubles is that, most probably, x bonding effects are far from negligible in 
these cases. The simple crystal field picture is therefore expected to break 
down. Furthermore, equilibria between dia- and paramagnetic forms are 
often found, not to speak of a change in magnetism of the complex in 
various solvents. 302.307 

If the triplet state is placed not too high in energy over the singlet ground 
state, there is a possibility that it may be populated at ordinary tempera- 
tures. Hence, the complex should exhibit a “weak” temperature-dependent 
paramagnetism.**! The theory for this case is given in Sec. 6-h. By 
investigating the paramagnetism of the olive-green nickel complexes with 
n-alkyl-salicylaldimines, Sacconi et al.39* succeeded in proving that the 
variation of the magnetic susceptibility with temperature was due to the 
above mechanism, and not to an equilibrium square planar to tetrahedral 
configuration as had previously been postulated.*° 

The crystal spectra of Ni(II) complexes with salicylaldehyde and its 
imides have been recorded, by using polarized light, by Ferguson. 
The orthorhombic form of bis-(n-methylsalicylaldimine)-Ni(II) is strongly 
dichroic and appears red or green in different polarizations. The two 
visible absorption bands were assigned to the transitions 1A, — 1B,, and 
1A, — B3. Now, neither the theory of Maki?" nor that of Ballhausen 
and Liehr??! is in complete agreement with these assignments, so obviously 
the matter needs closer study. The trouble with these investigations is that 
so very few structures of square planar nickel(II) complexes are known, one 
of the few being the crystal structure of the diamagnetic green bis-(n-methyl- 
salicylaldimine)-nickel(II) complex.?9$ 
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The spectra and magnetism of the so-called “Lifschitz complexes" have 
attracted a good deal of attention.#*!:3°° These Ni(II) complexes with the 
ligands 1,2 diphenyl ethylene diamine, abbreviated ‘‘stien,” have the 
composition Ni(stien);t*. Depending on the nature of the anion, these 
compounds form either blue (paramagnetic) or yellow (diamagnetic) 
crystals, which in many cases are interconvertible. With the anion of a 
weak acid such as acetate and the like there is in addition the possibility of 
having a dimer possessing an antiferromagnetic coupling between the metal 
atoms.**! A closer study of the magnetic and structural properties of these 
complexes is highly desirable. 

A borderline case between the planar and octahedral structure is found 
for the green Ni(II) bis-acetylacetone. Previously thought to be tetra- 
hedral, this complex has now been shown to be a trimer in the solid state.?!? 
As for the structure in solution, Cotton and Fackler?”? have shown that we 
probably have a monomer-polymer equilibrium. This latter phenomenon 
seems to be found for many of the solutions of Ni(chelate); complexes. 

'The last structure of Ni(II) with whieh we shall be concerned is the 
tetrahedral configuration. For a long time the tetrahedral configuration 
for Ni(II) was believed to be nonexistent, but now some examples have 
finally been brought to light. The first complex of Ni(II) which was shown 
for certain to be tetrahedrally coordinated?!! was the blue NiCl;(Pe;), 
where e stands for C4H;. Spectral and magnetic studies of this compound 
have been carried out by Cotton, Faut, and Goodgame.*!2? The effective 
number of Bohr magnetons were found to be about 3.40 at room tempera- 
ture; the spectrum showed absorption maxima at 10,800 cm-!, 16,300 cm-}, 
and 17,600 em-!. Other tetrahedral Ni(II) complexes can be made with 
phosphine oxide, arsine oxide, and various halides as ligands.?!? 

Of even greater theoretical interest are the tetrahedral halide complexes 
NiX.” with X = Cl, Br, and I. The colors of these complexes are respec- 
tively blue, blue, and red. The tetrahedral structure of NiCl," in fused 
salts of LiCl and KCl was demonstrated by Gruen and McBeth.?* Pre- 
liminary spectral studies of this ion were made by various authors.?55,$15 
It was, however, left to Goodgame, Goodgame, and Cotton,?!* and inde- 
pendently to Furlani and Morpurgo,?" to perform a fuller analysis of the 
spectral data. It was then found?!* that the optical features could be 
satisfactorily interpreted only by the use of the “complete” spin-orbit 
treatment of the electronic (3d)* configuration.**® The results indicate that 
10Dq for NiCl,7 is some 380 cm~! and that the term distance *F — ?P is 
reduced about 25 per cent. The Dg value is in reasonable agreement with 
the ionic model theoretical value of Dq(tet.) = 4$Dq(oct.) in going from an 
octahedral to a tetrahedral complex. 

The values of 10Dq further suggest that the spectro-chemical series for 
tetrahedral Ni(II) complexes is I- ~ Br- < Cl-. The nephelauxetic series 
on the other hand is Cl < Br <I. The measurements of the magnetic 
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moments?!* of Nil, seem to indicate that a considerable distortion of the 
complex from the tetrahedral structure takes place. Such a distortion 
cannot be attributed to a Jahn-Teller effect, since the spin-orbit forces will 
remove the degeneracy of the *7';, state and leave a Jahn-Teller resistant 
singlet as the ground state.*5 The possibility of a pseudo Jahn-Teller effect 
is, however, not excluded, Sec. 8-d. Nevertheless, the deformation of the 
complex is most likely due to the surroundings in the crystal. 


10-i. Copper 


Copper has the electronic structure [A](3d)!*(4s)!. "We shall consider 
only divalent copper, which has the electronic configuration [A](3d)*. The 
structure of the complex can be either a distorted octahedron, which in the 
limit goes to the square planar configuration, or a tetrahedron. 
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Fic. 10-19. Energy-level diagram for sixfold coordinated Cu(II) ions. (a) State of free 
ion; (b) splitting in cubic field; (c) splitting in tetragonal field. 


The ground state of a cubic octahedrally coordinated Cu(II) ion is 
2H, (ts,)*(e,)%. The only excited state should then be ?T,(6,)5(e,)*; the 
energy difference being 10Dg. Stated in other words, with Cu(II) possessing 
one hole in the filled d shell, the spectral behavior of the complex should be as 
found in Ti** complexes, only with the level order inverted. 

This inversion of the level order has important consequences because, as 
pointed out in Sec. 8-d, the ?E, state should be highly susceptible to & 
Jahn-Teller configurational instability. We would then expect that no 
regular octahedrally coordinated Cu(II) complex should exist, and this is in 
accord with the experimental findings.!7? 

The absorption spectra of octahedrally coordinated Cu(II) ions confirm 
the structural data. Consider, for instance, the crystal spectrum of the blue 
CuSO,5H;0. The crystal structure has been reported by Beevers and 
Lipson.? Each copper(II) ion is surrounded by four water molecules 
arranged in an approximate square planar configuration, with two polar 
sulfate oxygens in trans position. The crystal field is hence of Du symmetry, 
and the electronic levels should be as shown in Fig. 10-19. The doubly 
degenerate ground state ?E, is split into two components, and the upper 
State ?T,, is split into two other components. Analysis of the polarized 
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absorption spectrum as performed by Holmes and McClure® shows just 
three transitions located from 10,000 cm-^! to 14,000 ecm-!. 

The theory for the absorption bands of octahedrally coordinated copper(II) 
complexes has been given by Polder,??? Ballhausen,??? and Belford et al.3?! 
Spectral data for many copper(II) complexes in solution have been given by 
Bjerrum et al.*?? and by Jgrgensen.7? The absorption spectrum of the blue 
crystalline CuSiF,:6H;O has been given and interpreted by Pappalardo,??8 
who assumed a regular octahedral configuration with spin-orbit coupling 
included. (See also Liehr, Ref. 424.) This effect will broaden the *E, > 
*T,, transition because the upper ?T:, state will be split in this approxi- 
mation. Assuming the spin-orbit constant ^ to have essentially the free-ion 
value, a value of Dg = 1120 cm~! was deduced. This value is in good 
agreement with the Dq values for the other divalent aquo complexes of the 
first transition group. The intensity of the vibronically allowed transition 
has been treated by Liehr and Ballhausen.? 

The absorption spectrum of Cu(H;O)4** in solution shows, on the other 
hand, a very unsymmetric band which can be resolved into at least two 
peaks.*?2 The reason for this is probably, as already mentioned, that the 
Jahn-Teller effect produces a distortion of the octahedral coordination of 
water, Sec. 8-d. Calculations show*7:??5 that, by assuming an ionic bonding 
scheme, one should expect the compressed octahedron to be stable. This is 
in contradiction to what is found in the majority of cases. Only one 
example of a compressed octahedron, namely,?? K;CuF,, is so far known. 
This is, of course, a compound which would be likely to possess a high degree 
of ionic bonding. 

It must, however, be said that the only well-documented case for the 
existence of a Jahn-Teller effect in Cu(II) complexes is found in Cu(H;O)«- 
SiF. Paramagnetic resonance measurements??5:22? revealed that the g factor 
was isotropic at room temperature but anisotropic at low temperatures. 
The explanation for this is found in the form of the wave function for the 
ground state of the complex.5? If we remember the similar discussion of 
VCI, in Sec. 8-d, we notice that the electronic wave function for the lowest 
potential sheet can be written 


y = sin l6edu-y — cos eds: 


By evaluating the three g factors using this wave function, we get 


2X ; 

Gz = 2 + 10Dq (sin ae + V3 cos oe)? 
2A , 

gy T 2 + 10Dq (sin 1$e ev 3 cos Yee)? 
2) : 

g: = 2+ top, © X cos gy — 2 sin o)? 


where, as usual, A is the spin-orbit coupling parameter. 
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At high temperatures where e can be considered cyclic, the g factors must 
be averaged over e. For each vibrational state we then obtain an isotropic 


g factor: 
4^ 
9: = 9 7 9: 7 2? * gr 


For low temperatures, on the other hand, a trapping takes place; e assumes 
& definite value, and the g factors can be fitted to experiments by taking 
yg = v/3, x, or 54/3. Then 


OS 2+ dame 


The observed values??? are g} = 2.11 and gy = 2.46, which are seen to 
agree remarkably well with the theory. This result is the moreinteresting 
since it definitely indicates that the “stable” configuration of the copper 
complex is an elongated octahedron. The reverse situation (where e = 0, 
2x/3, or 42/3) would lead to values 
9 7 97 91 = 2+ ips 
4-94 

These values are not supported by experiments. The discussion here should 
be compared with the one given in Sec. 0-f. 

The complete theory for the paramagnetic resonance spectra of copper 
salts has been given by Abragam and Pryce?! and others.5?2333 Experi- 
mental results are plentiful; we quote only the measurements of Bagguley 
and Griffiths,53*335 respectively concerned with the resonance found in 
copper sulfate and the copper Tutton salts. The paramagnetic resonance 
of a single crystal of copper(II) acetylacetonate has further been studied 
by MeGarvey.?:* Writing down the molecular orbitals and evaluating the 
g factors using these wave functions,?* he obtained evidence for a strong 
x bonding in this complex. The proof that the unpaired electron is not in à 
4p orbital has been given by Okamura and Date.?? 

The magnetic susceptibility of copper(II) complexes has also been 
studied extensively since the work of Jordahl.* Using a predominantly 
cubic field including a small rhombic component, a rather good fit could be 
obtained for the susceptibility of the blue copper Tutton salt K;Cu(SO)s- 
6H.O. Jordahl’s work was carried further by Polder,??? who gave explicit 
formulas for the magnetic susceptibility of the tetragonally distorted 
copper(II) complexes, viz., 
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where A, = E(B4) — E(?B,,) and A; = E(?H,) — E(B). The last 
term in these formulas is of course the high-frequency term. The aniso- 
tropic magnetic behavior of a series of hydrated copper(II) salts has been 
extensively studied by Bose, Mitra, and Datta.*4° Other copper complexes 
whose susceptibilities have been studied over a temperature range include a 
number of “planar” copper chelates.?*! 

The blue complex Cu(NH;),SO,H3O has received a great deal of atten- 
tion. The paramagnetic resonance has been studied by Abe and Óno!« 
and by Carlson and Spence.*** Their results yield gy = 2.22 and g} = 2.05 
as expected from the theory. However, the picture shifts**! if we turn to 
the measurements of the susceptibility at liquid-helium temperatures. An 
antiferromagnetic coupling sets in, and the susceptibility has à maximum at 
a few degrees Kelvin. The theoretical explanation has been given by 
Eisenstein.” The structure of Cu(NH3),SO, H20 can best be described as 
a distorted trans-([Cu(NH3)4,(H;0);]?** complex, and by assuming a spin-spin 
coupling between the two copper ions per unit cell, both the magnetic and 
thermal properties can be explained. 

The most famous example of antiferromagnetism in a copper(II) complex 
is found in the green cupric acetate. The susceptibility for this compound 
passes through & maximum at room temperature and then decreases 
rapidly.*** The paramagnetic resonance shows that the magnetic state is 
an excited state with S = 1, and that consequently the resonance vanishes**? 
by cooling. 

This overall picture is consistent with a strong spin-spin coupling as 
previously discussed in Sec. 6-2. The coupling constant J can, of course, be 
obtained from susceptibility measurements as outlined earlier. However, 
it can also be obtained from the variation of the intensity of the para- 
magnetic resonance spectrum with temperature. This is done in the follow- 
ing way. With a level picture as given in Fig. 6-8 the intensity P is propor- 
tional to the difference in population between the two Stark levels, separated 
by g8H, between which the transition occurs. In the excited *X state we 
have a fraction z of the total population. The value of zis, after Boltzmann, 


3e-7 4T 


T= TF Beet 


When the magnetic field is applied, this fraction is distributed among the 
three Stark levels as follows: 


n., = YerHtT ng = YQ m = Kebak 
The difference in population between adjacent levels is therefore 


gBH 


— p-98HIk ~ 
Ht E 2. 
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The signal intensity will hence vary as 


rM e^T  g8H 1 eT 
1+ 3e7^T kT  Tl-r3e"T 


Bleaney and Bowers?*' found in this way a value of J — 260 cm-!. The 
susceptibility curve indicates, on the other hand, that J = 315 em-!. Itis 
probably true that the exchange energy between the two copper ions in the 
acetate increases with temperature.4? 

Because of this behavior it was concluded that cupric acetate monohydrate 
was a dimer, and the actual structure of Cus(ac),2H;0, as solved by 
Van Niekerk and Schoening,!?? proved this conclusively. The two copper 
atoms have only a distance of 2.64 A and are held together with four acetate 
bridges. 

The more detailed mechanism of the exchange interaction has been inves- 
tigated by Stevens?**? and Ross,*5! and a great amount of experimental work 
has. been carried out on the acetate and related copper complexes. 111,353—357 
Spectra and dichroism of the crystals have been reported by Yamada 
et a].,755739? but no detailed assignments have as yet been given. 

The copper(II) chlorides are rather interesting. The structure of the 
garnet-red CsCuCl; was shown by Wells*®! to consist of a copper ion sur- 
rounded by six chlorine ions in an octahedral arrangement. On the other 
hand, the yellow Cs;CuCl, was shown by Helmholz and Kruh?*? and 
Morosin and Lingafelter?9? to contain tetrahedrally coordinated copper(II) 
units. However, these units are not regular tetrahedra, but are found to be 
somewhat flattened. Finally, the red-brown compound LiCuCl;2H;O 
contains?? planar Cu;Cl,7 ions with symmetrical Cu—Cl—Cu bridges; 
the ions are weakly linked by larger Cu% Cl bonds to form chains. The 
ground state seems to be a spin triplet. 

The electronic structure of the tetrahedrally coordinated copper(II) 
complexes should be exactly as found for the octahedrally coordinated 
complexes, except with the level order inverted. The Dq value is as usual 
decreased??? by a factor of 4$. The distorted structure of the yellow 
CuCl,- has been explained by Felsenfeld?€* as a compromise between the 
mutual coulombic repulsions of the Cl- ions and the crystal field stabiliza- 
tion of the Cutt ion. It is worthwhile to mention that the distorted struc- 
ture is not due to a Jahn-Teller mechanism. *?* 

The absorption spectrum of CuCl,- is difficult to interpret,??? since it 
mostly consists of charge-transfer bands. The absorption band found?*? at 
some 13,000 cm~! has been identified as!" the transition ?T'; — ?E. The 
oscillator strength of the band is about 2 X 10-?. However, since Dq for 
CoCl,7 is ~360 cm-!, it does not look likely that Dg for CuCl,“ should be 
1300 cm-!. Hence, the band in question must be a charge-transfer band. 
Crystal spectra of the compound using polarized light have been reported by 
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Yamada and Tsuchida.355 These measurements are in accord with a 
structure consisting of a slightly compressed tetrahedron. The magnetic 
susceptibility over a range of temperatures has been measured by Figgis and 
Harris,?*! without revealing anything of particular interest. On the other 
hand, the absorption spectrum of Cu** in ZnO shows a band at 5800 cm-'!. 
This is in excellent agreement with the predictions of the crystal field 
theory,?? and we therefore propose that the crystal field band of CuCl," 
should be found at some 6000 cm-!. 

The most puzzling of all Cu(II) complexes is undoubtedly the blue 
anhydrous Cu(NO;). In the crystal each copper ion is reported to be 
octacoordinated, the structure being a hexagonal bipyramid.*** In the gas 
phase, on the other hand, each copper ion is surrounded by two nitrate 
groups, with four oxygens forming a trigonal pyramid.**7 No explanation 
of the electronic structures has at present been given. 


COMPLEXES CONTAINING 4d AND 5d ELECTRONS 


Rather large differences exist between the complexes of the first transition 
series and those of the latter. This is due to the fact that the 4d and 5d 
electrons are less tightly bonded to the metal atom than their sister 3d 
electrons are. As a result, molecular-orbital formation occurs readily; 
10Dgq becomes great, and the “charge-transfer” states have lower energies 
than most “crystal field" states. Furthermore, the problem of spin-orbit 
coupling becomes much more important; to treat it as a small and rather 
unimportant perturbation is not allowed any more. All this means that 
we observe either too much or too little, with the result that the interpreta- 
tion becomes very difficult. In what follows we shall very briefly indicate 
some of the most important features for these complexes, and since much 
less work has been done here than is the case for the first transition elements, 
the discussion will be rather brief. 

10-j. Niobium 

Niobium has the electronic configuration (Kr](4d)*(5s), where [Kr] stands 
for the closed krypton configuration. Nb(II) is therefore expected to have 
the electronic structure [Kr](4d)! and should resemble Cr(III). The 
spectrum of the yellow Nb(II) ions in strong HCI has been investigated by 
Cozzi and Vivarelli,?$? who find evidence for the ‘Az, — *T';, transition at 
22,700 em-!, Hence, Dg would be 2270 cm~! as compared to the Dq value 
of 1740 cm~! for Cr(H20),’+. No magnetic data seem to be available. 

Nb(III) seems likewise to have some crystal field bands, but no 
interpretation has been given. The spectrum of Nb(IV) was found’! 
to have a maximum at 13,500 cm~?! in 13-molar HCl and at 14,300 cm~! 


in 8-molar HCl, the colors of the solutions being respectively red-orange 
and blue. 
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10-k. Molybdenum 


Molybdenum has the electronic configuration [Kr](4d)*(5s). Mo(III) 
has, then, the structure [Kr](4d)*, and again we would expect the features 
of its complexes to be analogous to those of Cr(III). 

The absorption spectra of the red ions MoCl4?7, MoBr.*-, and the green 
ion Mo(H.0),.+ have been recorded by Hartmann and Schmidt.*** Tt is, 
for example, found that MoCl,- has a spin-forbidden band located at 
15,000 cm~? and two allowed bands situated at 19,000 cm~! and 24,000 em-. 
These bands can then be correlated with the transitions *A»; > ?E;, ‘Tog, 
and ‘Tip. We get immediately Dg = 1900 cm and from the other energy 
differences F: = 1100 cm-! and F, œ 85 cm“. 

The paramagnetic resonance measurements yield!9?'? a g value for the 
deep-red complex K;MoCl, of 1.96. With g = 2 — 8\/10Dq we get 
A = 95 em-!. This is a considerable reduction from the free-ion value of 
about 270 cm—!. On the other hand, a “complete” treatment**! including 
spin-orbit coupling of the (4d)? system gave the parameter set F: = 710 cm~}, 
F, = 56 em^!, and à = 183 em-t. The magnetic susceptibility of the 
compound has been investigated by Epstein and Elliott?! from 77 to 295°K. 
They found x = 1.82/T, corresponding to a magnetic moment of 3.83 Bohr 
magnetons. 

Mo(IV) has two 4d electrons. The best-known complex is probably the 
yellow K,[Mo(CN)s]. The Mo(IV) ion is eight-coordinated, the structure 
being a duodeeahedron.7? In this structure the 4d orbitals will split up into 
three orbital singlets and one doublet,?'? with one of the singlets placed far 
below the other levels. In a strong crystal field we should then expect the 
ground state for Mo(CN),st- to be a spin-paired +A,, state, and this expecta- 
tion is found to be justified. 

The various orbitals which could be used in the bonding have been dis- 
cussed by Penney and Anderson,7? Racah?* and Duculot.75 It was 
shown?” that an s-p-d hybrid would account nicely for the found bond 
angles. No absorption spectrum seems so far to have been published. 

Mo(V) is found in the green complex ([MoOCI;]. With one 4d electron 
this complex should resemble VO**, and some similarities are found by 
Jørgensen. The bands at 14,050 cm~! and 22,500 cm~! were tentatively 
ascribed to “crystal field" bands, the other bands of the complex being 
probably charge-transfer bands. The theory for the crystal field bands has 
been given by Liehr.*?* The complete molecular energy level diagram has 
been indicated by Gray and Hare.59* In addition to the crystal field bands, 
these authors also identified some of the charge-transfer bands. The level 
scheme is identical to that of VO**, Fig. 10-2. 

The yellow K;Mo(CN); has been shown??? to have a g factor of 2.005. 
If we assume that the structure of the complex is identical with that of 
K,Mo(CN)s, the single electron should be found in a dzy: orbital with a 
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large energy jump to the next levels. The value of g should then be close 
to 2, but the fact that it is greater than the free-spin value shows that the 
crystal field model is not sufficient to give a complete description of the 
magnetic properties. The effective number of Bohr magnetons is 1.66. 

Finally, we mention that the magnetic properties of the dark-colored 
MoCl; have been investigated by Knox and Coffey.?7* The effective 
moment is found to be 1.52 Bohr magnetons, and Aet = 2.83 »/x(T + A), 
with A = —23°. Since the structure is unknown, no interpretation can be 
given. The spectrum of MoCl, in the gas phase, where the molecule 
presumably has the structure of a trigonal bipyramid, has been published 
by Bader and Westland.*5 It is, however, most likely that their spectrum 
is that of MoOCI;. 


10-l. Technetium 


Technetium has the electronic structure [Kr](4d)*(5s)*. Nothing much 
is known of its chemistry, except for the fact that TeCl, forms small blood- 
red crystals. The magnetic properties?'5 of TcCl, are not consistent with 
the magnetic moment of d*; the observed moment being Aet = 3.44 with 
uet = 2.83 A/x(T + A) and A = —57°. However, the plot of the suscepti- 
bility versus 1/T is not a straight line. Since the structure is unknown, no 
interpretation can be offered. 


10-m. Ruthenium 


Ruthenium has the electronic structure [Kr](4d)'(5s). Complexes with 
the metal in the oxidation states two to six are found.  Ru(II) has the 
structure [Kr](4d)®; it should, then, be analogous to Co(II). Ru(CN),*- 
is colorless and presumably diamagnetic. Some blue chloro complexes are 
also known. They are often assumed?!? to be RuCl,". No structural data 
are known. 

Ru(III) complexes, on the other hand, are fairly well characterized. 
The electronic.structure corresponds to dë, and hence Ru*+ should resemble 
Mn**. Spectra of the red species RuCl,?- and RuBr,?- have been given by 
Jørgensen.?!? The work of Hartmann and Buschbeck??* contains some 
very nice spectra of RuCl? and the colorless Ru(NHs3).*+ and also, for 
instance, the spectra of the red-violet complex [Ru(NHs)sI]**. 

The magnetism of the compounds corresponds to a spin quantum number 
S = 14, as is to be expected for the configuration (£5,)*. The ground state 
is thus ?7'o,(te,)®, and the first excited doublet levels will be ?A45, (te,)*(e,) 
and ?T,,(h,)!(ej)). We are thus tempted to ascribe the “first” band of 
RuCl,*-, found at 19,200 em-!, to the transition ?T2, — ?*As,. The energy 
difference between these two states is, assuming pure (t2,),(e,) quantization, 
10Dq — 3F: — 20F,. With F: = 10F, = 1000 cm~! we then get a value of 
Dq = 2400 em-!, which seems very reasonable. 

The magnetie properties of Ru(III) complexes have been studied by 
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Figgis et 41.779.559 An order-of-magnitude estimation of A = 1000 cm-! was 
obtained. Finally, Epstein and Elliott? have given the paramagnetic 
susceptibility of RuCl; as a function of temperature and have found that 
Curie’s law is obeyed for thiscompound. Paramagnetic resonance measure- 
ments on Ru(NH;)sCl; have been performed by Griffiths, Owen, and 
Ward.?7° 

Ru(IV) possesses the electronic configuration [Kr](4d)*. The absorption 
spectra show only?*! charge-transfer bands. The magnetic properties have 
been rather well investigated. The susceptibility of the green complex 
K;RuCl, has been measured by Earnshaw et al.?”* over a wide temperature 
range and interpreted by Figgis et 21.35? and Griffith.5$? Calculations*®? of 
the relevant matrix elements within the (t:,)4 subshell in intermediate 
coupling yields a closed formula for the magnetic susceptibility. The 
estimation of x using free-ion parameters produced a good fit of the experi- 
mental data. The high-frequency term was further calculated to be some 
60 X 107* eu. 

Results quite similar to the ones quoted above were obtained by 
Kamimura et 31.555 For K;RuCl, a value of the spin-orbit coupling factor 
fa = 1400 cm was deduced. The quantity 3F: + 20F, was further 
found to be 3500 em-!. The reported value’? of g = 1.92 seems to be 
somewhat uncertain. 

Ru(VI) should possess two unpaired electrons, and magnetic measure- 
ments on the tetrahedral compound RuO,7 show** a g factor equal to 2.0, 
which is in accord with the electronic (e)* structure of the ground state. 
(See Fig. 10-9 with the level scheme for CrO,7.) The magnetic suscepti- 
bility is also in accord with this structure. 

The spectrum of the black RuO,7 has been given by Connick and Hurley. 
It shows a broad band with a shoulder toward the blue. Similarities to the 
spectra of MnO,3- and FeO,” are to be expected. The spectra of RuO47 
and RuO, are likewise given.*55 

The dimeric red compound [Ru2Cl,.0]*- is known to exist in the crystal. 
It is diamagnetic, and the probable reason for this has been given by Dunitz 
and Orgel!! by using a molecular-orbital description. We refer to our 
previous remarks concerned with binuclear Cr complexes. 


10-n. Rhodium 


The most stable oxidation state of this metal is Rh(III), which has the 
electronic configuration [Kr](4d)*. Rh(III) complexes should then resemble 
the Co(III) complexes. The ground state of the octahedral Rh(III) com- 
plexes is thus !4,,(£,)5*, and the singlet excited states are !T';, and !T';, 
belonging to the configuration (é2,)5(e,), Fig. 10-12b. Since these complexes 
&re diamagnetie, no paramagnetic resonance can, of course, be detected. 
The high-frequency term in the formulas of Van Vleck has been estimated?*5 
to be some 130 X 10^* eu. 
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The compounds containing Rh(III) are usually formulated as containing 
only one formula unit. This seems, however, to be oversimplified in some 
cases. Consider, for instance, the red compound with the apparent 
formula K;Rh(ox)3;-444H.O, where ox stands for the oxalate ion C,0,7. 
The proton magnetic resonance study of Porte, Gutowsky, and Harris??? 
indicates that the true structure for the compound should be formulated 
as K,{Rh(ox)s][Rh(ox).(Hox)(OH)|8H,0. 

Extensive studies of the absorption spectra for Rh(III) complexes have 
been carried out by Jgrgensen.*#*389 We quote some numbers. For the 
red RhCls*-: !4;, > Tig at 19,300 cm~! and 141, !72, at 24,300 cm-!, 
with 'A,,— Tı found at 14,700 cm-!. For the colorless Rh(NHs3).*+: 
14,, — !T,, at 32,700 cm and 'A;,— 172, at 39,100 em-!. For the 
orange íris-oxalato complex in solution: !A;, — !T;, at 25,100 cm~! and 
1lA;,,— !Ts, at 30,000 em-!'. The spin-forbidden band !4,,— Tig is 
found at 19,200 cm-!'. In addition to the spectra of the complexes with 
six identical ligands, a great number of spectra of monosubstituted and 
cis- and trans-Rh(III) complexes have been recorded. 55.359 

These data make it possible to calculate Dg, Fz, and F, values for these 
complexes similarly to what has been done for Co(III) complexes. We find, 
for instance, for RhClj- that Dg = 2160 em-!, F: = 640 cm™, and 
F, = 70 cm. From the measurements??? of the orange cis- and the 
yellow trans-Rh(ox);Cl;*- it should further be possible to estimate the 
values of the Ds and Dt splitting parameters. 


10-o. Palladium 


Palladium has the electronic structure [Kr](4d)'*. We shall be most 
interested in Pd(II), possessing eight 4d electrons. However, we remark in 
passing that palladium complexes containing Pd(IV) exist and that the 
absorption spectrum of PdF,7 has been predicted by Jérgensen."? It is 
also possible to make the black compound PdF;. The magnetic moment??? 
of the complex is 2.05 Bohr magnetons. 

Pd(II) forms square planar complexes which are, as expected, diamag- 
netic.9? For the yellow aqueous solution of Pd** and CI- Sundaram and 
Sandell?! have found one absorption band at 23,800 cm-!, which pre- 
sumably is due to the complex PdCl,-, and another band at 21,200 cm-!, 
which they think is due to the PdCl,*- species. The dichroism of a number 
of Pd(II) complexes has been studied by Yamada,?*? but no interpretation 
has so far been given. 


10-p. Tungsten 


Tungsten has the electronic structure [Xe](5d)*(6s)?, where [Xe] stands 
for a closed xenon electronic configuration. This metal has an unusual 
tendency to form polynuclear complexes. These are of unknown molecular 
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structure, and consequently only very little is known about the electronic 
states of tungsten complexes. 

W(V) should possess one 5d electron.** Jørgensen is of the opinion that 
the blue monomer WOCI;7 exists in strong HCl. The solution has a single 
band with the maximum placed at 15,300 cm-!. However, more than one 
species could exist in the solution. With cyanide, wolfram forms the 
orange-yellow complex W(CN),*-. The paramagnetic resonance has been 
measured,??* yielding a g value of 1.972. The colorless complexes NaWF, 
and KWF, both show antiferromagnetism.?95 

W(IV) contains two 5d electrons. The best-known complex is the yellow 
diamagnetic K(W(CN);]2H;O. This seems to indicate that the structure 
is identical with the corresponding molybdenum complex. 

W(1II) is found in the yellow-green dimer W;Cl,?7. The spectrum does 
not resemble’ that of Mo(III). The magnetic properties?** show that there 
is a very strong spin-spin coupling between the two wolfram atoms. 


10-q. Rhenium 


With the electronic structure [Xe](5d)*(6s)?, rhenium should resemble Mn, 
and this expectation is found to be justified. The greatest difference 
between the two elements is that Ret is nearly unknown. 

Re(III) is found in the reddish-black ReCl; The ion should have 
the electronic structure [Xe](3d)*. The magnetic susceptibility has 
been measured by Knox and Coffey.’ An effective moment of 2.04 
Bohr magnetons was found, but the evaluation of A using the formula 
Bet = 2.83 4/x(T + A) yielded a value of A = 985°. Such a value has no 
meaning, and a closer theoretical analysis should be performed. 

The optical and magnetic features of the green K;ReCl, have been 
thoroughly studied.*98.39° Some preliminary spectral assignments were 
made by Jørgensen,’ but it was left to Eisenstein??*3?? to give the full 
interpretation. Re(IV) isa (5d)? system. With a large spin-orbit coupling 
present all of the levels can be classified as Te, T';, and I's in the octahedral 
double group. The ground state is ‘As,(I's). In order to understand the 
spectrum, Eisenstein?*? calculated all of the relevant matrix elements for the 
d? configuration in the octahedral double group, as well as the matrix 
elements for the magnetic moment operator. 

The absorption spectrum between 7000 cm-! and 17,000 cm™ consists 
of four band systems, some of them with superimposed vibrational structure. 
All of these bands are due to transitions within the (tz)? configuration. 
The first excited state at ~7700 em-! is ?T',,(Ts). The next two states are 
? E; (T's) found at 9105 cm~! and *T,,(Te) at 9574 em-!. The excited state at 
14,180 cm~: can be attributed to ?T,,(T;), and the peak at 15,385 cm~! 
to ?T 4, (T3). 

In order to calculate the above energy levels, suitable values of the sundry 
parameters were chosen and put into the perturbation matrices. These 
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values were then varied until the best fit of the spectrum was obtained. 
The Dg value was found to be 3350 cm~? with £g = 2300 cm-!. For the 
(ta)? configuration it was further found that F, = 630 cm~! and F, = 
50 cm}, , 

Using the above set of parameters, the susceptibility of the complex 
K;ReCl, was calculated??? by means of the formula of Van Vleck. By 
introducing an "orbital reduction factor" k equal to 0.7, a very reasonable 
fit of the experimental data was obtained. In addition, some evidence was 
found that the complex shows antiferromagnetism at low temperatures. 

Re(V) is, for instance, found in the blackish-brown ReCl;. The magnetic 
susceptibility has been measured over a temperature range by Knox and 
Coffey.” No spectral or structural data are available. 

Re(VI) forms the pale-yellow compound ReF,. "The system possesses the 
electronic configuration [Xe](5d)', and the coupling scheme for a single d 
electron in an octahedral field has been given by Moffitt et al.°° and Liehr.*?* 
Formally, it is, of course, identical with the 3d case pictured in Fig. 6-1. 
The absorption spectrum of ReF, shows two bands located at 5200 cm~! and 
32,500 em-*. The first transition is attributed to an excitation I's(t2,) > 
T'7(te,), while the second is due to the transition I's(te,) > T's(e,). These 
numbers imply that the ligand field is very strong, and by using this approxi- 
mation, we get Dq = 3200 cm~! and £g = 3500 em-!. However, by taking 
the configuration interaction between the two I levels into account and by 
taking Dq = 3000 em-! and £y = 3200 cm-'!, Eisenstein*?! could account 
for the experimental values. 

Even these latter values may be too high, however. The ground state T's 
in a regular octahedral configuration should experience a configurational 
instability of the Jahn-Teller type. Eisenstein‘®! has made a rough estimate 
of the effect, and he has shown that as low a value of £s; as 2500 cm™', 
together with a Dq = 2950 cm-! and a tetragonal field of 187 cm-!, may 
account for the experimental facts. Since for ReF, the vibrational fre- 
quencies and force constants are all known,‘ it should be possible to per- 
form an “exact” Jahn-Teller calculation. 


10-r. Osmium 


The electronic structure of Os is [Xe](5d)*(6s)?. Important metal oxida- 
tion states are four, five, and six. Os(IV) has the structure [Xe](5d)‘. 
The magnetic susceptibility of complexes containing Os‘+ has received a 
great deal of attention. The calculations of Griffith??? and Kamimura et 
81.35? are relevant here. The measurements of Earnshaw et a1.?? on the red 
salt K,OsCl, can be explained by assuming a value of sa = 3600 cm”. 
The ground state would be (ys)*, producing aT, level. Other excited states 
are pictured in Fig. 10-20. 

OsCl,7 has an extremely narrow band at 17,240 cm~! which Jergensen*?? 
interprets as the T; — T, transition, Fig. 10-20. By using this value, 


280 INTRODUCTION TO LIGAND FIELD THEO... 


Griffith??? was able to calculate the magnetic susceptibility x = 848 X 10-* 
for OsCle7, in good accord with the experimental value. 

A great many electron transfer bands are further observed**? in OsCl,47. 
Some tentative considerations as to the origin of these and similar charge- 
transfer bands have been given by Jgrgensen in the already quoted 
reference. 

The magnetic susceptibility of Os** in the colorless complex KOsF, has 
been measured by Figgis et al.*8° With the electronic configuration of (5d)? 
the ground state is a *A5, (T4) state and few irregularities should be observed. 
The Aet = 3.30 shows some reduction 
from the spin-only value, but this is 
presumably due only to the usual inter- 
Eo NE T5Ts; action with the ‘72, excited level, since 
flere £2 8.88(1 — 44/10Dq). 

—— e Os(VI) is found in the pale-green OsF.,. 
(va (9) m A The coupling scheme for the (tz)? con- 
WERL. T, figuration has been given by Moffitt et 
7 — alt Asis to be expected from the level 
scheme, Fig. 6-1, the configuration for 
(y9* rT, the ground state is (ys)? containing two 
MOT unpaired spins. This is confirmed by 
Fro. 10-20. Schematic energy scheme the measurements of the susceptibility. 
for the lowest levels of (&,)* in the Tentative assignments of the transitions 
octahedral double group.35.40e i . 
found in OsF, were given by Moffitt et 
al? The full discussion of the optical absorption spectrum and the 
susceptibility of this molecule was later presented by Eisenstein.*% 

First of all, it was pointed out that, in analogy with ReFe, OsFs should 
experience a configurational instability of the Jahn-Teller type. Indeed, 
Weinstock, Claassen, and Malm*** state that the behavior found for the 
vibrational frequency of e, symmetry is a direct consequence of the opera- 
tion of a Jahn-Teller effect. For simplicity, however, the model used by 
Eisenstein does not consider this complication. 

Using a full configuration interaction in the double group of Oj, and a 
procedure* 5 analogous to the one given by Liehr and Ballhausen,?* the 
two-electron problem was solved. The effects of covalent bonding on the 
Racah parameters and the nonequivalence of the tz, and e, electron radial 
functions were, however, taken explicitly into account.*9* The spectrum of 
OsF, could then be reproduced with a Dg value of 3554 cm-t, F2 = 615 cm™', 
F, = 48 em^!, and a spin-orbit coupling constant for the (¢2,)? configuration 
of 3200 cm! and for the (f2,)(e,) configuration of 1900 cm-'!. 

The susceptibility was further evaluated‘** by using the formula of Van 
Vleck. The above-mentioned measurements‘ could be accounted for by 
using an orbital reduction factor k = 0.5 together with the parameters 
evaluated from the spectral data. 


- 
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10-s. Iridium 


The electronic structure of Ir is [Xe](5d)?(6s)?, and the oxidation states 
we shall consider are Ir(III), Ir(IV), Ir(V),*and Ir(VI). 

Ir(11I) has the electronic configuration [Xe](5d)*. It should thus behave 
very similarly to Rh(III) and Co(III), and thisisfound to be the case. The 
ground state is, for an octahedrally coordinated Ir(III) ion, the usual 
"A ig(teg)® level, and the first excited singlet states are !T'i and Tz. The 
&bsorption spectra of most known Ir(III) complexes have been given by 
Jgrgensen.*#8.389,407 For instance, for the olive-green IrCl,3- the transition 
141, — !Ti, is found at 34,100 cm~: and the transition 141, — Ta, at 
28,100 em-!. The spin-forbidden transitions !A 1; — Tig and !41, — Ta 
are found at 16,300 cm~! and 17,900 cm-!, respectively. From these values 
we calculate in the usual way (see trivalent cobalt) that Dg = 2800 cm-!, 
F: = 740 em-^!, and F, = 112 em-!, Absorption spectra of complexes 
possessing lower symmetry than O, are also given.‘ 

Ir(IV) is, for instance, found in the dark-red K;IrCl, The metal ion has 
the electronic structure (5d)5, and we would then expect the ground state to 
be ?7,,(5,)*. However, the spin-orbit coupling will split this state and 
leave a Kramers spin-doublet as the lowest level. (See Fig. 6-1; the figure 
should be inverted.) 

The absorption spectrum of IrCl,7 has been given by Jérgensen.?? A 
number of bands can be seen, but it is doubtful whether any of them can be 
assigned as crystal field bands. The same situation is found for the deep- 
blue IrBr,7. 

Measurements of the paramagnetic resonance of K;IrCl, show”? an 
isotropic g value equal to 1.82. The spectrum further exhibits a considerable 
amount of hyperfine structure. The value of g is 1.82 instead of 2.00, the 
number we expect (Sec. 6-e) for a cubic complex. Since the g factor is 
isotropic, it must be concluded that the structure is cubic. The theoretical 
value can be brought down below 2 only if the effective orbital angular 
momentum is slightly reduced. As discussed earlier in Sec. 7-c, such a 
reduction might be the result of the magnetic electrons spending their time 
in molecular orbitals instead of atomic orbitals. 

Since, furthermore, a hyperfine structure which could only come from the 
interaction of the electronic spin with the chlorine nuclei was observed, a 
direct proof was given for the first time for the presence of x bonding in a 
complex.** From the measured size of the hyperfine structure, and from 
the observed value of g = 1.8, it was estimated that the five tz, electrons are 
in the iridium orbitals about 80 per cent of the time. 

Measurements of the signal intensity for the paramagnetic resonance 
spectrum of the red crystals of (NH );IrCl, revealed further that there is an 
antiferromagnetic exchange between the iridium atoms in the crystal.*^? 
The theory for the evaluation of the coupling constant J is given in the sec- 
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tion dealing with copper acetate; for (NH4);IrCl, it was estimated that 
J c 5 em, 

The effective spin-orbit coupling parameter £y has finally been deduced 
to be some 2100 cm-!. The value is found‘! by measuring the tempera- 
ture-independent paramagnetism xas, since 


_ NE + 9)? 
DES: cR 


In this expression g is the g value of the ground-state doublet. The mag- 
netic susceptibilities of K;IrCls, (NH,)2IrCle, and other Ir(IV) compounds 
have been measured by Norman and Morrow.*!! 

Ir(V) complexes are not very common, and only some magnetic suscepti- 
bility measurements have been reported.? The white KIrF, was, for 
instance, found at room temperature to have an effective number of Bohr 
magnetons equal to 1.26. The electronic configuration is (t2,)4 for the 
ground state, and the level diagram for the first excited states is given in 
Fig. 10-20. The theory for the magnetic susceptibility of this configuration 
has been given by Griffith??? 

The level scheme for the pale-yellow solid IrFe, possessing the configura- 
tion d*, has also been treated by Moffitt et a1.*9? Again using an inter- 
mediate coupling scheme, these authors succeeded in accounting for all of 
the “visible” crystal field bands. The infrared spectrum of IrF, has been 
recorded by Mattraw et al.,*!? and the force constants have been calculated 
by Claassen.*?? 


10-t. Platinum 


Platinum has the electronic configuration [Xe](5d)*(60s). We shall here 
concentrate upon the oxidation states Pt(II), Pt(IV), and Pt(VI) possessing 
the electronic configurations (5d)5, (5d)5, and (5d)*, respectively. 

Many four-coordinated Pt(II) complexes are known. Like Ni(II) and 
Pd(II) these complexes have a square planar configuration, but unlike 
nickel, Pt(II) never forms octahedral complexes. A typical example is the 
colorless [Pt(NH;),]Cl.. It is diamagnetic??? with x = —126 X 10-75. 
This is, of course, to be expected for a planar configuration. 

The spectra of some Pt(II) complexes are given and interpreted by Chatt, 
Gamlen, and Orgel.* The level scheme for a d electron in a field of D, is 
given in Fig. 5-1. The ground state would be 1A1,(e,)*(ai,)?(b2,)?, and the 
first absorption band of PtCl,7 is assigned as a transition to the triplet 
state *A;(e,)*(a1,)?(b3,) (b10). By similar excitations, a variety of singlet 
and triplet states can be made.** The interpretation of the spectrum is 
made difficult by the fact that the large spin-orbit coupling destroys the use- 
fulness of the spin quantum number. 

The absorption spectrum of the red crystals of K;PtCl, using polarized 
light has been investigated by Yamada.??? Two absorption bands appeared 
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at 26,600 cm~? ( L) and 29,400 cm~! (||). These bands do not directly corre- 
spond to the solution spectrum. Assuming the usual vibronic mechanism 
for producing band intensity, we must associate an electronic g — g transi- 
tion with the excitation of one odd vibrational quantum. The stretching 
mode of species e, should be by far the most active in promoting intensity.*!* 
By taking the symmetric direct product, it is then easy to see that & transi- 
tion to an A, or Bı, state should behave as found experimentally for the 
band located at 26,600 em-!. 

Orgel‘!4 has given an explanation of the trans effect found in platinous 
complexes which relates the kinetics of the reaction to the electronic struc- 
ture of the molecule. This effect shows itself in the way certain ligands tend 
to labilize the groups trans to themselves in planar Pt(II) complexes. A 
bimolecular reaction mechanism which involved a transition state with a 
geometry closely related to that of a trigonal bipyramid was proposed. 
According to Orgel, the ligands with the greatest ability to labilize the trans 
position should have vacant x orbitals capable of accepting metal d electrons. 
The experimental evidence supports this interpretation in the majority of 
cases, ‘15.420 but an outstanding misfit is the hydride ion, which has a very 
large trans effect.42° 

The absorption spectra of Pt(IV) complexes follow the by now well-known 
pattern of a d* configuration." As usual, they form diamagnetic complexes 
with a regular octahedral configuration. The crystal field bands are 
analogous to those of Co(III) and Rh(III) and are present as relatively 
weak shoulders in the spectra of the red complexes PtCl.~ and PtBr,7. The 
weakest bands, at 22,000 cm~! and 19,000 cm—!, respectively, are identified 
with the transition 1A1,(to,)® to either *7'19(te,)®(e,) or *Ts,(1;,)5(e;). The 
stronger bands, found at 28,400 cm-! and 23,000 cm-!, respectively, are 
then assigned to the transition 141,(£5,)* —> !T,(t,)5(e,). As is to be 
expected, the value of Dg for Pt(IV) complexes is at least twice as large??? as 
the value found in the corresponding Co(III) compounds. 

Platinum imthe oxidation state six is found in the dark-red complex PtF.. 
The electronic level scheme of d* in the intermediate coupling has been 
worked out by Moffitt et a1.*? As shown in their paper, it is possible to 
account for all four absorption peaks found in PtF, by using this coupling 
scheme. The infrared spectrum has been given by Claassen‘? together 
with a calculation of the force constants. 
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Single-electron approximation, 7 
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